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CHAPTER 1. INTRODUCTION 3

This report gives the result of running the computer algebra independent integration
test. The download section in on the main webpage contains links to download the problems
in plain text format used for all CAS systems. The number of integrals in this report is |
46 |. This is test number [ 28 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.

6.
7.
8.

Mathematica 13.3.1 (August 16, 2023) on windows 10.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 13.3.1 on windows 10
Maple 2023.1 (July, 12, 2023) on windows 10.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.3.0 on Linux via sagemath 10.1 (Aug
20, 2023).

FriCAS 1.3.9 (July 8, 2023) based on sbcl 2.3.0 on Linux via sagemath 10.1 (Aug 20,
2023).

Giac/Xcas 1.9.0-57 (June 26, 2023) on Linux via sagemath 10.1 (Aug 20, 2023).
Sympy 1.12 (May 10, 2023) Using Python 3.11.3 on Linux.
Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

1.1. Listing of CAS systems tested
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of

elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed. If a CAS returns the above integral unevaluated within the time limit, then
the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed

Rubi 100.00 (46 ) | 0.00 (0)

Mathematica | 100.00 ( 46 ) | 0.00 (0)
Sympy | 50.00 (23) | 50.00 ( 23)
Maple 26.09 (12) | 73.91 (34)
Fricas 26.09 (12) | 7391 (34)
Mupad | 26.09 (12) | 73.91 (34)
Giac 26.00 (12 ) | 73.91 ( 34)
Maxima 26.09 (12) | 73.91 (34)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.

1.2. Results



CHAPTER 1. INTRODUCTION 5

grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.000 0.000 0.000 0.000
Mathematica 100.000 0.000 0.000 0.000
Maxima, 8.696 17.391 0.000 73.913
Maple 0.000 0.000 26.087 73.913
Fricas 0.000 26.087 0.000 73.913
Giac 0.000 26.087 0.000 73.913
Mupad 0.000 26.087 0.000 73.913
Sympy 0.000 26.087 93.913 50.000

Table 1.3: Antiderivative Grade distribution of each CAS

1.2. Results
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failures for each CAS.
There are 3 types failures. The first is when CAS returns the input within the time limit,
which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3 minutes
time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely indicates

1.2. Results
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an interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima
and Giac) or it could be an indication of an internal error in the CAS itself. This type of

error requires more investigation to determine the cause.

System Number failed Percentage nor-| Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 0 0.00 0.00 0.00
Mathematica | 0 0.00 0.00 0.00

Sympy 23 8.70 52.17 39.13

Fricas 34 100.00 0.00 0.00

Maple 34 100.00 0.00 0.00

Mupad 34 0.00 100.00 0.00

Giac 34 97.06 0.00 2.94

Maxima 34 100.00 0.00 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

1.3. Time and leaf size Performance
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System Mean time (sec)
Maxima 0.24

Fricas 0.42

Rubi 0.58

Giac 0.58
Mathematica 0.59

Maple 4.21

Mupad 9.90

Sympy 13.45

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median

Mathematica | 163.46 0.72 153.50 0.77

Rubi 242.89 1.02 230.00 1.00

Maxima 443.75 2.04 398.00 2.14

Mupad 1031.33 4.35 838.50 4.42

Fricas 3297.67 12.75 2178.50 11.51

Maple 5623.75 21.22 3658.00 19.19

Giac 34300.83 123.55 19913.00 103.63

Sympy 43850.17 156.72 5176.00 29.24

Table 1.6: Leaf size performance for each CAS

1.3. Time and leaf size Performance
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed to
solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules given the
x axis. These plots show that as more rules are needed then most CAS system percentage
of solving decreases which indicates the integral is becoming more complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used

1.4. Performance based on number of rules Rubi used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed to
solve the same integral. Note that the number of steps Rubi needed can be much higher
than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less steps
by Rubi, CAS systems had more success which indicates the integral was not as hard to
solve. As Rubi needed more steps to solve the integral, the solved percentage decreased for
most CAS systems which indicates the integral is becoming harder to solve.

1.5. Performance based on number of steps Rubi used
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1.6 Solved integrals histogram based on leaf
size of result

The following shows the distribution of solved integrals for each CAS system based on
leaf size of the antiderivatives produced by each CAS. It shows that most integrals solved
produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution

1.6. Solved integrals histogram based on leaf size of result



CHAPTER 1. INTRODUCTION 12

1.7 Solved integrals histogram based on CPU
time used

The following shows the distribution of solved integrals for each CAS system based on CPU
time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with 0.1 second bin width
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1.7. Solved integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following gives the relation between the CPU time used to solve an integral and the
leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in the
timing to start the integration due to overhead of starting a new process each time.

Leaf size vs. CPU time
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1.8. Leaf size vs. CPU time used



CHAPTER 1. INTRODUCTION 14

1.9 list of integrals with no known antideriva-
tive

{}

1.10 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}

1.11 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not necessarily mean that the anti-derivative
is wrong as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it possible to do
further investigation to determine why the result could not be verified.

Rubi {}

Mathematica {}

Maple {1} 5} B)0L(T0) T3, [{5) 16, 7, £5)

Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.

Sympy Verification phase not currently implemented.

1.9. list of integrals with no known antiderivative
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Giac Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.14 Important notes about some of the re-
sults

1.14.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

1.12. Timing
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The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'

'load (simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]"')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are-dif]
fFerent-from—using-maxima/] for reference.

1.14.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.14. Important notes about some of the results
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1.14.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was
determined using the following function, thanks to user slelievre at https://ask.sage]
math.org/question/or123/could-we—-have-a-leat count-function-in-base-sagen

BEh7

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

1.14. Important notes about some of the results
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1.14.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
Lanti = int(integrand,the_variable)

Which gives sin(x)~2/2

1.14. Important notes about some of the results
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1.15

The following diagram gives a high level view of the current test build system.

Sam Blake test file

Test files from Albert " Maple script + grading+ verification | — ’. »
Rich Rubi web site

Waldek Hebisch
test file

Design of the test system

l Mathematica script + grading +verification ‘_>
l Rubi script + grading + verification POST

PROCESSOR
PROGRAM

l Python script to run sympy + grading ‘
> Generate Program that
l Matlab script for Mupad/SymboIictooIbox}—> : sQL generates the

database Latex reports

and analysis
| using input
from the SQL
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grading

SageMath/Python &
scrip.t to tesft SageMath Fricas -
Maxima, Fricas +

High level overview of the CAS
independent integration test

&

build system

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed.

string. The integral in Latex format

string. The input used in CAS own syntax.

string. The result (antiderivative) produced by CAS in Latex format

. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

DLoONOWLAWNE

W~

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M, Abbasi
20. String. The optimal antiderivative in Mathematica syntx i

Designvsdx

S o

©

1.15. Design of the test system
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2.1 List of integrals sorted by grade for each

CAS
2.1.1 Rubi. . ... .. e e e 211
2.1.2 Mma. . . . . . e e 211
2.1.3 Maple . . . . o 22]
2.1.4 Fricas . . . . . . . e e e 22]
2.1.5 Maxima . . . . . .. e e e e e e e e 22
2.1.6 Giac . . . . .. e e e
2.1.7 Mupad . . . ... e
2.1.8 SYympy . . . . oo e 23]

2.1.1 Rubi

A grade { [1)2,5)05L6) 750,10} 1 12) 3 145 16,7 15,19} 20, 21} 22 23, A 25,26 2
25) 20,301 31,52 33,34 35, B, 37, 55, 30L 40,1 12} 3, 14 45,16 )

B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

2.1.2 Mma

A grade { [12,55)5) 7B 5,10} 112 3} 115 16,7 15,19} 20, 21} 22 23, 24 25,20, 27
25) 20,30, 312 33,3 35, B 7, S, 0L 40, 12} 13, A4 15,16 )

B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.1.3 Maple

A grade { }

B grade { }

C grade {[BBEEHOHEHEIE)

F normal fail {[5}[6[7[12,[13}[14)[19 20} 21}[22, 23} 24} 25,26, 27} 28} [29} 30} 31}32} 33, 34} 35
[364[37, 38} 39} 40} 4T} 42} 43} 4 45, 4] }

F(-1) timedout fail { }
F(-2) exception fail { }

2.1.4 Fricas

A grade { }

B grade {[}EE480/0 MG I1E)
C grade { }

F normal fail {[5[6}[7[12,[13}[14[19,20} 21} 22} 23} [24}[25} 26, [27] 28} 29}30} 31} 32} 33} 34} 35
[364[37 38} 39} 40} 41} 42} 43} A 45, 4] }

F(-1) timedout fail { }
F(-2) exception fail { }

2.1.5 Maxima

A grade {41118}
B grade {[L}[2}[8[9}[I0}[L5[16}[17] }
C grade { }

F normal fail { f})[7)([2,T3) 149,20, 21,2 23,21 25,20 27 28, 29 50, 51 B2, 3 B 65,
56,5758} 391 0, 41 12,3, A4, 5,16 }

F(-1) timedout fail { }
F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.1.6 Giac

A grade {}

B grade { [EBEBG0EHIIE)
C grade {}

F normal fail {[5}[6}[7[12,[13}[14)[19} 20} 21}[22, 23} 24} 25} 26, [27] 28} [29} 30} 31}32} 33} 34} 35
[361[37, 38} 39} 40} 1} 43} 44} 45, 6] }

F(-1) timedout fail { }
F(-2) exception fail {[42]}

2.1.7 Mupad

A grade { }
B grade { [1}2,[3} 4 [8}[9}[10}[11} 15} 16} 17} 18] }
C grade { }

F normal fail { }

F(-1) timedout fail {[5}[6,[7}[12}[13}[14[19,[20,[21} [22}[23} 24} [25, 26, 27] [28, [29, [30} 31} [32, 33}
[B41[35,[36} 37} 38} 39} 40} 41} 42, (43} (44} 45} 46} }

F(-2) exception fail { }

2.1.8 Sympy

A grade { }

B grade {[128RE00MEHME)

C grade {BBOELZBEEEE)

F normal fail {[13}[30] }

P(-1) timedout fail { 71820, 535550, 67 5 L B .
F(-2) exception fail {[26][27][28 33} [34,[39}[41}[43][44] }

2.1. List of integrals sorted by grade for each CAS



CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 24

2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed time
is in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is
given as F(-2) if the failure was due to an exception being raised, which could indicate a
bug in the system. If the failure was due to integral not being evaluated within the time
limit, then it is given as F.

antiderivative leaf size
optimal antiderivative leaf size"
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C B B B B B
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 210 210 172 4939 464 3073 64068 27992 1089
N.S. 1 1.00 0.82 23.52 2.21 14.63 305.09 133.30 5.19
time (sec) N/A 0.427 0.923 7.531 0.2563 0372 13.378 0.488  9.903
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C B B B B B
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 160 160 129 2377 332 1524 25315 11834 588
N.S. 1 1.00 0.81 14.86 2.08 9.52 15822 7396  3.68
time (sec) N/A 0.342 0.392 2.404 0.237 0325 7330 0.375  9.505
Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C A B B B B
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 108 108 84 858 200 562 7796 3764 271
N.S. 1 1.00 0.78 7.94 1.85 5.20 72.19 34.85 2.51
time (sec) N/A 0.259 0.251 0.346 0.211  0.272 3.819 0.303 9.134

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C A B B B B
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 66 66 49 229 91 185 1498 763 91
N.S. 1 1.00 0.74 3.47 1.38 2.80 22.70 11.56 1.38
time (sec) N/A 0.208 0.101 0.167  0.202 0.272 1.658 0.284 9.056
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F C F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 120 120 95 0 0 0 872 0 0
N.S. 1 1.00 0.79 0.00 0.00 0.00 727 0.00 0.00
time (sec) N/A 0.290 0.250 0.000 0.000  0.000 4.665 0.000 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F C F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 177 179 110 0 0 0 5176 0 0
N.S. 1 1.01  0.62 0.00 0.00 0.00 29.24 0.00 0.00
time (sec) N/A 0.404 0.253 0.000 0.000  0.000 26.100 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 228 238 136 0 0 0 0 0 0
N.S. 1 1.04 0.60 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.434 0.421 0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A C B B B B B
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 318 318 273 11356 748 6638 168099 70422 1882
N.S. 1 1.00 0.86 35.71 2.35 20.87 528.61 221.45 5.92
time (sec) N/A 0.592 1.575 7.880  0.278  0.460 23.345 0.851 10.779

Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A C B B B B B

verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 237 237 199 5875 540 3515 72500 32523 1119
N.S. 1 1.00 0.84  24.79 2.28 14.83 305.91 137.23 4.72
time (sec) N/A 0.481 0.885 3.334 0.280 0.367 14.262 0.508  9.870

Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A C B B B B B
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 160 160 129 2377 332 1426 25315 11834 588
N.S. 1 1.00 0.81 14.86 2.08 8.91 15822 73.96 3.68

time (sec) N/A 0.347 0420 2407 0.235 0335 7.304 0.393 9.472

Problem 11 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A C A B B B B
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 102 102 78 699 155 527 5882 2951 265
N.S. 1 1.00 0.76 6.85 1.52 5.17  57.67 2893  2.60
time (sec) N/A 0.254 0.181 4920 0.197 0.285 3.126 0.295 9.124

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 12 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F F C F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 185 185 153 0 0 0 1402 0 0

N.S. 1 1.00 0.83 0.00 0.00 0.00 7.58 0.00 0.00

time (sec) N/A 0.400 0.403 0.000 0.000 0.000 9.548 0.000 0.000

Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 268 264 159 0 0 0 0 0 0

N.S. 1 0.99 0.59 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.683 0.449 0.000 0.000 0.000  0.000 0.000 0.000

Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 322 328 168 0 0 0 0 0 0

N.S. 1 1.02 0.52  0.00 0.00 0.00 0.00 0.00 0.00

time (sec) N/A 0.650 0.646  0.000 0.000  0.000 0.000 0.000 0.000

Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac  Mupad

grade N/A A A C B B B B B
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 410 410 358 20904 1032 11628 365145 143220 2949
N.S. 1 1.00 0.87  50.99 2.52 28.36  890.60 349.32 7.19
time (sec) N/A 0.785 1.517 10.708 0.297  1.223 40.538 1.810 11.973

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A C B B B B B
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 310 310 265 11356 748 6557 168099 70422 1882
N.S. 1 1.00 0.85 36.63 241 21.15 542.25 227.17  6.07
time (sec) N/A 0.606 1.643 5.100 0.286  0.476 23.291 0.850 10.842

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A C B B B B B

verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 210 210 172 4939 464 2833 64068 27992 1089
N.S. 1 1.00 0.82 23.52 2.21 13.49 305.09 133.30 5.19
time (sec) N/A 0.428 0.834 3.266 0.244 0.371 13.331 0.479  9.825

Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A C A B B B B
verified N/A Yes Yes No TBD TBD TBD TBD TBD
size 137 137 106 1576 219 1104 16781 7893 563
N.S. 1 1.00 0.77  11.50 1.60 8.06 12249 57.61 4.11

time (sec) N/A 0.305 0.225 2430 0.207 0.307 5.488 0.325 9.287

Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F F C F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 270 270 229 0 0 0 1933 0 0

N.S. 1 1.00 0.85 0.00 0.00 0.00 7.16 0.00 0.00

time (sec) N/A 0.549 0.809 0.000 0.000 0.000 16.884 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 394 376 217 0 0 0 0 0 0
N.S. 1 095 0.55 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.976 1.060 0.000 0.000  0.000 0.000 0.000 0.000
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F C F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 380 380 332 0 0 0 2463 0 0
N.S. 1 1.00 0.87  0.00 0.00 0.00 6.48 0.00 0.00
time (sec) N/A 0.786 1.307  0.000 0.000  0.000 28.346 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F C F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 272 272 231 0 0 0 1933 0 0
N.S. 1 1.00 0.85 0.00 0.00 0.00 7.11 0.00 0.00
time (sec) N/A 0.568 0.853  0.000 0.000  0.000 16.644 0.000 0.000
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F C F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 187 187 154 0 0 0 1402 0 0
N.S. 1 1.00 0.82 0.00 0.00 0.00 7.50 0.00 0.00
time (sec) N/A 0.409 0.449 0.000 0.000  0.000 9.442 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F C F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 122 122 95 0 0 0 872 0 0
N.S. 1 1.00 0.78 0.00 0.00 0.00 7.15 0.00 0.00
time (sec) N/A 0.300 0.243 0.000 0.000  0.000 4.568 0.000 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F C F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 78 78 57 0 0 0 377 0 0
N.S. 1 1.00 0.73 0.00 0.00 0.00 4.83 0.00 0.00
time (sec) N/A 0.209 0.128 0.000 0.000  0.000 1.786 0.000 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 127 127 102 0 0 0 0 0 0
N.S. 1 1.00 0.80 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.310 0.258 0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 212 229 152 0 0 0 0 0 0
N.S. 1 1.08 0.72 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.605 0.363 0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 407 446 199 0 0 0 0 0 0

N.S. 1 1.10  0.49 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.253 0.519 0.000 0.000 0.000 0.000 0.000 0.000

Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 386 368 220 0 0 0 0 0 0

N.S. 1 0.95 0.57 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.991 1.132 0.000 0.000 0.000 0.000 0.000 0.000

Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 267 263 161 0 0 0 0 0 0

N.S. 1 0.99 0.60 0.00 0.00 0.00 0.00 0.00 0.00

time (sec) N/A 0.688 0.523  0.000 0.000  0.000 0.000 0.000 0.000

Problem 31 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F F C F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 178 180 110 0 0 0 5176 0 0

N.S. 1 1.01  0.62 0.00 0.00 0.00 29.08  0.00 0.00
time (sec) N/A 0.415 0.271  0.000 0.000 0.000 25.678 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F C F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 107 107 83 0 0 0 2382 0 0
N.S. 1 1.00 0.78 0.00 0.00 0.00 2226 0.00 0.00
time (sec) N/A 0.230 0.142 0.000 0.000  0.000 8.803 0.000 0.000
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 211 231 150 0 0 0 0 0 0
N.S. 1 1.09 0.71 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.594 0.383 0.000 0.000  0.000 0.000 0.000 0.000
Problem 34 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 315 343 209 0 0 0 0 0 0
N.S. 1 1.09 0.66 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.978 0.567  0.000 0.000  0.000 0.000 0.000 0.000
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 567 615 270 0 0 0 0 0 0
N.S. 1 1.08 0.48 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.971 0.971 0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 322 329 172 0 0 0 0 0 0
N.S. 1 1.02 0.53 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.681 0.698 0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 228 238 136 0 0 0 0 0 0
N.S. 1 1.04 0.60 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.444 0.425 0.000 0.000  0.000 0.000 0.000 0.000
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 112 112 83 0 0 0 0 0 0
N.S. 1 1.00 0.74 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.234 0.145 0.000 0.000  0.000 0.000 0.000 0.000
Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 366 404 201 0 0 0 0 0 0
N.S. 1 1.10  0.55 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.145 0.496 0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 482 525 271 0 0 0 0 0 0
N.S. 1 1.09 0.56 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.633 0.968 0.000 0.000  0.000 0.000 0.000 0.000
Problem 41 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 211 211 162 0 0 0 0 0 0
N.S. 1 1.00 0.77  0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.433 0.818 0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-1) F(-2) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 271 256 164 0 0 0 0 0 0
N.S. 1 094 0.61 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.546 0.278  0.000 0.000  0.000 0.000 0.000 0.000
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 164 164 138 0 0 0 0 0 0
N.S. 1 1.00 0.84 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.356 0.642  0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 304 289 138 0 0 0 0 0 0
N.S. 1 095 045 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.631 0.774 0.000 0.000  0.000 0.000 0.000 0.000
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 139 150 124 0 0 0 0 0 0
N.S. 1 1.08  0.89 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.394 0.410 0.000 0.000  0.000 0.000 0.000 0.000
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 139 159 124 0 0 0 0 0 0
N.S. 1 1.14  0.89 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.406 0.014 0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the leaf

size of the integrand. Finally the ratio Iﬁ%{é@?gﬁfl g?zlgs is also given. The larger this ratio

is, the harder the integral is to solve. In this test file, problem number [35] had the largest
ratio of [.225806000000000007]

Table 2.1: Rubi specific breakdown of results for each integral

number of numjber of no.rma.blize.d integrand ummber of rules
# | grade ic:é)j uzi:e antlfaicr;;’::ve leaf size integrand leaf size
| A 2 2 1.00 29 0.069
2 A 2 2 1.00 29 0.069
3 A 2 2 1.00 27 0.074
4 A 2 2 1.00 20 0.100
o A 2 2 1.00 29 0.069
6 A 4 4 1.01 29 0.138
7 A 4 4 1.04 29 0.138
3 A 2 2 1.00 31 0.065
9 A 2 2 1.00 31 0.065
10j A 2 2 1.00 29 0.069
11 A 2 2 1.00 22 0.091
12] A 2 2 1.00 31 0.065
13] A 4 4 0.99 31 0.129
14] A 6 6 1.02 31 0.194
15) A 2 2 1.00 31 0.065
16} A 2 2 1.00 31 0.065
17] A 2 2 1.00 29 0.069
18] A 2 2 1.00 22 0.091
19 A 2 2 1.00 31 0.065
20) A 4 4 0.95 31 0.129
21 A 2 2 1.00 31 0.065
22] A 2 2 1.00 31 0.065
Continued on next page

2.3. Detailed conclusion table specific for Rubi results
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Table 2.1 — continued from previous page

number of number of normalized integrand b ¢l
# | amade | st | i | anidesaiie | TP | bl
3| A 2 2 1.00 31 0.065
24| A 2 2 1.00 29 0.069
§ A 2 2 1.00 22 0.091
26| A 2 2 1.00 31 0.065
2_7 A 4 4 1.08 31 0.129
ﬁ A 5 5 1.10 31 0.161
29) A 4 4 0.95 31 0.129
30| A 4 4 0.99 31 0.129
3_1 A 4 4 1.01 29 0.138
g A 2 2 1.00 22 0.091
Q A 4 4 1.09 31 0.129
% A 5 5 1.09 31 0.161
35| A 7 7 1.08 31 0.226
36} A 6 6 1.02 31 0.194
37 A 4 4 1.04 29 0.138
@ A 2 2 1.00 22 0.091
39) A 5 5 1.10 31 0.161
40| A 6 6 1.09 31 0.194
4_1 A 4 4 1.00 31 0.129
49| A 5 5 0.94 29 0.172
43] A 2 2 1.00 31 0.065
44 A 4 4 0.95 31 0.129
45) A 5 4 1.08 47 0.085
gl | A 5 4 1.14 55 0.073

2.3. Detailed conclusion table specific for Rubi results
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[(ex)™(a+bz™)? (A+ Bz™) (c+dz™)’dx . . . .. .o

(ex)™ (a + bx™) (A+ Bz") (c+ alav")2 de . ... ...

(ez)™

(A4 Bz™) (c4+dz™)’dx. . . ... ...
f (em)m(A+B:")(c+dx”)2 da
atbon QT .
(ex)™(A+Bz")(c+dz™)?
f (a+bzn)? dz
(ex)™ (A+Bz™)(c+dz™)?2
f (a+bzn)3 dz

(ex)™ (a + bz"™)’ (A+ Bz™) (c+de™)’ dx . . . . ... .. ... ... ...
(ex)™ (a+ bz™)? (A+ Bz") (c+dz™’ dx . . . . ... ... ... ... ...
[(ex)™(a+bz™) (A4 Bz™) (c+dz™)’dx ... ... ... . ... ... ...,
(ex)™

[ (A4 Bz™) (c4+dz™)’dx. . ... ... .

(ex)™ (A+Bz™)(c+dz™)3
i b : dr . . .
(ex)™(A+Bz"™ )(c—i—d:z:”)
f (a-l—bac") dz
f (ex)™ (a+bz™)*(A+Bz™) dz
crden G o
f (ex)™ (a+bz™)2 (A+Bz™) dz
o dm" .............................
(ex)™ (a+bz™)?(A+Bz™) dz
crden 0T o
f (ex)™(a+bz™)(A+Bz™) dz
e A
f (ex)™(A+Bz™) dz
Tordzr QT -
f (ex)™(A+Bz™) dz
Tatba)orda) Q&+« v o v v e
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327 | % do .. AR
328 [l 23
329 [MEHENGET) g 779
330 [EHMEHIRGET) g 236
331 [RGB dp WEY)
332 [OTUESTdr 48
333 [T AT
334 [N dr 258
335 [N dr 64
336 [ (CHMEHIRCET) g o7
337 JEEEEISERdr 279
338 | % dz .. R4
339 [T WESY)
340 | % dr . .
341  [(ex)™(a+ bz’ (A+ Bz") (c+dz™)dx . . . . ... ...
342  [(ex)™(a+bz")’ (A+ Bz™)(c+dz™)dx . ... ... ... ... ... ...
343 [ (MR PALBT) g 313
344 [EEHEVGEB G BI7
345 [ et et ke g
346 [ Lot (ot ba %) B
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3.1 [(ex)™ (a + bz")’ (A + Bz™) (c + dz™) dx

3.1.1 Optimalresult . . . ... .. .. .. .. 40}
3.1.2 Mathematica [A] (verified) . . . . . ... ... .. oo 41
3.1.3 Rubi [A] (verified) . . . . . ... .. 41
3.1.4 Maple [C] (warning: unable to verify) . . . . . ... ... ... ... ... 42
3.1.5  Fricas [B] (verification not implemented) . . . . . . ... ... ... ... .. 43l
3.1.6 Sympy [B] (verification not implemented) . . . ... .. ... ... .. ... .. 44
3.1.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... .. ... 5]
3.1.8 Giac [B] (verification not implemented) . . . . ... ... ... ....... 46
3.1.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ...... 47

3.1.1 Optimal result

Integrand size = 29, antiderivative size = 210

a*(3Abc + aBc + aAd)z* ™ (ex)™
l1+m+n
N a(3Ab(bc + ad) + aB(3bc + ad))z' 2" (ex)™

1+m+2n
N b(3aB(bc + ad) + Ab(bc + 3ad))z' 3" (ex)™

1+m+3n
N b?(bBc + Abd + 3aBd)z' ™" (ex)™

1+m+4n
b*Bdx't"(ex)™  adAc(ex)t™
1+m+5n e(l1+m)

/ (e2)™ (a + bz")® (A + Bz") (c + ™) dz =

\ a*xd+3*b*c) ) *x~ (1+2*n) * (e*xx) “m/ (1+m+2*n) +b* (3*a*B* (a*d+b*c) +Axb* (3*a*xd+b*c)
\ )*x~ (1+3%n) * (e*x) “m/ (1+m+3*n) +b~2% (A*xb*d+3*B*a*d+B*b*c) *x~ (1+4*n) * (e*xx) “m/

( N
output \ a”2% (Axaxd+3*A*xbkc+B¥axc) *x~ (1+n) * (e*x) “m/ (1+m+n) +a* (3*xA*b* (a*xd+b*c) +a*B*( \
| (1+m+4%n)+b~3*Bxdxx~ (1+5%n) * (exx) “m/ (1+m+5+n) +a 3xA*c* (exx) ~ (1+m) /e/ (1+m) |

31 [(ex)™(a+ bz")® (A+ Bz") (c+ da") da
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3.1.2 Mathematica [A] (verified)

Time = 0.92 (sec) , antiderivative size = 172, normalized size of antiderivative = 0.82

m 3 " " m [ a2Ac  a?(3Abc + aBc + aAd)z"
/(ea:) (a+b2™)? (A+ Bz™ (c+ dz") do = z(ex) <1+m e L
a(3Ab(bc + ad) + aB(3bc + ad))z*"
* 1+m+2n
b(3aB(bc + ad) + Ab(bc + 3ad))z3"
+ 1+m+3n
b2(bBc + Abd + 3aBd)z™ b Bde™ )

1+m+4n 1+m+5n

input LIntegrate [(e*x) "m*(a + b*x~n) "3%(A + B*x"n)*(c + d*x"n),x] J

output | x* (exx) “m* ((a~3*A*c)/(1 + m) + (a~2%(3xAxb*c + a*B*c + axA*d)*x"n)/(1 + m
+ n) + (ax(3*%A*b*(bxc + axd) + a*B*(3xbxc + a*d))*x~(2*n))/(1 + m + 2%n) +

(bx (3*a*xB* (b*c + a*d) + Axbx(b*c + 3*a*xd))*x~(3*n))/(1 + m + 3#*n) + (b~2x*
(b*Bxc + Axbxd + 3*a*B*d)*x~(4*n))/(1 + m + 4*n) + (b~3*B*d*x~(5%n))/(1 +
m + 5%n))

3.1.3 Rubi [A] (verified)

Time = 0.43 (sec) , antiderivative size = 210, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, Mumber of rules _ ( 469 Ryles used

integrand size
= {1040, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (ez)™ (a + bz™)° (A + Bz") (c + dz™) dw

l 1040

/ (a®Ac(ez)™ + a®z™(ex)™(aAd + aBc + 3Abc) + b2z*"(ex)™(3aBd + Abd + bBc) + az*"(ex)™(3Ab(ad + bc) -

l'2009

31 [(ex)™(a+ bz")® (A+ Bz") (c+ da") da
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adAc(ex)™!  a?z"tl(ex)™(aAd + aBc + 3Abc) + b2+ (ex)™(3aBd + Abd + bBc) 4

e(m+1) m+n+1 m+4n+1
az?" 1 (ex)™(3Ab(ad + bc) + aB(ad + 3bc)) + b3+ (ex)™(Ab(3ad + be) + 3aB(ad + be)) +
m+2n+1 m+3n+1
b3de5n+1(6$)m
m+5n+1

-

inputLInt[(e*x)‘m*(a + b*x~n)~3%(A + B*x"n)*(c + d*x~n),x]

output | (a~2*(3*xAxbxc + a*Bkc + a*A*d)*x~ (1 + n)*(exx)™m)/(1 + m + n) + (ax(3*xAxbx*
(b*c + axd) + a*B*(3*b*c + axd))*x" (1 + 2*n)*(exx)"m)/(1 + m + 2*n) + (b*(
3%a*B*(bkc + akxd) + Axb*(bxc + 3*xaxd))*x~ (1 + 3*n)*(e*x)"m)/(1 + m + 3%n)
+ (b~2%(b*B*c + Axb*d + 3*axB*d)*x~ (1 + 4*n)*(e*x)"m)/(1 + m + 4*n) + (b~3
*Bxd*x~ (1 + 5*n)*(e*x)"m)/(1 + m + 5%n) + (a~3*A*xc*x(exx)~(1 + m))/(ex(1 +

m))

3.1.3.1 Defintions of rubi rules used

rule 1040\Int[((g_.)*(x_))‘(m_.)*((a_) + (b_)*(x_ )" (@ )) " (p_)*((c) + (d_)*x_)"(n
‘_))“(q_.)*((e_) + (£_)*(x_)"(n_))"(r_.), x_Symbol] :> Int[ExpandIntegrand[
‘(g*x)‘m*(a + b*x"n) “p*(c + d*x"n)"g*(e + f*x"n)"r, x], x] /; FreeQ[{a, b, c

,d, e, £, g, m, n}, x] & IGtQ[p, -2] && IGtQ[q, 0] && IGtQ[r, O]

N

E——

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

3.1.4 Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 7.53 (sec) , antiderivative size = 4939, normalized size of antiderivative = 23.52

method result size
risch Expression too large to display | 4939
parallelrisch | Expression too large to display | 6818

inputLint((e*x)‘m*(a+b*x“n)‘3*(A+B*x“n)*(c+d*x“n),X,method=_RETURNVERBOSE)

~—

31 [(ex)™(a+ bz")® (A+ Bz") (c+ da") da



output

CHAPTER 3. LISTING OF INTEGRALS

43

x* (147*A*b~3*c*m*n~2* (x~n) ~3+3* (x~n) ~2*d*a~2*b*A+90*B*xaxb~2*xd*n~4* (x~n) ~4+

44%Bxb~3*c*xm”3*n* (x"n) “4+120%B*a*b~2*ckn"4* (x"n) ~3+180*B*a”2*b*c*n~4* (x"n)
~2+84*Bxa”~3*c*xm” 2*n*x"n+144*B*axb~2xcxmkn* (x"n) ~3+132*B*a*xb~2*xd*m”~3*n* (x"n
) T4+122%A*b~ 3*d*m*n"3* (x"n) “4+132*B*axb”2*xd*m*n* (x"n) “4+61*xAxb"3*d*m~2*n"3
*(x7n) ~4+366*Bxaxb”2*xd*m*n"3* (x"n) ~4+39*A*a” 2xbkd*m~4*n* (x"n) ~2+30*Bxaxb”2
*d*m”~3* (x"n) “4+177*A*a*b”2*c*n"2* (x"n) “2+14*xA*xa”3*d*m~4*n*x"n+15*%Bxaxb~2*c
*m~4* (x"n) “3+216*B*xa*b”~2*c*km”2*n* (x"n) “3+44*A*xb"3*d*m~3*n* (x"n) ~4+177*B*a”
2%b*c*km~3*n" 2% (x"n) “2+234*B*a "~ 2*b*ckm~2*n* (x"n) “2+531*B*a”~2*b*ckm*n"2* (x"n
) "2+144*xB*a” 2%bkd*mkn* (x"n) ~3+441xA*xaxb~2xd*m~2*n " 2% (x"n) ~3+234*A*xa*b~2*c*
m~2*n* (x"n) “2+147*B*a”2xb*d*m~3*n"2* (x"n) ~3+234*B*a”2*bkd*m~2+n" 3% (x"n) "3+
308*B*a~3*c*m*n~3*x " n+24*B*b~3xd*m*n~4* (x~n) ~5+30*A*b~3*d*m*n"4* (x"n) ~4+53
1xAxaxb~2kckm™2*%n " 2% (x"n) ~2+30*A*a”~2kbkckm”~2*%x " n+213*A*xa~2xbxcxn~2*x " n+213
*B*a”~3kckm~2*n"2*x " n+15*%A*axb~2*c* (x"n) “2*xm+213*%A*a”~3*d*m*n~2*xx " n+30*A*a”~2
*b*xc*xm”~3*x " n+56*%A*a”3*d*m”3*n*x"n+15%Bxa”~2xbkc* (x"n) "2*m+15*xA*xaxb~2xd* (x"n
) “3*m+36*kA*xa*xb”2*d* (x"n) “3*n+30*A*a” 2xbkd*m~3* (x"n) “2+59*B*a~3*d*m” 3*n" 2% (
X"n) "2+107*B*a~3*d*m~2*n"3* (x"n) "2+642*A*a*xb”2*xckxm*n”"3* (x"n) ~2+441%B*a*xb"2
*cxm*n” 2% (x"n) ~3+44*B*b~3*c*km*n* (x"n) ~4+30*Bkaxb”~2*c*m”3* (x"n) ~3+180*A*a”2
*bxd*m*n~4* (x"n) “2+39*%A*a*b”2*xckxm~4*n* (x"n) “2+123*%B*b " 3*kckm*n"2* (x"n) “4+3*
Bxa*xb~2kcxm~5% (x"n) ~3+15%B*axb~2+d*m”4* (x"n) ~“4+12*%Axb~3*ckm”~4*n* (x"n) "3+12
3xAxb~3%d*m~2+n"2% (x"n) ~4+120*B*a~2*b*d*n~4* (x"n) ~3+180*B*a~2*b*c*m*n~4. . .

3.1.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 3073 vs. 2(210) = 420.

Time = 0.37 (sec) , antiderivative size = 3073, normalized size of antiderivative = 14.63

/(ex)m (a + bz™)’ (A + Bz") (¢ + dz™) dz = Too large to display

input‘integrate((e*x)‘m*(a+b*x‘n)“3*(A+B*x‘n)*(c+d*x‘n),x, algorithm="fricas")

31 [(ex)™(a+ bz")® (A+ Bz") (c+ da") da




output
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((Bxb~3*d*m~5 + 5*B*b~3*d*m~4 + 10*B*b~3*d*m~3 + 10%B*b~3*d*m~2 + 5*B*b~3%

d*m + B*b~3*d + 24*(Bxb~3*d*m + B*b~3*d)*n"4 + 50* (Bxb~3*d*m~2 + 2%B*b~3*d
*m + B*b~3%d)*n~3 + 35%(B*b~3*d*m~3 + 3*B*b~3*d*m~2 + 3*%B*b~3*d*m + B*b~ 3%
d)*n~2 + 10*x(B*b~3*d*m~4 + 4*B*b~3*d*m~3 + 6*B*b~3*d*m~2 + 4*B*b~3*d*m + B
*b~3*d) *n) *x*x~ (5%n) *e~ (m*log(e) + m¥log(x)) + ((B*b~3*c + (3*B*a*b~2 + Ax
b~3)*d)*m~5 + B*b~3%c + 5x(Bxb~3*c + (3*B*ax*b”2 + A*b~3)*d)*m~4 + 30*(B*b~
3*c + (3*Bxa*b”2 + A*b~3)*d + (B*¥b~3*c + (3*B*a*xb”2 + A*xb"3)*d)*m)*n~4 + 1
0x(B*¥b~3*c + (3*B*a*xb”™2 + Axb~3)*d)*m~3 + 61*(B*b~3*c + (B*b~3*c + (3*Bxa*
b2 + A*xb~3)*d)*m~2 + (3*%Bka*xb~2 + Axb~3)*d + 2% (B*b~3*c + (3*B*a*b~2 + Ax*
b~3)*d) *m)*n~3 + 10*(B*b~3*c + (3*B*a*b”~2 + A*b~3)*d)*m~2 + 41x(B*b~3*c +
(B¥b~3%c + (3*B*a*b”~2 + A*b~3)*d)*m~3 + 3*(Bxb~3*c + (3*B*axb~2 + A*b~3)*d
)*m~2 + (3*%Bxa*b”2 + A*b~3)*d + 3% (B*b~3*kc + (3*B*a*b”~2 + A*b~3)*d)*m)*n"2
+ (3*%B*a*b™2 + A*b~3)*d + 5*(B*b~3*c + (3*B*a*b~2 + A*xb~3)*d)*m + 11*(B*b
~3%c + (Bx¥b"3*c + (3*B*a*b”2 + A*b"3)*d)*m”~4 + 4*(B*b~3*c + (3*%B*xaxb”2 + A
*b~3)*d)*m~3 + 6% (B*b~3*c + (3*%Bxa*xb~2 + A*b"3)*d)*m~2 + (3*%Bxaxb~2 + A*xb~
3)*d + 4%(B*b~3%c + (3*B*a*b~2 + A*b~3)*d)*m)*n)*x*x"(4*n)*e” (m*log(e) + m
*xlog(x)) + (((3*B*a*b™2 + A*b~3)*c + 3x(B*a~2xb + A*axb~2)*d)*m~5 + 5*x((3*
Bxa*b~2 + A*b~3)*c + 3*x(Bxa"2*b + A*a*b~2)*d)*m~4 + 40*((3*B*a*b~2 + A*b~3
)*c + 3% (B*a~2*b + A*axb~2)*d + ((3*%B*a*b~2 + A*b~3)*c + 3x(B*a~2*b + Axax
b~2)*d) *m)*n~4 + 10*((3*B*a*b~2 + A*b~3)*c + 3*x(B*a~2+b + A*a*xb~2)*d)*m...

3.1.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 64068 vs. 2(206) = 412.

Time = 13.38 (sec) , antiderivative size = 64068, normalized size of antiderivative = 305.09

/(ex)m (a + bz™)’ (A + Bz") (¢ + dz™) dz = Too large to display

input | integrate ((exx) *xm* (a+b*x**n) **3* (A+B*x**n) * (c+d*x**n) ,x)

31 [(ex)™(a+ bz")® (A+ Bz") (c+ da") da




output
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Piecewise(((A + B)*(a + b)**3x(c + d)*log(x)/e, Eq(m, -1) & Eq(n, 0)), ((A
xaxx3xc*xlog(x) + Axaxx3xd*x**n/n + 3xkA*xa*x*x2+¥bkckx¥*kn/n + 3kAkaxk2xbxd*x** (
2%n)/(2*%n) + 3kxAxaxbkx*2kckx**x(2*n)/(2*%n) + Axaxb**x2kxd*xx**(3%n)/n + Axb**3%
cxx*x*(3%n)/(3*%n) + Axbk**3kd*x**(4*n)/(4*n) + Bxax*3kckx**n/n + Bxa**x3kxd*x*
*(2xn)/(2%n) + 3*Bkxa*x*2xbxc*x**(2*n)/(2*%n) + Bkxax*2¥b*d*x**(3*n)/n + B*ax*xb
*k2kckx** (3*%n) /n + 3*Bkaxbx*2xd*xx** (4*n)/(4*n) + Bxb**x3kc*x**(4*n)/(4*n) +
B¥bx*3xd*x** (5*n) /(6%n)) /e, Eq(m, -1)), (A*a**3xc*Piecewise((Ox*(-5%n - 1
)*x, Eq(e, 0)), (Piecewise((-1/(5*n*(exx)**(5*n)), Ne(n, 0)), (log(e*x), T
rue))/e, True)) + Axa*x3*d*Piecewise((-x*x**n*(exx)**(-5xn - 1)/(4*n), Ne(
n, 0)), (x*x**n*(exx)**(-5*xn - 1)*log(x), True)) + 3*Axax*2xbxc*Piecewise(
(—x*xx**kn* (exx) **(-5*n - 1)/(4*n), Ne(n, 0)), (x*x*k*n*(e*x)**(-5*xn - 1)*log
(x), True)) + 3*xAxax*2xbkxd*Piecewise ((—x*x**(2*n)*(exx)**(-5%n - 1)/(3*n),
Ne(n, 0)), (x*x*x(2+#n)*(e*x)**(-5+%n - 1)*log(x), True)) + 3*A*axbk*2xc*Pi
ecewise ((—x*x** (2*n)* (e*xx) **x(-5*%n - 1)/(3*%n), Ne(n, 0)), (x*x**(2*n)*(e*xx)
*k(-5xn - 1)*log(x), True)) + 3xAxa*b**2*xd*Piecewise ((—x*x**(3*n)* (e*x)**(
-5xn - 1)/(2*n), Ne(n, 0)), (x*x**(3%n)*(e*x)**(-5+%n - 1)*log(x), True)) +
Axbx*3*c*Piecewise ((—x*x** (3*n) * (exx)**(-5%n - 1)/(2*%n), Ne(n, 0)), (x*x*
*(3*n)* (e*xx)*x(-b*n - 1)*log(x), True)) + A*b**3*d*Piecewise ((-x*x**(4*n)x*
(exx)*x(-5xn - 1)/n, Ne(n, 0)), (x*x**(4*n)*(e*x)**(-5*n - 1)*log(x), True
)) + Bxaxx3xcxPiecewise ((-x*x**n*(e*xx)**(-5*xn - 1)/(4*n), Ne(n, 0)), (x...

3.1.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 464 vs. 2(210) = 420.

Time = 0.25 (sec) , antiderivative size = 464, normalized size of antiderivative = 2.21

/ (e2)™ (@ + bz™)? (A + Ba™) (c + da™) dz

Bb3d€mﬂ’}6(m log(z)+5nlog(z)) Bb306m1'6(m log(z)+4nlog(z)) 3 Badeemxe(m log(z)+4nlog(z))

= + +
m+95n+1 m+4n+1 m+4n+1
Ab3demxe(mlog(m)+4nlog(m)) 3Bab2cemxe(mlog(w)+3nlog(w)) Ab3cemme(mlog(w)+3nlog(w))
m+4n+1 + m+3n+1 + m+3n+1
3Ba2bdemxe(mlog(z)+3nlog(w)) 3AabZdemwe(mlog(z)+3nlog(z))
+
m+3n+1 m+3n+1
3Ba2bcemxe(mlog(z)+2nlog(z)) 3AabQCemxe(mlog(:z:)+2nlog(:1:))
_|_
m+2n+1 m+2n+1
Ba3demxe(mlog(z)+2nlog(z)) 3 Aa2bd6mxe(m log(z)+2n log(z)) Ba3cemxe(m log(x)+nlog(x))
+ +
m+2n+1 m+2n+1 m+n+1
3 Aachemxe(m log(z)+nlog(x)) Aa3dem$e(mlog(z)+n log(zx)) (ex)m"‘l Ad3c
m+n+1 + m+n+1 e(m+1)

31 [(ex)™(a+ bz")® (A+ Bz") (c+ da") da
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input‘integrate((e*x)“m*(a+b*x“n)”3*(A+B*x“n)*(c+d*x“n),x, algorithm="maxima")

output | B¥b~3*d*e m*x*e” (m*log(x) + 5*n*log(x))/(m + 5*n + 1) + B*b~3*c*e " m*xx*e” (m
xlog(x) + 4*n*log(x))/(m + 4#n + 1) + 3*B*a*b~2*d*e m*x*e” (m*log(x) + 4*n*
log(x))/(m + 4*n + 1) + A*b~3*d*e"m*x*e” (m*log(x) + 4*n*log(x))/(m + 4*n +
1) + 3*B*a*b~2*c*e m*x*e” (m*¥log(x) + 3*n*log(x))/(m + 3*n + 1) + Axb~3x*c*
e"mxx*e” (m*¥log(x) + 3*n*log(x))/(m + 3*n + 1) + 3*B*a~2xb*d*e m*x*e” (m*log
(x) + 3#n*xlog(x))/(m + 3*n + 1) + 3*A*axb~2*d*e"m*x*e” (m*¥log(x) + 3*n*log(
x))/(m + 3%n + 1) + 3*B¥a"2*bxc*e m*x*e” (m*xlog(x) + 2*n*log(x))/(m + 2*n +
1) + 3%Axa*b~2*xc*e m*x*e” (m*log(x) + 2*n*log(x))/(m + 2*n + 1) + B*a~3*d*
e mxx*e” (m*xlog(x) + 2*nxlog(x))/(m + 2%n + 1) + 3*A*a~2*bxd*e m*x*e” (m*xlog
(x) + 2*n*xlog(x))/(m + 2*n + 1) + Bxa~3*c*e m*x*e” (m*log(x) + n*log(x))/(m
+ n + 1) + 3kAxa~2*bkckxe m*x*e” (mklog(x) + n*log(x))/(m + n + 1) + Axa™3%
d*e"m*x*e” (m*log(x) + n*log(x))/(m + n + 1) + (e*x) " (m + 1)*A*a~3*c/(e*(m

+ 1))

3.1.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 27992 vs. 2(210) = 420.

Time = 0.49 (sec) , antiderivative size = 27992, normalized size of antiderivative = 133.30

/(em)m (a + bz™)® (A + Bz") (¢ + dz™) dz = Too large to display

input integrate((e*x) “m* (a+b*x"n) ~3* (A+B*x"n) * (c+d*x"n) ,x, algorithm="giac")

31 [(ex)™(a+ bz")® (A+ Bz") (c+ da") da
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output | (Bxb~3*d*m~5*x*x~ (5%n) *e~ (m*¥log(e) + m*xlog(x)) + 10*B*b~3*kd*m~4*n*x*x"~ (5*n
)*e” (m*log(e) + m¥log(x)) + 35%B*b~3*d*m~3*n~2*x*x~ (5%n)*e” (m*log(e) + mx1
og(x)) + B0*B*b~3*d*m~2*n"3*x*x~ (5*n)*e” (m*log(e) + m*xlog(x)) + 24*Bxb~3*d
*m*n~4*x*x~ (5*n) *e~ (m*log(e) + m*log(x)) + Bxb~3*c*km~5xx*x~ (4*n)*e” (m*log/(
e) + m¥xlog(x)) + 3*B¥a*xb~2*d*m~5*x*x~(4*n)*e” (m*xlog(e) + m*log(x)) + A*b~3
*d*m~5*x*x~ (4*n) *e” (m*log(e) + m*log(x)) + Bxb~3*d*m~5xx*x~ (4*n)*e” (m*log/(
e) + mxlog(x)) + 11*Bxb~3*c*m~4*n*x*x” (4*n)*e” (m*log(e) + m*log(x)) + 33+B
*xaxb~2xd*m~4*n*x*x" (4*n) *e~ (m*log(e) + m*xlog(x)) + 11*A*b~3*d*m~4*n*x*x~ (4
*n) *e” (m*¥log(e) + m¥log(x)) + 10%Bxb~3*d*m~4*n*x*x~ (4*n)*e” (m*xlog(e) + m*l
og(x)) + 41%Bxb~3*c*m~3*n~2*x*x~ (4%n)*e” (m*log(e) + mxlog(x)) + 123%B*a*b”
2%d*m”~3*n"2*x*x"~ (4*n) *e~ (m*log(e) + mxlog(x)) + 41%Axb~3*kd*m~3*n~2*x*x" (4*
n)*e” (mxlog(e) + mxlog(x)) + 35*Bxb~3*d*km~3*n~2*x*x" (4*n)*e” (m*xlog(e) + m*
log(x)) + 61xB*b~3*c*m~2*n~3*x*x~ (4*n)*e” (m*log(e) + m*log(x)) + 183*Bxa*b
“2%d*m~2*n"3*x*x” (4*n) *¥e” (m*log(e) + m*log(x)) + 61*A*b~3*d*m~2*n~3*x*x~ (4
*xn) *e” (m*log(e) + m*log(x)) + 50*Bxb~3*d*m~2*n~3*x*x~(4*n)*e” (m*log(e) + m
*1log(x)) + 30*B*b~3*cxm*n~4*x*x~(4*n)*e” (m*log(e) + m*log(x)) + 90*B*axb~2
*d*m*n~4*xx*x" (4*n) e~ (m*xlog(e) + m*xlog(x)) + 30*Axb~3*kd*m*n~4*x*x~ (4*n)*e”
(m*log(e) + mxlog(x)) + 24*B*b~3*d*m*n~4*x*x~(4*n)*e” (m*xlog(e) + m*log(x))
+ 3xBkaxb~2kc*m”~5*x*x” (3*n) *e” (m*xlog(e) + m*¥log(x)) + Axb~3xckm™5xx*x~ (3%
n)*e~ (m*log(e) + m*xlog(x)) + B*b~3*cxm~5*xx*x~(3*n)*e” (m*log(e) + m*log(...

3.1.9 Mupad [B] (verification not implemented)

Time = 9.90 (sec) , antiderivative size = 1089, normalized size of antiderivative = 5.19

3 m
/(ex)m (a + bz")* (A + Bz") (c + dz™) dz = %
B 234" (ez)™ (Abd +3Bad+ Bbc) (m* + 11mPn +4m3 +41m2n? + 33m?n + 6

m? + 15min +5m* + 85m3n? + 60m3n + 10m3 + 225 m2 n3 + 255 m2 n? + 90m? n + 10m?2 4 274
azz®™ (ex)" (3AV?’c+ Ba*d+3Aabd+3Babc) (m*+13m3n + 4m? + 59m? n? + 39 m?

md + 15min + 5m* + 85m3n2 + 60m3n + 10m3 + 225 m2 n3 + 255 m2 n2 + 90m? n + 10 m? 4 274
brxz®" (ex)" (Ab?c+3Ba’d+3Aabd+3Babc) (m*+12m3n+4m? +49m?n? + 36 m

+m5—|—15m4n+5m4—|—85m3n2+60m3n+10m3—|—225m2n3—|—255m2n2—|—90m2n—|— 10m?2 + 274
a?zz"(ex)” (Aad+3Abc+ Bac) (m*+14m3n+4m? 4+ 71m?n? + 42m?n + 6 m’

md 4+ 15mAn+5m* +85m3n2 4+ 60m3n + 10m?3 + 225m2n3 + 255m2n2 + 90m?2n + 10m?2 + 274
Bbdzz®" (ex)™ (m*+10m3n+4m3 +35m2n2 +30m2n + 6m?2 + 50m

mS+15mAn+5mt+85m3n2 +60m3n+ 10m3 +225m2n3 +255m2n2 +90m2n + 10m?2 + 274

+

+

_|_

input‘int((e*x)“m*(A + Bxx"n)*(a + b*x"n) "3*(c + d*x"n),x) ‘

31 [(ex)™(a+ bz")® (A+ Bz") (c+ da") da



output
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(Axa~3*cxx*(e*xx) m)/(m + 1) + (b~2%xx*x~(4%n)*(e*xx) “m* (Axb*d + 3*Bxaxd + Bx*

bxc)*(4*m + 11%n + 33*m*n + 82*xm*n~2 + 33*m~2%n + 61*m*n~3 + 11*m~3*n + 6%
m~2 + 4*m~3 + m"4 + 41%n"2 + 61*n"3 + 30*n"4 + 41*m~2%n"2 + 1))/(5*m + 15%
n + 60*m*n + 255*%m*n~2 + 90*m~2*n + 450*m*n~3 + 60*m~3*n + 274*m*n~4 + 15%
m~4*n + 10*m~™2 + 10*%m~3 + 5*%m™4 + m~5 + 85*n"2 + 225*xn"3 + 274*xn"4 + 120*n
5 + 255xm”~2*n"2 + 225%m~2%n"3 + 85*m~3*n"2 + 1) + (a*x*x”(2#*n)*(e*xx) m*(3
*A*xb"2%c + B*a~2kd + 3*A*axbxd + 3*Bxaxbkxc)*(4*m + 13%n + 39*m*n + 118*m*n
“2 + 39%m™2*n + 107*m*n~3 + 13*m~3*n + 6*m~2 + 4*xm~3 + m™4 + 59*%n"2 + 107*
n~3 + 60*n~4 + 59#m~2*n"2 + 1))/(5*%m + 15%n + 60*m*n + 255+m*n~2 + 90*m~2*
n + 450*m*n~3 + 60*m~3%n + 274*m*n"4 + 15%m~4*n + 10*m~2 + 10*m~3 + 5*m~4
+ m™5 + 85*%n"2 + 226*%n"3 + 274*n"4 + 120*%n"5 + 255*%m~2*n"2 + 225*%m”~2*n"3 +
85+m~3*n"2 + 1) + (b*x*x~(3*n)*(e*x) “mk(A*b~2%c + 3*B*a~2*d + 3xA*xa*xbxd +
3*B*a*b*c)*(4*m + 12*n + 36*m*kn + 98*m*n~2 + 36*m~2*n + 78*m*n~3 + 12%m”~3
*n + 6%m~2 + 4%m~3 + m~4 + 49%n"2 + 78*n"3 + 40%n"4 + 49*m~2*n"2 + 1))/(5%
m + 15*%n + 60*m*n + 255*%m*n~2 + 90*m~2*n + 450*m*n~3 + 60*m~3*n + 274*m*n”
4 + 15*m™4*n + 10*m~2 + 10*m~3 + 5*%m™4 + m~5 + 85*n"2 + 225*xn"3 + 274*n"4
+ 120%n"5 + 255%m~2*n"2 + 225%m~2*n"3 + 85%m~3*n"2 + 1) + (a"2*x*x"n*(e*x)
“m* (Axaxd + 3*xAxbkc + Bka*c)*(4*m + 14*n + 42*mkn + 142*m*n~2 + 42*m”~2*n +

154*m*n~3 + 14*m~3*n + 6*m~2 + 4*m™3 + m™4 + 71*%n"2 + 154*n~3 + 120*%n"4 +

71*m~2%n"2 + 1))/(5*m + 15%n + 60*m*n + 255*m*n~2 + 90*m~2*n + 450*m*n. ..

31 [(ex)™(a+ bz")® (A+ Bz") (c+ da") da
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3.2 [(ex)™ (a + bz™)* (A + Bz™) (c + dz™) dx

3.21 Optimalresult . . . ... ... .. .. 49|
3.2.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 19
3.2.3 Rubi [A] (verified) . . . .. ... . 50
3.2.4 Maple [C] (warning: unable to verify) . . . . . . ... ... ... L. GBIl
3.2.5 Fricas [B] (verification not implemented) . . . . . . . ... ... ... .... 52
3.2.6 Sympy [B] (verification not implemented) . . .. ... ... ... ...... 53]
3.2.7 Maxima [B] (verification not implemented) . . . . . . . ... ... ... .. .. Y!
3.2.8 Giac [B] (verification not implemented) . . ... ... ... .. ....... 5%
3.2.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ..... 50

3.2.1 Optimal result

Integrand size = 29, antiderivative size = 160

1+n m
/(ex)m (a+ba™? (A + Bz") (c + dz") da = a(2Abc 4 aBc + aAd)z " (ex)
1+m+n
N (aB(2bc + ad) + Ab(bc + 2ad))x' 2" (ex)™

1+m+2n
N b(bBc + Abd + 2aBd)z' 3" (ex)™

1+m+3n
b’ Bdz't*"(ex)™  a?Ac(ex)t™
1+m+4n e(l+m)

e N

a* (A*a*d+2*xAxbxc+Bxaxc) *x~ (1+n) * (e*x) “m/ (1+m+n) + (a*B* (a*d+2*b*c) +A*b* (2*a*
\ d+b*c) ) *x~ (1+2%n) * (e*x) “m/ (1+m+2%n) +b* (A*b*d+2%B*axd+B*bxc) *x~ (1+3*n) * (e*x \
) "m/ (1+m+3%n) +b~2xBxd*x "~ (1+4%n) * (e¥x) “m/ (1+m+4*n)+a~2%Axcx (exx) ~ (1+m) /e/ (1 |
+m)

N\ J

output

3.2.2 Mathematica [A] (verified)

Time = 0.39 (sec) , antiderivative size = 129, normalized size of antiderivative = 0.81

2 n
m 2 n n _ m [ @°Ac  a(2Abc + aBc + aAd)x
/(ez) (a +bz"™)” (A+ Bz"™) (c+ dz") dx = z(ex) (1+m+ T Tmtn
n (aB(2bc + ad) + Ab(bc + 2ad))z*"

1+m+2n
N b(bBc + Abd + 2aBd)z®" b’ Bdx*" )

1+m+3n 1+m+4n

32.  [(ex)™(a+bz")? (A + Bz") (c+ da") da
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input ‘ Integrate[(e*x) “m*(a + b*x"n) 2x(A + B*x"n)*(c + d*x"n),x] ‘

output ‘/x*(e*x)“m*((a“2*A*c)/(1 + m) + (a*x(2%Axb*c + a*xBxc + a*A*d)*x"n)/(1 + m +
\n) + ((a*B*(2*b*c + axd) + Axbx(bk*c + 2%a*d))*x~(2*n))/(1 + m + 2*n) + (b*
\ (b*Bxc + Axbxd + 2%a*B*d)*x~(3*n))/(1 + m + 3*n) + (b"2*B*d*x~(4*n))/(1 +
Lm + 4xn))

|

3.2.3 Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 160, normalized size of antiderivative = 1.00,
— _ o number of rules _

number of steps used = 2, number of rules used = 2, integrand size 0.069, Rules used

= {1040, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/@@m@+mm%A+Bﬂmuuwwm

l 1040

/ (a®Ac(ez)™ + z?"(ex)™ (Ab(2ad + bc) + aB(ad + 2bc)) + bz*™ (ex)™(2aBd + Abd + bBc) + az™(ex)™ (e Ad +

| 2009
a’Ac(ex)™t!  az"t'(ex)™(aAd + aBc + 2Abc) + z?+1(ex)™(Ab(2ad + be) + aB(ad + 2bc)) +
e(m+1) m+n+1 m+2n+1
b3t (ex)™(2aBd + Abd + bBc) + b2Bdz*" ! (ex)™
m+3n+1 m+4n+1

p

input | Int [(e*x) m*(a + bxx~n)~2%(A + B*x~n)*(c + d*x~n),x]

~—

output‘{(a*(Q*A*b*c + a*Bxc + a*A*d)*x~(1 + n)*(exx)"m)/(1 + m + n) + ((axBx(2*b*c
\ + a*xd) + Axbx(b*c + 2*a*xd))*x~(1 + 2*n)*(e*x)"m)/(1 + m + 2*n) + (b*(b*B*
(c + Axbxd + 2*a*Bxd)*x” (1 + 3¥n)*(exx)"m)/(1 + m + 3%n) + (b™2%Bxd*x~(1 +

4xn)*(exx)"m)/(1 + m + 4*n) + (a"2*xA*c*kx(exx)"(1 + m))/(ex(1 + m))

N\ J

/|

32.  [(ex)™(a+bz")? (A + Bz") (c+ da") da
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3.2.3.1 Defintions of rubi rules used

rule 1040‘Int[((g_.)*(x_))“(m_.)*((a_) + (b_)*(x_)"(@)) " (p_.)*((c_) + (d_)*(x_)"(n
‘_))"(q_.)*((e_) + (£_)*(x_)"(n_))"(r_.), x_Symbol] :> Int[ExpandIntegrandl[
‘(g*x)“m*(a + b*x"n) “p*(c + d*x"n) gq*(e + f*x"n)"r, x], x] /; FreeQl[{a, b, c

, d, e, £, g, m, n}, x] && IGtQ[p, -2] && IGtQ[q, 0] && IGtQ[r, O]

e

rule 2009tlnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

A >

3.2.4 Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 2.40 (sec) , antiderivative size = 2377, normalized size of antiderivative = 14.86

method result size
risch Expression too large to display | 2377
parallelrisch | Expression too large to display | 3344

input Lint ((e*x) “m* (a+b*x~n) “2* (A+B*x"n) * (c+d*x"n) ,x,method=_RETURNVERBOSE)

3.2.

[(ex)™ (a+ bz™)* (A + Bz™) (c + dz™) dx



output
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x* (8%xBka¥bxcxm™ 3% (x~n) ~2+48*A*xaxbxd*m~2*n* (x~n) “2+19%A*b~2*kc*m~2*n"2* (x"n)

~2+38*A*xaxb*d*n”2* (x"n) "2+4*A*xb~2xd* (x"n) ~3*m+26*kA*a~2kdkm”2*n " 24x " n+21*A*
b~ 2xd*m*n* (x"n) ~3+2*B*a*xb*d*m~4* (x"n) “3+21*B*b~2*c*m~2*n* (x"n) “3+6xb~2*B*d
*(x7n) “4xn+4*xAxa” 2xd*m” 3*x " n+24*xA*xa~2xd*n" 3*x " n+16*B*a*b*d*n"3* (x"n) ~3+24*
Bxaxb*c*m*n~3* (x"n) “2+56*Bxaxbxd*m*n~2* (x"n) ~3+4*A*xa”2xcxm+8*Axb~2*c*m”3*n
* (x"n) "2+12*B*axbxd*m~2* (x"n) ~3+14*B*axbxd*m~3*n* (x"n) ~3+A*a~2xd*m~4*x"n+2
4xA*xa”2%c*n"4+8*Bxa~2xd*m” 3*kn* (x"n) “2+6*A*a”2*d*m”2*x "n+18*Bxb~ 2kd*km*n* (x
n) “4+42*Bxaxb*d*m~2*n* (x"n) ~3+B*a~2*xd* (x"n) "2+A*a"2*cxm~4+4*xAxa” 2k ckm”3+50
*A%a"2%c*n"3+6*%A*a"2*kc*km”2+35xAka” 2% ckn"2+27*Bxa"2*%c*m”2*n*x " n+52*B*a”~ 2% c*
mkn~2*x " n+9xA*a~2*d*m”3*n*x " n+b"2*B*d* (x"n) "4+8*B*b~2*c*m*n~3* (x"n) “3+18+*B
*b~2xd*m”2*n* (x"n) “4+24*xA*xaxb*xd*rm*n”3* (x"n) ~2+12*B*axb*cxm™2* (x"n) ~2+38*B*
a*bxc*kn~2* (x"n) ~2+8*B*axb*d* (x"n) ~3*m+48*Bxaxb*ckm”2+n* (x"n) ~2+38*A*xb~2*c*
m*n"~2% (x"n) “2+24*B*a”2*¢d*m”2*n* (x"n) “2+24*xAxb~ 2k c*km”2*n* (x"n) “2+10*xA*xa”~2*c
*n+12*xAxb~2xckmkn~ 3% (x"n) "2+24*B*xa~2*cxm*n” 3*x " n+8*A*b"2*d*n"3* (x"n) ~3+18%
Axaxb*c*m”3*n*x " n+48*Bxaxbxckmknk (x"n) ~2+54*A*a*xb*ckxm”2*xn*x " n+12*B*a”~2*d*m
*n"3*% (x"n) “2+2*Bkxaxbkckm”4* (x"n) "2+4*xAxa” 2xd*x " nkm+9*A*a”2*d*x " n*n+4*Bxb~2
*c* (x7n) “3*m+7*Bxb~2%c* (Xx"n) “3*n+48*Axaxbkckn”"3*x n+22*B*xb~2*d*m*n"2* (x"n)
~4+16*Bxaxbxckm”™3*kn* (x"n) "2+14*xAxb"2xd*m”~2*n" 2% (x"n) ~3+8*A*xaxbxd*m~3* (x"n)
~2+24xB*axbxcxn~3% (x"n) ~2+16*A*a*bxd*m~3*n* (x"n) “2+7*A*b~2*d*m~3*n* (x"n) "3
+2xA*axb*d*m~4* (x"n) “2+21*B*xb"2*ckm*n* (x"n) “3+52*Axa*bxc*m”2*n"2*x"n+38. . .

3.2.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1524 vs. 2(160) = 320.

Time = 0.32 (sec) , antiderivative size = 1524, normalized size of antiderivative = 9.52

/(ex)m (a + bz™)* (A + Bz") (¢ + dz™) dz = Too large to display

input‘integrate((e*x)‘m*(a+b*x‘n)“2*(A+B*x‘n)*(c+d*x‘n),x, algorithm="fricas")

32.  [(ex)™(a+bz")? (A + Bz") (c+ da") da




output
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((Bxb~2+d*m~4 + 4*B*b~2%d*m~3 + 6*%B*b"2xd*m~2 + 4*B*#b"2xd*m + B*b~2%d + 6%

(Bxb~2*d*m + B*b~2+d)*n"3 + 11*%(Bxb~2*d*m~2 + 2*B*b~2*d*m + B*b~2*d)*n~2 +
6% (B*¥b~2*%d*m~3 + 3*Bkb~2*d*m~2 + 3*B*b~2xd*m + B*b~2*d)*n) *x*x” (4*n)*e” (m
xlog(e) + mxlog(x)) + ((B*b~2xc + (2*B*axb + A*b~2)*d)*m~4 + Bxb~2xc + 4x*(
Bxb~2%c + (2*B*axb + A*b~2)*d)*m~3 + 8% (B*¥b~2xc + (2*Bxaxb + A*b~2)*d + (B
*b"2xc + (2*Bkxaxb + A*b~2)*d)*m)*n~3 + 6x(Bkb~2%c + (2*B*axb + A*b~2)*d)*m
2 + 14x(Bxb"2*%c + (B*b~2%c + (2*xBxaxb + A*b~2)*d)*m~2 + (2*xBxaxb + A*xb~2)
*d + 2x(Bxb~2*%c + (2%B*a*b + A*b~2)*d)*m)*n~2 + (2%B*a*b + A*b~2)*d + 4*(B
*b~2xc + (2*%Bka*xb + A*b~2)*d)*m + T*(Bxb~2%c + (B¥b~2%c + (2#B*a*b + A*b~2
)*d)*m~3 + 3% (Bxb~2%c + (2*Bxa*xb + A*b~2)*d)*m~2 + (2%Bkaxb + A*b~2)*d + 3
* (B¥b"2%c + (2xBxaxb + Axb~2)*d)*m)*n)*x*x~(3*n)*e~ (m*xlog(e) + m*log(x)) +

(((2*%B*axb + A*xb~2)*c + (B*a~2 + 2xA*a*b)*d)*m~4 + 4x((2*Bxa*xb + A*xb~2)*c
+ (B*a"2 + 2*Axaxb)*d)*m~3 + 12*((2*B*a*b + A*b~2)*c + (B*a~2 + 2*A*xa*b)*
d + ((2#B*a*b + A*b~2)*c + (B*a"2 + 2%A*a*b)*d)*m)*n~3 + 6*x((2*B*a*b + Axb
~2)xc + (Bxa"2 + 2kA*axb)*d)*m~2 + 19x(((2*B*axb + A*b~2)*c + (B*a"2 + 2*A
*axb)*d)*m~2 + (2*%Bka*b + A*b~2)*c + (B*xa~2 + 2kAkxaxb)*d + 2% ((2*xBxaxb + A
*b~2)*c + (B*a"2 + 2%A*a*b)*d)*m)*n~2 + (2*xBkaxb + A*b"2)*c + (B*xa~2 + 2*A
*axb)*d + 4x((2*Bkaxb + A*b~2)*c + (B*xa~2 + 2kAkaxb)*d)*m + 8+ (((2*xBxaxb +
Axb~2)*c + (B*a~2 + 2%Axaxb)*d)*m~3 + 3*%((2*Bxa*xb + A*xb~2)*c + (B*a"2 + 2
xA*xa*xb) *d) *m~2 + (2*Bxaxb + A*xb~2)*c + (B*a”2 + 2%Akaxb)*d + 3+ ((2*Bxax...

3.2.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 25315 vs. 2(156) = 312.

Time = 7.33 (sec) , antiderivative size = 25315, normalized size of antiderivative = 158.22

/(ex)m (a + bz™)* (A + Bz") (¢ + dz™) dz = Too large to display

input | integrate ((e*x) *x*m* (a+b*x**n) **2* (A+Bkx**n) * (c+d*x**n) ,X)

32.  [(ex)™(a+bz")? (A + Bz") (c+ da") da
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output Piecewise(((A + B)*(a + b)**2x(c + d)*log(x)/e, Eq(m, -1) & Eq(n, 0)), ((A
xaxx2xc*xlog(x) + Axa*xx2xd*x*k*n/n + 2xAkaxbkxckxx*xn/n + Axaxb*dkxx*x*(2%n)/n +
Axb*xx2xcxx** (2*%n) / (2*%n) + A*xb*x*2*xd*x**(3*n)/(3%n) + Bxax*2kckx**n/n + B*a
*x2xd*xx** (2%n) / (2*%n) + Bkakxbkckx**(2*n)/n + 2*B*a*b*d*x**x(3*n)/(3*%n) + B*xb
*xx2xckx**x (3*n) /(3*%n) + Bxbx*2xd*kx**(4*n)/(4*n)) /e, EqQ(m, -1)), (A*ax*2xc*P
iecewise ((0**(-4*n - 1)*x, Eq(e, 0)), (Piecewise((-1/(4*n*(e*x)**(4*n)), N
e(n, 0)), (log(exx), True))/e, True)) + A*xa**2*d*Piecewise ((-x*x**n*(e*x)*
*(-4xn - 1)/(3*n), Ne(n, 0)), (x*x¥*n*(e*x)**(-4*n - 1)*log(x), True)) + 2
*A*axb*cxPiecewise ((—x*x**n* (exx)**(-4*n - 1)/(3*n), Ne(n, 0)), (x*x*k*n*(e
*xx)*x*(-4xn - 1)*log(x), True)) + 2*A*axbxd*Piecewise ((—x*x**(2*n)* (e*x)**(
-4xn - 1)/(2*n), Ne(n, 0)), (x*x**(2*n)*(exx)**(-4*n - 1)*log(x), True)) +
Axbxx2xc*Piecewise ((—x*x** (2*n) * (exx)**(-4*n - 1)/(2*%n), Ne(n, 0)), (x*x*
*(2+n) * (e*xx) **(—4*n - 1)*log(x), True)) + A*b**2xd*Piecewise((-x*x**(3*n)=*
(exx)**(-4#n - 1)/n, Ne(n, 0)), (x*x**x(3+*n)*(e*x)**(-4+n - 1)*log(x), True
)) + Bxaxx2xc*Piecewise ((—-x*x**n* (e*x)**(-4*xn - 1)/(3*n), Ne(n, 0)), (x*x*
*n* (exx) **(-4*n - 1)*log(x), True)) + Bxax*2xd*Piecewise ((—x*x**(2+n)*(exx
)*¥x(-4*n - 1)/(2*n), Ne(n, 0)), (x*x**(2*n)*(exx)**x(-4*n - 1)*log(x), True
)) + 2*Bkaxbkc*Piecewise ((—x*x**x(2*n)*(e*xx)**(-4*%n - 1)/(2*n), Ne(n, 0)),

(x*x** (2%n) * (e*x) ** (-4*n - 1)*log(x), True)) + 2*Bkaxbxd*Piecewise ((-x*x**
(3*n) *(e*x) **(-4*n - 1)/n, Ne(n, 0)), (xxx**(3*n)*(e*x)**(-4*n - 1)*log...

3.2.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 332 vs. 2(160) = 320.

Time = 0.24 (sec) , antiderivative size = 332, normalized size of antiderivative = 2.08

/ (e2)™ (@ + bz™)? (A + Ba™) (c + da™) dz

Bdeeme'e(m log(z)+4nlog(z)) Bb2cemme(m log(z)+3 nlog(z)) 2 Babdemme(m log(z)+3 nlog(z))

= + +
m+4n+1 m+3n+1 m+3n+1
Ab2demxe(m log(z)+3 nlog(z)) 9 Babcem:ve(m log(z)+2nlog(z)) Ab2cemme(m log(z)+2nlog(x))
m+3n+1 + m+2n+1 + m+2n+1
Ba2demxe(m log(z)+2 nlog(x)) 9 Aabdemxe(m log(z)+2n log(z)) Ba2cemxe(m log(z)+nlog(zx))
+ +
m+2n+1 m+2n+1 m+n+1
9 Aabcemxe(m log(z)+nlog(z)) Aanemxe(m log(z)+nlog(z)) (ex)m'i‘l Ad’c
m+n+1 + m+n+1 + e(m+1)

-

inputLintegrate((e*x)‘m*(a+b*x‘n)‘2*(A+B*x‘n)*(c+d*x‘n),x, algorithm="maxima")

32.  [(ex)™(a+bz")? (A + Bz") (c+ da") da



output

input

output
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B*b~2*d*e m*x*e” (m*log(x) + 4*n*log(x))/(m + 4*n + 1) + B*b~2%c*e m*x*e” (m

N

xlog(x) + 3*nxlog(x))/(m + 3*n + 1) + 2xBxa*bkdxe m*x*e” (mklog(x) + 3*n*lo
g(x))/(m + 3*%n + 1) + A*b~2xd*e"m*x*e” (m*log(x) + 3*nxlog(x))/(m + 3*n + 1
) + 2#Bxa*bxc*e " m*x*e” (m*log(x) + 2*n*log(x))/(m + 2*n + 1) + A*b~2*c*xe m*
xxe” (m*xlog(x) + 2*nxlog(x))/(m + 2%n + 1) + Bxa~2*d*e"m*x*e” (m*log(x) + 2%
n*log(x))/(m + 2*%n + 1) + 2*A*xaxbxd*e m*x*e” (m*xlog(x) + 2*n*xlog(x))/(m + 2
*xn + 1) + B*a~2xc*e " m*x*e” (m*¥log(x) + nxlog(x))/(m + n + 1) + 2kAxaxb*cke”
m*x*e” (m*xlog(x) + n*log(x))/(m + n + 1) + A*a~2xdxe m*x*e” (m*xlog(x) + n*lo
g(x))/(m +n + 1) + (exx)"(m + 1)*A*xa~2%c/(ex(m + 1))

3.2.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 11834 vs. 2(160) = 320.

Time = 0.38 (sec) , antiderivative size = 11834, normalized size of antiderivative = 73.96

/(ex)m (a + bz™)? (A + Bz") (¢ + dz™) dz = Too large to display

integrate ((e*x) “m* (a+b*x"n) “2* (A+B*x"n) * (c+d*x"n) ,x, algorithm="giac")

(B*b~2*d*m~4*x*x~ (4*n) *e~ (m*xlog(e) + m*log(x)) + 6%B*b~2xd*m~3*n*x*x~ (4*n)
xe” (mxlog(e) + mxlog(x)) + 11*Bxb~2*d*m~2+n~2*x*x~ (4*n)*e” (m*xlog(e) + m*lo
g(x)) + 6xB*b~2*d*m*n~3*x*x” (4#n)*e” (m*log(e) + m*log(x)) + B*b~2kcxm ™ 4*x*
x~(3*n)*e” (m*log(e) + m*log(x)) + 2*Bxa*b*d*m~4*x*x~ (3*n)*e” (m*log(e) + m*
log(x)) + A*b~2*xd*m~4*x*x~ (3*n)*e” (m*log(e) + m*xlog(x)) + B¥b~2¥d*m~4*x*x"
(3*n) *e~ (m*log(e) + m*xlog(x)) + 7*B*b~2xc*m™3*n*x*x~(3*n)*e” (m*xlog(e) + m*
log(x)) + 14*Bx*axb*d*m~3*n*x*x~ (3*n)*e” (m*log(e) + m*log(x)) + 7*Axb~2*d*m
~3*n*x*x~ (3*n) *e” (m*log(e) + m*xlog(x)) + 6*Bxb~2*d*m~3*n*x*x~ (3*n)*e~ (m*lo
g(e) + m*log(x)) + 14*Bxb~2%c*m~2*n~2*x*x~(3*n)*e” (m*log(e) + m*log(x)) +

28*B*a*b*d*m~2*n"2*x*x" (3*n) *e~ (m*log(e) + m*log(x)) + 14*Axb~2%d*m~2*n~2%
x*x~ (3*n) *e” (m¥log(e) + m*log(x)) + 11*B¥b~2*d*m~2+n~2*x*x~ (3*n)*e” (m*log(
e) + mxlog(x)) + 8*B*b~2xc*m*n~3*x*x~ (3*n)*e” (m*xlog(e) + mxlog(x)) + 16xB*
axb*d*m#n~3*x*x~ (3*n) *e~ (m*log(e) + m*log(x)) + 8*A*b~2*d*m*n~3*x*x~ (3*n) *
e” (m*log(e) + m¥log(x)) + 6*Bxb~2*d*m*n~3*x*x~ (3*n)*e” (m*log(e) + m*log(x)
) + 2*Bxaxbkckm~4*x*x” (2*n) *e” (m*¥log(e) + m*xlog(x)) + A*b~2xc*xm™4*x*x~(2*n
)*e” (m*¥log(e) + m*log(x)) + B*b~2xc*m~4*x*x~(2*n)*e” (m*xlog(e) + m*log(x))

+ Bxa~2xd*m”~4*xx*x” (2*n) *e” (m*log(e) + m*xlog(x)) + 2*Axaxb*xd*m~4*x*x~(2%n)*
e~ (m*log(e) + m*log(x)) + 2*Bxa*bxd*m~4*x*x~(2*n)*e” (m*log(e) + m*log(x))

+ Axb~2%d*m~4*x*x~ (2*n) *e” (m*log(e) + mxlog(x)) + B¥b~2xd*m™4*x*x~ (2*n)*e”
(m*log(e) + m*log(x)) + 16*Bkaxbkc*m~3*n*x*x~(2*n)*e” (m*log(e) + m*log(...

32.  [(ex)™(a+bz")? (A + Bz") (c+ da") da
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3.2.9 Mupad [B] (verification not implemented)

Time = 9.50 (sec) , antiderivative size = 588, normalized size of antiderivative = 3.68

/ (e2)™ (@ + ba™)? (A + Ba™) (c + da™) dz

_xz*"(ex)" (Ab’c+ Ba*d+2Aabd+2Babc) (m* +8m?n+3m?+19mn® + 16mn+ 3m + 127

C omA4+10m3n+4m3+35m2n2+30m2n+6m2+50mn3 +70mn2 + 30mn +4m + 24nt + 50 n3
Ad’cz(ex)™

m+1
azz" (ex)" (Aad+2Abc+ Bac) (m®+9m?n+3m?+26mn?+ 18mn+3m +24n® + 2

+m4+10m3n+4m3+35m2n2+30m2n+6m2+50mn3+70mn2+30mn+4m+24n4+50n
bzz®" (ex)" (Abd+2Bad+ Bbc) (m®+7Tm?n+3m?+14mn?+14mn+3m+8nd + 1.

m*+10m3n+4m3+35m2n2+30m?2n+6m2+50mn3+70mn2+30mn+4m-+24n*+50n
Bbdzz*"(ex)" (m3+6m?n+3m?+11lmn?+12mn+3m+6n+11n%2+6n

mi4+10m3n+4m3+35m2n2+30m2n+6m2+50mn3+70mn2+30mn+4m+24nt+50n

+

_|_

input | int ((e*x) m*x(A + Bxx"n)*(a + b*x"n) 2*(c + d*x"n),x)

N

output | (x*x~(2*n) * (e*x) “m* (A*b~2%c + B*a~2xd + 2kA*xaxbkd + 2%Bkaxb*c)*(3*m + 8%n
+ 16*m*n + 19*%m*n~2 + 8*m~2%n + 3*m~2 + m~3 + 19%n~2 + 12*n"3 + 1))/(4*m +
10*%n + 30*m*n + 70*m*n~2 + 30*m~2*%n + 50*m*n~3 + 10*m~3*%n + 6*m~2 + 4*m~3
+ m™4 + 35%n"2 + 50*n"3 + 24*n"4 + 35%m”2%n"2 + 1) + (A*a”~2*c*x*(e*x)"m)/
(m + 1) + (a*x*x"n*(e*x) “m* (A*a*xd + 2xAxbxc + Bkaxc)*(3*m + 9*n + 18*m*n +
26*m*n~2 + 9*%m~2*n + 3*m~2 + m~3 + 26*xn"2 + 24*n"3 + 1))/(4*m + 10*n + 30
*m*¥n + 70*m*n~2 + 30*m~2*n + 50*m*n~3 + 10*m~3*n + 6*m~2 + 4*m~3 + m™4 + 3
5%¥n"2 + 50*n"3 + 24*n"4 + 35%m~2+n"2 + 1) + (b*x*x”(3*n)*(e*x) “m* (Axbxd +
2%B*a*d + Bxbxc)*(3*m + 7*n + 14*m*n + 14*m*n~2 + 7*m~2%n + 3*m~2 + m~3 +
14*xn~2 + 8*n~3 + 1))/(4*m + 10*n + 30*m*n + 70*m*n~2 + 30*m~2*n + 50*m*n~3
+ 10*m~3*n + 6*m~2 + 4*m~3 + m™4 + 35%n"2 + 50*%n"3 + 24*n"4 + 35*m”2*n"2
+ 1) + (B*b~2*d*x*x” (4#n)*(e*x) "m* (3*m + 6*n + 12*m*kn + 11*m*n~2 + 6*m~2*n
+ 3*m™2 + m~3 + 11*n"2 + 6*n~3 + 1))/(4*m + 10*n + 30*m*n + 70*m*n~2 + 30
*m~2*%n + 50*m*n~3 + 10*m~3*n + 6*m~2 + 4*xm~3 + m™4 + 35%n"2 + 50%n"3 + 24x*

n"4 + 35*m~2*%n"2 + 1)

32.  [(ex)™(a+bz")? (A + Bz") (c+ da") da
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3.3 [(ex)™ (a + bz™) (A + Bz™) (c + dz") dx

3.3.1 Optimalresult . .. ... .. .. .. . ¥
3.3.2 Mathematica [A] (verified) . . . . . .. ... ... oo BT
3.3.3 Rubi [A] (verified) . . . .. ... .. bY
3.3.4 Maple [C] (warning: unable to verify) . . . . . . ... ... ... ... ... 59
3.3.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... . .... 60
3.3.6 Sympy [B] (verification not implemented) . . ... .. ... ... ...... 601
3.3.7 Maxima [A] (verification not implemented) . . .. ... ... ... ...... 61
3.3.8 Giac [B] (verification not implemented) . . .. ... ... ... ....... 62
3.3.9 Mupad [B] (verification not implemented) . . . ... ... ... ... .... 63

3.3.1 Optimal result

Integrand size = 27, antiderivative size = 108

/ (ez)™ (@ + bz") (A + Ba™) (c + da") dz =

(Abc + aBc + aAd)z' " (ex)™

1+m+n

N (bBc + Abd + aBd)x't?"(ex)™

1+m+2n

bBdz' ™" (ex)™  aAc(ex)™™

1+m+3n e(l+m)

e

output

(A*a*d+Axbkxc+B*axc) *x~ (1+n) * (exx) “m/ (1+m+n) + (Axb*d+B*a*xd+B*bx*c) *x~ (1+2*n) *

\ (e*x) "m/ (1+m+2*n) +b*B*xd*x~ (1+3*n) * (e*x) “m/ (1+m+3*n) +a*A*xc* (exx) ~(1+m) /e/ (1

‘+m)

3.3.2

Mathematica [A] (verified)

Time = 0.25 (sec) , antiderivative size = 84, normalized size of antiderivative = 0.78

/ (e2)™ (@ + bz™) (A + Ba™) (¢ + dz") dz = z(ez)™ (

aAc  (Abc+ aBc+ aAd)x™

N (bBc + Abd + aBd)z*"

1+m 1+m+n

bBdz®"

1+m+2n

+1+m—|—3n

)

input ‘ Integrate[(e*x) “m*(a + b*x"n)*(A + Bx¥x"n)*(c + d*x"n),x]

3.3.

[(ex)™ (a + bz™) (A + Bz™) (c + dz™) dz
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output‘x*(e*x)“m*((a*A*c)/(l + m) + ((Axb*c + a*B*c + a*A*d)*x™n)/(1 + m + n) + (
\ (b*B*xc + Axb*d + axBxd)*x~(2*n))/(1 + m + 2*n) + (b*Bxd*x~(3*n))/(1 + m +
3n))

3.3.3 Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 108, normalized size of antiderivative = 1.00,
_ _ o number of rules _

number of steps used = 2, number of rules used = 2, integrand size 0.074, Rules used

= {1040, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(em)m (a+bz™) (A+ Bz"™) (c+ dz") dz
| 1040

/ (z*"(ex)™(aBd + Abd + bBc) + z"(ex)™(aAd + aBc + Abc) + aAc(ex)™ + bBdz*" (ex)™) dz

l'2009
"t (ex)™(aAd + aBc + Abc) + 2"+ (ex)™(aBd + Abd + bBc) aAc(ex)™ ! + bBdz3" (ex)™
m+n+1 m+2n+1 e(m+1) m+3n+1
inputLInt[(e*x)‘m*(a + bxx"n)*(A + Bxx"n)*(c + d*x~n),x] J
output \ ((A*b*xc + a*Bxc + a*xA*d)*x~ (1 + n)*(exx)"m)/(1 + m + n) + ((b*Bxc + Axb*d \
\ + a*Bxd)*x~ (1 + 2*n)*(e*xx)"m)/(1 + m + 2*n) + (b*Bxd*x~ (1 + 3*n)*(e*x) m)/ \
L(l +m + 3%n) + (axAkck(exx)~(1 + m))/(ex(1 + m)) J

3.3.3.1 Defintions of rubi rules used

rule 1040‘Int[((g_.)*(x_))“(m_.)*((a_) + (b_)*(x_)"(@_ )" (p_.)*x((c_) + (d_)*(x_)"(n ‘
‘_))“(q_.)*((e_) + (f_.)*(x_)"(_))"(r_.), x_Symbol] :> Int[ExpandIntegrandl[ ‘
‘(g*x)"m*(a + b*x™n) "p*(c + d*x"n)"q*(e + f*x"n)"r, x], x] /; FreeQ[{a, b, c ‘
, d, e, f, g, m, n}, x] & IGtQlp, -2] && IGtQlq, 0] && IGtQ[r, 0] |

rule 2009 LInt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u] J
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3.3.4 Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.35 (sec) , antiderivative size = 858, normalized size of antiderivative = 7.94

method result

T (Aad z"+Bacz"+3Aacm+Aac+6Bbdmn 3" +3A " adm~+5A ™ adn+3A £ becm+-5A £ ben+-3B £ acm~+-5B ™ acn+ Ab

risch

parallelrisch | Expression too large to display

-

inputLint((e*x)‘m*(a+b*x“n)*(A+B*x“n)*(c+d*x‘n),x,method=_RETURNVERBUSE)

~—

output | x* (Axbxd* (x"n) ~“2+B*a*d* (x"n) “"2+Bxb*c* (x"n) ~2+A*a*d*x " n+B*a*xcxx " n+8*Axb*xd*m
*n* (X7n) “2+3*kAkaxckm+Araxc+3*Axbkd*m*n~ 2% (x"n) ~2+3*Bra*dimkn~2* (x"n) “2+3%B
*xa*xd n” 2% (x"n) "2+3*B* (x"n) “2*a*d*rm+4*B* (x"n) “2*a*d*n+3*B* (x"n) ~2*bkcxm+4*B
*(x7n) “2xbxcxn+3kA*x n*ka*d*m+5*xA*xx " nxaxd*xn+3kA*x nkb*ckm+5*A*x n*b*cxn+3*B
*x " n*a*cxm+5*%Bxx " n*axckn+Axbkckm~3*x " n+3*B* (x"n) ~3*b*d*m+3*B* (x"n) ~3*b*d*n
+3*%A* (x7"n) "2¥b*d*m+4*A*x (x"n) ~2*b*d*n+3*B¥b*c*m*n"2* (x"n) ~2+2*Bkb*xd*m*n~ 2% (
x"n) "3+10*Axaxd*m*n*x " n+6*xA*a*ckn+A*xb*ckx " n+6xBxa*cirmkn"2*xx " n+3*Bxbxd*m” 2%
n*x(x"n) " 3+4*Bxb*c*m”2*n* (x"n) “2+6*Bxbkd*mkn* (x"n) “3+5*xA*xb*xckm”2*n*x " n+10%A
*b*cxm*n*xx " n+3*Bxbxd*m~2* (x"n) ~3+2*Bxbxd*n~2* (x"n) ~3+A*a*d*m~3*x " n+5xBxa*xc
*M~2*n*x " n+8*Bxbkckmin* (x"n) “2+4*Bxaxd*xm”2*n* (x"n) ~2+5*¢A*a*d*m”2*n*x " n+6*A
*axd*xm*n”~2*xx " n+10*Bxa*ckmin*x " n+4*Axbxd*xm”~2*n* (x"n) ~2+8*B*a*d*m*n* (x"n) ~2+
6xAxb*c*m*n~2*%x " n+3*kA*axd*km”2*xX n+6*kAkxaxd*n"2*xx " n+A*axckm”3+3kAxakxckm~2+11
*xA*xa*xckn~2+d*b* (x"n) ~3*%B+6*A*a*xckn”3+Bxbkcxm™3% (x"n) ~2+3*Bkaxc*m”2*x " n+6*B
*a*xcxn”2*xx " n+12xAxaxcrmrn+3kAxbkd*xm” 2% (x"n) "2+3*Axb*xd*n~2* (x"n) “2+B*a*ckm”
3*x " n+3*Bxaxd* m~2* (x"n) ~2+3*Bxb*c*m~2* (x"n) ~2+3*Bxb*c*n”~2* (x"n) ~2+3*A*xb*c*
m~2*x " n+6xAxbkckn”2*x " n+B*b*d*m~3* (x"n) “3+A*b*d*m~3* (x"n) “2+B*axd*m”~3*(x"n
) "2+6*Axaxckxm”2*n+11xA*xa*xckm*n~2) /(1+m) / (1+m+n) / (1+m+2*n) / (1+m+3*n) *e " m*x"~
m*exp (1/2*%I*csgn(I*e*x)*Pi*m* (csgn(I*e*x)-csgn(I*x))*(-csgn(I*e*x)+csgn(I*
e)))

33.  [(ex)™(a+bz") (A+ Bz") (c+ dz™) dzx
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3.3.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 562 vs. 2(108) = 216.

Time = 0.27 (sec) , antiderivative size = 562, normalized size of antiderivative = 5.20

/(e:v)m (a +bz") (A+ Bz"™) (c+ dz™) dx
(Bbdm? + 3 Bbdm? + 3 Bbdm + Bbd + 2 (Bbdm + Bbd)n? + 3 (Bbdm? + 2 Bbdm + Bbd)n)zz3ne(mlos(e

e

inputLintegrate((e*x)‘m*(a+b*x‘n)*(A+B*x‘n)*(c+d*x‘n),x, algorithm="fricas")

~—

output | ((Bxb*d*m~3 + 3*Bxb*d*m~2 + 3*Bxbkxd*m + B¥bxd + 2% (Bxb*d*m + B*b*d)*n~2 +
3% (Bxb*d*m~2 + 2%Bxb*d*m + B¥b*d)*n)*x*x~(3*n)*e” (m*xlog(e) + m*log(x)) + (
(Bxbxc + (B*a + A*b)*d)*m~3 + Bkbkc + 3*(Bxb*c + (B*a + A*b)*d)*m~2 + 3*(B
*bkxc + (Bk*a + A*b)*d + (B#b*c + (B*a + A*b)*d)*m)*n~2 + (Bka + A*b)*d + 3%
(Bxb*c + (B*a + A*b)*d)*m + 4*(Bxb*c + (Bxb*c + (B*a + A*b)*d)*m~2 + (B*a
+ Axb)*d + 2% (B*¥bxc + (B*a + A*b)*d)*m)*n)*x*x”~(2*n)*e” (m*log(e) + m*log(x
)) + ((A*axd + (B*a + Axb)*c)*m”~3 + Axaxd + 3*(A*axd + (Bxa + Axb)*c)*m~2
+ 6% (A*a*d + (B*a + Axb)*c + (A*xaxd + (B*a + A*b)*c)*m)*n”~2 + (Bka + A*b)*
c + 3*%(Axaxd + (B*a + A*b)*c)*m + 5x(A*axd + (Axa*d + (B*a + A*b)*c)*m™2 +
(B¥a + Axb)*c + 2%(A*a*xd + (B*a + A¥b)*c)*m)*n)*x*x " n*e” (m*log(e) + m*log
(x)) + (Axa*c*m™3 + 6xA*xa*xc*xn”3 + 3kA*axckm™2 + 3*kA*xaxckm + Akxakxc + 11%(Ax*
akckm + A*a*xc)*n”2 + 6x(Axaxckm”~2 + 2xAxakckm + Axaxc)*n)*xxe” (mxlog(e) +
mxlog(x)))/(m~4 + 6%(m + 1)*n~3 + 4*m”~3 + 11*x(m™2 + 2*m + 1)*n"2 + 6¥m~2 +
6x(m~3 + 3*m~2 + 3*m + 1)*n + 4*xm + 1)

3.3.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 7796 vs. 2(104) = 208.

Time = 3.82 (sec) , antiderivative size = 7796, normalized size of antiderivative = 72.19

/(ex)m (a+ bz"™) (A+ Bz") (c+ dz™) dz = Too large to display

input | integrate ((e*x)**m* (a+b*x**n)* (A+B*x**n) * (c+d*x**n) ,x)

33.  [(ex)™(a+bz") (A+ Bz") (c+ dz™) dzx
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output | Piecewise(((A + B)*(a + b)*(c + d)*log(x)/e, Eq(m, -1) & Eq(n, 0)), ((A*ax
c*xlog(x) + A*xaxd#x**n/n + Axbkc*x**n/n + Axbkd*x**(2*n)/(2%n) + Bxakckx**n
/n + Bkaxdxx**(2xn) /(2*xn) + Bkxbkckxx*x*k(2+n)/(2#n) + Bxbxd*x**(3*n)/(3*n))/e
, Eq(m, -1)), (AxaxcxPiecewise((0*x(-3*n - 1)*x, Eq(e, 0)), (Piecewise((-1
/ (3*nx(e*x)**(3*n)), Ne(n, 0)), (log(e*x), True))/e, True)) + A*a*d*Piecew
ise((—x*x**n* (e*xx)**x(-3*%n - 1)/(2*n), Ne(n, 0)), (x*x**n*(e*x)**x(-3*%n - 1)
xlog(x), True)) + AxbxcxPiecewise ((-x*x**n*(e*xx)**(-3*n - 1)/(2*n), Ne(n,
0)), (x*x*x*n*(e*x)**(-3*%n - 1)*log(x), True)) + Axbkd*Piecewise ((-x*x** (2%
n)*(exx)**(-3*n - 1)/n, Ne(n, 0)), (x*x**(2*n)*(exx)**(-3*n - 1)*log(x), T
rue)) + BxaxcxPiecewise ((—x*x**n*(exx)**(-3*n - 1)/(2*n), Ne(n, 0)), (x*x*
*xn* (exx)**(-3*n - 1)*log(x), True)) + B*a*d*Piecewise ((—x*x**(2+n)* (e*xx)**
(-3*n - 1)/n, Ne(n, 0)), (xkx**(2+n)*(exx)**(-3*xn - 1)*log(x), True)) + Bx
b*c*Piecewise ((—x*x** (2*n) * (e*x)**(-3*%n - 1)/n, Ne(n, 0)), (x*xx**x(2*n)x*(e*
x)**(-3*n - 1)*log(x), True)) + B¥bxd*x*x**(3*n)*(e*x)**(-3*%n - 1)*log(x),
Eq(m, -3*n - 1)), (A*a*c*Piecewise((0**(-2*n - 1)*x, Eq(e, 0)), (Piecewis
e((-1/(2*n*(exx)**(2*n)), Ne(n, 0)), (log(e*x), True))/e, True)) + Axaxd*P
iecewise ((—x*x**n* (exx)**(-2*xn - 1)/n, Ne(n, 0)), (x*x**n*(e*xx)**(-2%n - 1
)*log(x), True)) + Axb*c*Piecewise((-x*x**n*(exx)**(-2*xn - 1)/n, Ne(n, 0))
, (xxxx*n* (exx)*x(-2xn - 1)*log(x), True)) + Axbxd*x*x**(2+n)* (e*x)**(-2%n
- 1)*log(x) + Bxaxc*Piecewise ((-x*x**n*(e*x)**(-2*n - 1)/n, Ne(n, 0)),...

3.3.7 Maxima [A] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 200, normalized size of antiderivative = 1.85

/ (e2)™ (a + ba") (A + Ba™) (c + da™) da

Bbdemme(mlog(w)—i%nlog(:c)) BbC€m$6(m log(z)+2nlog(z)) Bademwe(m log(z)+2nlog(x))

N m+3n+1 * m+2n+1 + m+2n+1
Abde™ze(mloe(@)+2nlog(@)) Bgcem pe(mios(@)+nlog()
+
m+2n+1 m+n+1
Abce™ge(mlog@)+nlog@)  Agqdempe(mlos@)tnloa@)  (eg)™ ! Agc
+ +

inputLintegrate((e*x)“m*(a+b*x‘n)*(A+B*x“n)*(c+d*x“n),x, algorithm="maxima")
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output | B¥b*d*e m*x*e” (m¥log(x) + 3*n*log(x))/(m + 3*n + 1) + Bxb*cke m*x*e” (m*log
(x) + 2#n*log(x))/(m + 2%n + 1) + Bkakd*e m*x*e” (m*log(x) + 2*n*log(x))/(m
+ 2%n + 1) + Axbxd*e"m*x*e” (m*log(x) + 2*n*xlog(x))/(m + 2*n + 1) + Bxakcx*
e m*x*e” (m*log(x) + n*log(x))/(m + n + 1) + Axb*c*xe m*x*e” (m*log(x) + nx*lo
g(x))/(m + n + 1) + A*axd*e m*x*e” (m*log(x) + nxlog(x))/(m + n + 1) + (exx
)~ (m + 1)*Axa*c/(ex(m + 1))

3.3.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 3764 vs. 2(108) = 216.

Time = 0.30 (sec) , antiderivative size = 3764, normalized size of antiderivative = 34.85

/(ex)m (a+bz") (A+ Bx") (c + dz™) dx = Too large to display

input‘integrate((e*x)‘m*(a+b*x‘n)*(A+B*x“n)*(c+d*x“n),x, algorithm="giac")

output | (Bxb*d*m~3*x*x~ (3*n)*e” (m*log(e) + m*xlog(x)) + 3*Bxb*d*m~2*n*x*x~(3*n)*e" (
m*log(e) + m*xlog(x)) + 2*Bxbxd*m*n~2*x*x~ (3*n)*e” (m*log(e) + m*log(x)) + B
*xb*c*m~3*x*x~ (2*n) *e~ (m*xlog(e) + m*log(x)) + B¥a*d*m~3*x*x~ (2*n)*e” (m*log/(
e) + mxlog(x)) + Axb*d*m~3*x*x~ (2*n)*e” (m*log(e) + m*xlog(x)) + B¥bkd*m~3*x
*x~(2#n) *e” (m*log(e) + mxlog(x)) + 4*B¥bxc*m™2*n*x*x~(2*n)*e” (m*xlog(e) + m
*log(x)) + 4*Bxaxd*m”™2*n*x*x~(2*n)*e” (m*log(e) + mxlog(x)) + 4*Axbxd*m~2%n
*xx*x” (2*%n) *e~ (m*xlog(e) + m*log(x)) + 3*Bxbxd*m~2*n*x*x~ (2*n)*e” (m*xlog(e) +

mxlog(x)) + 3*Bxbkckm*n~2*x*x~(2*n)*e” (m*log(e) + mxlog(x)) + 3*Bxaxd*m*n
~2*x*x” (2*n) e~ (m*¥log(e) + m*xlog(x)) + 3*Axbxd*m*n~2*x*x~(2*n)*e” (m*xlog(e)

+ m*log(x)) + 2*Bxb*d*m*n~2*x*x~(2#n)*e” (m*log(e) + m*xlog(x)) + B¥akxc*m~3
*xx*xx"n*e” (m*log(e) + m*xlog(x)) + Axb*c*m~3*x*x"n*e”(m*log(e) + m*log(x)) +

Bxb*c*m~3*x*x"n*e” (m*log(e) + m*log(x)) + A*a*xd*m™3*x*x " n*e” (m*log(e) + m
xlog(x)) + B¥axd*m~3*x*x"nxe” (m*xlog(e) + m*log(x)) + Axb*d*m~3*x*x n*e” (m*
log(e) + m*log(x)) + B*bxd*m~3*x*x"n*e” (m*log(e) + mxlog(x)) + 5*Bkaxcxm™2
*n¥x*x"n¥e” (m*xlog(e) + mxlog(x)) + BxA*bxc*m™2*n*x*x " nxe” (m*log(e) + mxlog
(x)) + 4*Bxbkc*m”2*n*x*x n*e” (m¥log(e) + m*log(x)) + B*Axa*xd*m”2*n*x*x n*e
~(m*log(e) + mxlog(x)) + 4*Bxaxd*m~2*n*x*x"n*e” (m*log(e) + mxlog(x)) + 4xA
*bkd*m”2*n*x*x"n*e” (m¥log(e) + m*log(x)) + 3*Bkb*d*m~2*n*x*x n*e” (m*log(e)

+ m¥log(x)) + 6*Bxaxc*m*n~2*x*x " nk*e” (mkxlog(e) + m*log(x)) + 6xAxb*c*m*n~2
*x*x"n*e” (m*xlog(e) + m*log(x)) + 3*Bxb*c*m*n~2*x*x n*e” (m*log(e) + mxlo...
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3.3.9 Mupad [B] (verification not implemented)

Time = 9.13 (sec) , antiderivative size = 271, normalized size of antiderivative = 2.51

/ (e2)™ (a + ba") (A + Ba™) (c + da™) da

_Aacz(ex)”  zaz*"(ex)" (Abd+Bad+ Bbc) (m*+4mn+2m+3n*+4n+1)

m+1 m3+6m2n+3m2+11lmn2+12mn+3m+6n2+11n2+6n+1
zz"(ex)" (Aad+ Abc+ Bac) (m*+5mn+2m+6n?+5n+1)

m3+6m2n+3m2+1lmn2+12mn+3m+6n3+11n2+6n+1
Bbdzz*" (ex)™ (m*+3mn+2m+2n*+3n+1)

+m3+6m2n+3m2+11mn2+12mn+3m—|—6n3+11n2+6n+1

p
input Lint((e*x) “m*x(A + B*x"n)*(a + b*x"n)*(c + d*x~n),x)

output | (Axaxcxx*x(e*x) m)/(m + 1) + (x*x~(2*n)*(e*x) “m* (A*b*d + Bkaxd + Bxbxc)* (2%
m + 4*%n + 4*m*n + m~2 + 3*n"2 + 1))/(3*%m + 6%n + 12*m*n + 11*m*n~2 + 6*m~2
*n + 3*m~2 + m~3 + 11*n"2 + 6*n~3 + 1) + (x*x"n*(e*xx) mx(A*axd + A*bxc + B
*axc)*(2%m + 5%n + 5xm¥n + m™2 + 6*%n"2 + 1))/(3*m + 6%n + 12*m*n + 11*m*n~
2 + 64m™2*n + 3*m”~2 + m~3 + 11*n"2 + 6*%n~3 + 1) + (B¥b*d*x*x~(3*n)*(e*x) m
*(2*xm + 3*n + 3*mkn + m”2 + 2*%n"2 + 1))/(3*m + 6*n + 12*m¥n + 11l*m*n”~2 + 6
*m~2*%n + 3*m~2 + m~3 + 11*%n"2 + 6*n~3 + 1)

~—

33.  [(ex)™(a+bz") (A+ Bz") (c+ dz™) dzx
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3.4 [(ex)™ (A + Bz") (c + dz") dx
34.1 Optimalresult . . . ... .. .. .. . 64
3.4.2 Mathematica [A] (verified) . . . . . . . ... Lo 64
3.4.3 Rubi [A] (verified) . . . .. ... 65
3.44 Maple [C] (warning: unable to verify) . . . . . ... ... ... ... ... 66
3.4.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... . .... 66
3.4.6 Sympy [B] (verification not implemented) . . . ... .. ... ... ... .. 67
3.4.7 Maxima [A] (verification not implemented) . . .. ... ... ... ...... 67
3.4.8 Giac [B] (verification not implemented) . . . . ... ... ... ....... 68
3.4.9 Mupad [B] (verification not implemented) . . . . .. ... ... ....... 69
3.4.1 Optimal result
Integrand size = 20, antiderivative size = 66
(Bc+ Ad)z't"(ex)™  Bdz'™®"(ex)™  Ac(ex)™
™(A+ Bz" dz") dzx =
/(ex) (A+ Ba") (c+ da") do 1+m+n 1+m+2n e(1+m)

output \ (A*d+B*c) *x~ (1+n) * (e*x) “m/ (1+m+n) +B*d*x~ (1+2*n) * (e*x) "m/ (1+m+2*n) +A*c* (e*x

)7 (1+m)/e/ (1+m)

3.4.2

Time = 0.10 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.74

/ (ez)™ (A + Bz") (c + da™) dz = a(ex)™ (

Mathematica [A] (verified)

Ac

(Bc+ Ad)z"

Bdx*

1+m+

l1+m+n

+1+m+2n

)

input ‘ Integrate[(e*x) “m*x (A + Bxx"n)*(c + d*x"n),x]

OUtPUt‘X*(e*x)“m*((A*c)/(l + m) + ((Bkxc + A*d)*x™n)/(1 + m + n) + (B*d*x~(2*n))/(
1+ m + 2%n))

3.4.

[(ex)™ (A + Bz™) (¢ + dz™) dzx
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3.4.3 Rubi [A] (verified)

Time = 0.21 (sec) , antiderivative size = 66, normalized size of antiderivative = 1.00, number
of steps used = 2, number of rules used = 2, Bumber of rules _ ( 100 Ruyles used = {950,

integrand size
2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/(ex)m (A+ Bz") (c+ dz™) dx
| 950
/ (z"(ex)™(Ad + Bc) + Ac(ex)™ + Bdz®™(ex)™) dz

l 2009

"t (ex)™(Ad + Bc) = Ac(ex)™!  Bdz®l(ex)™
m+n+1 e(m+1) m+2n+1

input LInt [(exx) m*(A + B*x"n)*(c + d*x"n),x]

-/

output‘ ((Bxc + A*d)*x~(1 + n)*(e*x)"m)/(1 + m + n) + (Bxd*x~ (1 + 2%n)*(exx)"m)/(1
+m + 2xn) + (Axcx(e*x)"(1 + m))/(ex(1 + m))

N\

3.4.3.1 Defintions of rubi rules used

rule 950‘Int[((e_.)*(x_))"(m_.)*((a_) + (b_D)*(x)" (@) (p_)*((c ) + (d_)*(x_)"(n
‘_))"(q_.), x_Symbol] :> Int[ExpandIntegrand[(e*x) m*(a + b*x"n) p*(c + d*x~
'n)~q, x], x] /; FreeQ[{a, b, ¢, d, e, m, n}, x] & NeQ[bxc - axd, 0] && IGt
Qlp, 0] & IGtQlq, O]

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

34.  [(ex)™(A+ Bz")(c+dz") dz



input

output

input

output
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3.4.4 Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.17 (sec) , antiderivative size = 229, normalized size of antiderivative = 3.47

method result

risch T (Bd m2x2"+ Bdmn 2"+ Ad m2z"4+2Admn 2™ +Bcm2z"+2Bemn 2™ +2B z2"dm~+ B 2" dn+ Acm2+3Acmn+2Acn?42.
(1+

2Az ™ (ex)" dn+3Ax(ex) ™ cmn+Az 2" (ex)™d m?+2Bzx 2" (ex) " dm+ Bz 22" (ex) " dn+ Bz ™ (ex) " c m2+2Bz 2™ (ex) ™ ¢

parallelrisch

-

Lint((e*x)‘m*(A+B*x“n)*(c+d*x‘n),x,method=_RETURNVERBOSE)

~—

x*k (Bkd*m™ 2% (x"n) “2+Bxd*m*n* (x"n) ~2+A*d*m~2*x " n+2*x Axd*xmkn*xx " n+Bkckm”2*x " n+2
*Bxcxm*n*x " n+2*B* (x"n) “2xd*m+B* (x"n) “2*d*n+A*xcxm”2+3xAxcrm¥n+2*xA*xckn"2+2%A
*x " nkd*m+ 2% A*x "nkd*n+2*Bxx " nkckm+2*xBrx " nxckn+d* (x"n) “2*B+2*xAkckm+3*kA*xc*n+d
*x n*A+cxBxx n+A*c)/(1+m) / (1+m+n) / (1+m+2*n) e “m*x “m*exp (1/2*I*csgn (I*xexx) *
Pikm* (csgn(I*exx)-csgn(I*x))*(-csgn(I*e*x)+csgn(I*e)))

3.4.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 185 vs. 2(66) = 132.

Time = 0.27 (sec) , antiderivative size = 185, normalized size of antiderivative = 2.80

/(e:v)m (A+ Bz") (c+ dz™) dx

(Bdm? + 2 Bdm + Bd + (Bdm + Bd)n)zz?"e(mel)+mloe(@) 4 ((Bc + Ad)m? + Bc + Ad + 2 (Bc + A
m3+2(m+ 1)n

p
Lintegrate ((e*x) “m* (A+B*x"n) *(c+d*x"n) ,x, algorithm="fricas")

~—

((B¥d*m™2 + 2*B*d*m + B*d + (B*d*m + B*d)*n)*x*x~(2*n)*e” (m*log(e) + m*log
(x)) + ((Bxc + Axd)*m~2 + Bkc + A*d + 2%x(Bxc + A*d)*m + 2x(B*c + A*xd + (Bx
c + Axd)*m)*n)*x*x"n*e” (m*xlog(e) + m¥log(x)) + (A*c*m™2 + 2kA*xc*n~2 + 2*A*
c*m + Axc + 3x(A*c*m + A*xc)*n)*x*e” (m*xlog(e) + m*log(x)))/(m~3 + 2*x(m + 1)
*n"2 + 3*xm~2 + 3*x(m"2 + 2%m + 1)*n + 3%m + 1)

34.  [(ex)™(A+ Bz")(c+dz") dz



input

output
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3.4.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1498 vs. 2(58) = 116.

Time = 1.66 (sec) , antiderivative size = 1498, normalized size of antiderivative = 22.70

/(ex)m (A+ Bz") (c + dz™) dz = Too large to display

.
integrate ((exx) *x*m* (A+B*x**n) * (c+d*x**n) ,x)

Piecewise(((A + B)*(c + d)*log(x)/e, Eq(m, -1) & Eq(n, 0)), ((Axcxlog(x) +
Axd*x**n/n + Bxc*x**n/n + Bxd*x*x(2xn)/(2*n))/e, Eq(m, -1)), (Axc*Piecewi
se((0x*(-2*n - 1)*x, Eq(e, 0)), (Piecewise((-1/(2*n*(e*x)**(2*n)), Ne(n, O
)), (log(exx), True))/e, True)) + A*d*Piecewise((-x*x**n*(e*xx)**(-2*%n — 1)
/n, Ne(n, 0)), (x*x**n*(e*x)**(-2*n - 1)*log(x), True)) + Bxc*Piecewise((-
xxx**n* (exx)**(-2*xn - 1)/n, Ne(n, 0)), (x*kx**n*(e*xx)*x(-2*n - 1)*log(x), T
rue)) + Bxdkx*x**(2xn)*(e*x)**(-2*%n - 1)*log(x), Eq(m, -2%n - 1)), (Axc*Pi
ecewise((0**(-n - 1)*x, Eq(e, 0)), (Piecewise((-1/(n*(exx)**n), Ne(n, 0)),
(log(e*x), True))/e, True)) + Axdrx*x**n*(exx)**(-n - 1)*log(x) + Bxckx*x
*xn* (exx)**(-n - 1)*log(x) + Bxd*Piecewise ((x*x**(2*n)*(exx)**(-n - 1)/n,
Ne(n, 0)), (x*x**x(2*n)*(e*x)**x(-n - 1)*log(x), True)), Eq(m, -n - 1)), (Ax*
ckm¥x*2xx* (e*x) ¥*¥m/ (m**3 + 3km*k*2xn + 3*m¥*2 + kmkn*k*2 + 6*m*n + 3*m + 2%n
*¥%2 + 3xn + 1) + 3xAkckm*nkxk (e*xx)**m/(m*x*3 + 3*km**2%n + 3*km**2 + 2*kmkn**2
+ 6*m*n + 3%m + 2%n**2 + 3%n + 1) + 2kAkckmkxk (e*xx)*k*km/ (m*x*3 + 3*km*k*x2%n +
3*km**2 + 2*xm*n**2 + 6*kmkn + 3km + 2*%nk*2 + 3%n + 1) + 2kAkcknk*k2kxk (e*x)*
*m/ (m**3 + 3*m**2%n + 3*m**2 + 2kmknk*2 + G*m*n + 3*%m + 2*%n**2 + 3%n + 1)
+ 3kAxcknkxx* (exx)**m/ (m*x*3 + 3*m**2*n + 3kmk*2 + 2*km*n**x2 + G6*xm*n + 3*m +
2¥%n**2 + 3%n + 1) + Akxckx*(e*xx)**m/(m**3 + 3km**2%n + 3*km**2 + 2km*n**2 +
6*m*n + 3%m + 2¥n**x2 + 3xn + 1) + Akxd*km¥*x2kx*kx*k*kn* (exx)*k*m/ (m*x*3 + 3Ikm**kD*
n + 3*mkk2 + kmin**2 + 6xmkn + 3km + 2kxn*k*2 + 3*kn + 1) + kAkd*mrnkx*x. ..

N

3.4.7 Maxima [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 91, normalized size of antiderivative = 1.38

Bdemxe(mlog(a:)+2nlog(:v)) Bcemxe(mlog(w)—i-nlog(x))
"™ (A+ Bz" dz") dx =
/(em) (A+ Bz") (c+da") do m+2n+1 + m+n+1
Ademge(mlog@)tnlog@) ()™t Ae
m+n+1 e(m+1)

34.  [(ex)™(A+ Bz")(c+dz") dz
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input‘integrate((e*x)“m*(A+B*x“n)*(c+d*x“n),x, algorithm="maxima")

p

output‘B*d*e”m*x*e“(m*log(x) + 2#n*log(x))/(m + 2*n + 1) + B*ckxe m*x*e” (m*log(x)
‘+ n*log(x))/(m + n + 1) + Axd*e"m*x*e” (m*log(x) + n*log(x))/(m + n + 1) +
(exx)"(m + 1)*A*c/(e*(m + 1))

3.4.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 763 vs. 2(66) = 132.

Time = 0.28 (sec) , antiderivative size = 763, normalized size of antiderivative = 11.56

/(ex)m (A+ Bz") (c + dz™) dz = Too large to display

input‘integrate((e*x)“m*(A+B*x“n)*(c+d*x“n),x, algorithm="giac")

output | (Bxd*m~2*x*x~ (2*n)*e~ (m*log(e) + m*log(x)) + Bxd*m*n*x*x~ (2*n)*e” (m*log(e)
+ m*xlog(x)) + Bkc*m™2*x*x"n*e”(m*log(e) + m*log(x)) + A*d*m™2*x*x"n*e” (m*
log(e) + m*log(x)) + B*d*m™2*x*x"n*e” (m*¥log(e) + m*xlog(x)) + 2*Bkckm*n*x*x
“nxe” (m*¥log(e) + m*xlog(x)) + 2*Axd*m*n*x*x"n*e” (m*log(e) + m*log(x)) + Bx*d
*m*xn*x*x"n*e” (m*log(e) + m*xlog(x)) + Axc*m~2+*x*e”(m*log(e) + m*log(x)) + B
xc*m~2*x*e” (m*xlog(e) + m*log(x)) + Axd*m~2*xx*e” (mxlog(e) + mxlog(x)) + Bxd
*m~2*x*ke” (m*xlog(e) + m*log(x)) + 3*xAxc*m*kn*xxe” (m*xlog(e) + mxlog(x)) + 2B
xcxminkxxe” (mxlog(e) + mxlog(x)) + 2xA*d*m*n*x*e” (m*log(e) + mxlog(x)) + B
xd*minkxxe” (mxlog(e) + mxlog(x)) + 2xA*c*kn”2xx*e” (m*log(e) + mxlog(x)) + 2
*Bxd*mkx*x~ (2*n) *e~ (m*xlog(e) + m*log(x)) + Bxd*n*x*x~(2*n)*e” (m*log(e) + m
xlog(x)) + 2*Bxc*m*x*x"n*e” (m*log(e) + mxlog(x)) + 2*xA*d*m*x*x"n*e” (m*log(
e) + m*xlog(x)) + 2#Bxd*m*x*x"n*e” (m*log(e) + m*log(x)) + 2*Bxc*n*x*x n*e” (
m*log(e) + m*log(x)) + 2kAxd*n*x*x nxe” (m*xlog(e) + m*xlog(x)) + B*d*n*x*x"n
*xe” (m*log(e) + m*xlog(x)) + 2*Axc*m*x*e”(m*log(e) + m*log(x)) + 2*Bkc*m*x*e
~(m*log(e) + m*log(x)) + 2xAxd*m*x*e” (m*log(e) + m*log(x)) + 2xBxd*mkx*e” (
m*log(e) + m*log(x)) + 3*kAxcxnix*e” (mklog(e) + m*log(x)) + 2*Bxc*n*x*xe” (m*
log(e) + m¥log(x)) + 2*Axd*n*x*e” (m*log(e) + m*log(x)) + Bxd*n*x*e” (m*log(
e) + mxlog(x)) + Bxd*x*x~(2*n)*e” (mklog(e) + m*log(x)) + Bkcxx*x n*e” (m*lo
g(e) + m*log(x)) + A*xd*x*x"n*e” (mxlog(e) + m*log(x)) + Bxd*x*x"n*e” (m*log(
e) + mxlog(x)) + Axc*x*e” (m*xlog(e) + m*log(x)) + Bxcxx*e” (m*log(e) + m*...

34.  [(ex)™(A+ Bz")(c+dz") dz
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3.4.9 Mupad [B] (verification not implemented)

Time = 9.06 (sec) , antiderivative size = 91, normalized size of antiderivative = 1.38

Acx zx"(Ad+Bc) (m+2n+1)
m+1 m?24+3mn+2m+2n24+3n+1
Bdzz*"(m+n+1)
m2+3mn+2m+2n2+3n+1)

/(ex)m (A+ Bz") (c+dz") dz = (ex)™ (

p
input Lint ((e*x) "m*x(A + B*x"n)*(c + d*x"n),x)

—/

output‘ (e*x) "m*x((A*xc*x)/(m + 1) + (x*x"n*(A*d + B*c)*(m + 2*n + 1))/(2%m + 3%n +
|3kmin + 72 + 2%n72 + 1) + (Bxdxxxx~(2*n)*(m + n + 1))/(2%m + 3%n + 3¥mxn
+ m™2 + 2*xn"2 + 1))

N\

34.  [(ex)™(A+ Bz")(c+dz") dz
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3.5 f (ex)m(A;l—fba;’;)(c—l—dx”) do

3.5.1 Optimalresult . . .. .. .. ... .. ... .
3.5.2 Mathematica [A] (verified) . . . . . .. ... ... Lo
3.5.3 Rubi [A] (verified) . . .. ... .. . ...
354 Maple [F] . . . . .
355 Fricas [F] . . . . . . o
3.5.6 Sympy [C] (verification not implemented) . . ... . ... ... .......
3.5.7 Maxima [F] . . . . . ..
3.5.8 Giac [F] . . . . .
3.59 Mupad [F(-1)] . . . . oo

3.5.1 Optimal result

Integrand size = 29, antiderivative size = 120

/ (ex)™ (A + Bz™) (c+ dz™)
dr
a+ bx™
_ Bdz't"(ex)™ = (bBc+ Abd — aBd)(ex)'t™
~ b(l+m+n) b%e(1+ m)
N (Ab — aB)(bc — ad)(ex)' ™™ Hypergeometric2F1 (1, 1£m 1tmtn _ ba%)
ab®e(1 +m)

output ‘ Bxd*x~ (1+n) * (e*x) “m/b/ (1+m+n) + (A*b*d-B*a*d+B*b*c) * (exx) ~(1+m) /b~2/e/ (1+m)+
‘ (Axb-B*a) * (—a*d+b*c) * (e*xx) ~ (1+m) *hypergeom([1, (1+m)/n], [(1+m+n)/n],-b*x"n
/a)/a/b~2/e/ (1+m)

3.5.2 Mathematica [A] (verified)

Time = 0.25 (sec) , antiderivative size = 95, normalized size of antiderivative = 0.79

/ (ez)™ (A + Ba") (¢ +dz")

a+ bx"
(—Ab+aB)(—bc+ad) Hypergeometric2F1 (1 , HT’" R MTM — ba™

a

m ( bBctrAbd—aBd | bBdz™
z(ex) ( 1+m + T T a(l+m)

)

b2

ex)™(A+Bz")(c+dz™
35 [ leol(tBrerd) g
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input ‘ Integrate[((e*x) “m*(A + Bxx"n)*(c + d*x"n))/(a + b*x"n),x]

‘—(A*b) + a*B)*(-(b*c) + a*d)*Hypergeometric2F1[1, (1 + m)/n, (1 + m + n)/n

Output\/(X*(e*x)‘m*((b*B*c + A*bxd - a*B*d)/(1 + m) + (b*B*d*x"n)/(1 + m + n) + (( \\
, —((b*x"n)/a)])/(a*x(1 + m))))/b"2 ‘

3.5.3 Rubi [A] (verified)

Time = 0.29 (sec) , antiderivative size = 120, normalized size of antiderivative = 1.00,
_ _ o number of rules _

number of steps used = 2, number of rules used = 2, integrand size 0.069, Rules used

= {1040, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (ex)™ (A + Bz™) (c + dz™) i

a + bz
| 1040
/ (ex)™(Ab — aB)(bc — ad) " (ex)™(—aBd + Abd + bBc) + Bdz"(ex)™ i
b? (a + bz™) b2 b
| 2009
(ex)™+1(Ab — aB)(bc — ad) Hypergeometric2F1 (1, ™l mintl - beo) N

ab’e(m + 1)

(ex)™ ! (—aBd + Abd + bBc)  Bdz"t!(ex)™

b2e(m + 1) b(m+n+1)

inputLInt[((e*x)“m*(A + Bxx"n)*(c + d*x"n))/(a + b*x"n),x]

output‘ (Bxd*x~ (1 + n)*(exx)"m)/(b*x(1 + m + n)) + ((b*Bxc + A*b*d - a*xBxd)*(e*xx) (
‘1 + m))/(b"2%ex(1 + m)) + ((Axb - a*B)*(b*c - axd)*(e*x)” (1 + m)*Hypergeom
‘etric2F1[1, (1 +m)/n, (1 +m + n)/n, -((b*x"n)/a)])/(a*b™2*e*(1 + m))

ex)™(A+Bz")(c+dz™
35 [ lolUtBrer g
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3.5.3.1 Defintions of rubi rules used

rule 1040‘Int[((g_.)*(x_))“(m_.)*((a_) + (b_)*(x_)"(@_ )" (p_.)*((c_) + (d_.)*(x_)"(n
‘_))“(q_.)*((e_) + (£_)*(x_)"(n_))"(r_.), x_Symbol] :> Int[ExpandIntegrandl[
‘(g*x)“m*(a + b*x"n) “p*(c + d*x"n) gq*(e + f*x"n)"r, x], x] /; FreeQl[{a, b, c

, d, e, £, g, m, n}, x] && IGtQ[p, -2] && IGtQ[q, 0] && IGtQ[r, O]

-

ruk32009tlnt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

e—

3.5.4 Maple [F]

dz

/ (ex)™ (A+ Bz") (c+dz™)
a+bxm

input Lint ((e*x) “m* (A+B*x~n) * (c+d*x"n) / (a+b*x"n) ,x)

output Lint ((e*x) “m* (A+B*x~n) * (c+d*x"n) / (a+b*x™n) , x)

3.5.5 Fricas [F]

(ex)™ (A + Bz™) (c + dz™) (Bz™ + A)(dz™ + c)(ex)™
/ a + bx™ dx:/ bz™ + a de

inputLintegrate((e*x)‘m*(A+B*x‘n)*(c+d*x“n)/(a+b*x‘n),x, algorithm="fricas")

p
outputtintegral((B*d*x‘(Z*n) + Axc + (Bkc + A*d)*x"n)*(e*x) m/(b*x"n + a), x)

~—

3.5.6 Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 4.67 (sec) , antiderivative size = 872, normalized size of antiderivative = 7.27

/ (ex)™ (A + Bz") (c+ dz") dz = Too large to display

a+ bz

ex)™(A+Bz")(c+dz™
35 [ leol(tBrerd) g
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input

output
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‘integrate((e*x)**m*(A+B*x**n)*(c+d*x**n)/(a+b*x**n),x)

Axaxx(m/n + 1/n)*a**x(-m/n - 1 - 1/n)*ckex*km*m*x**(m + 1)*Llerchphi (bkx**n*e
xp_polar(I*pi)/a, 1, m/n + 1/n)*gamma(m/n + 1/n)/(n**2*gamma(m/n + 1 + 1/n
)) + Axa*x*(m/n + 1/n)*a**(-m/n - 1 - 1/n)*cxe**m*kx**(m + 1)*lerchphi (bkx*x*
n*exp_polar(I*pi)/a, 1, m/n + 1/n)*gamma(m/n + 1/n)/(n**2*gamma(m/n + 1 +
1/n)) + Axa*xx(-m/n - 2 - 1/n)*a**x(m/n + 1 + 1/n)*d*ex*m*m*x**(m + n + 1)*1
erchphi (b*x**n*exp_polar(I*pi)/a, 1, m/n + 1 + 1/n)*gamma(m/n + 1 + 1/n)/(
nxx2xgamma(m/n + 2 + 1/n)) + A*ax*(-m/n - 2 - 1/n)*a**(m/n + 1 + 1/n)*d*ex*
*mkx**(m + n + 1)*lerchphi(b*x**n*exp_polar(I*pi)/a, 1, m/n + 1 + 1/n)*gam
ma(m/n + 1 + 1/n)/(n*gamma(m/n + 2 + 1/n)) + A*a*x*x(-m/n - 2 - 1/n)*a**x(m/n
+ 1 + 1/n)*d*ex*m*xx**(m + n + 1)*lerchphi(b*x**n*exp_polar(I*pi)/a, 1, m/
n + 1 + 1/n)*gamma(m/n + 1 + 1/n)/(n**2*gamma(m/n + 2 + 1/n)) + B*ax*(-m/n
- 3 - 1/n)*a*x*x(m/n + 2 + 1/n)*d*ex*msm*x**(m + 2*n + 1)*lerchphi (b*x**n*e
xp_polar(I*pi)/a, 1, m/n + 2 + 1/n)*gamma(m/n + 2 + 1/n)/(n**2*gamma(m/n +
3 + 1/n)) + 2xBxax*(-m/n - 3 - 1/n)*ax*(m/n + 2 + 1/n)*d*e*x*m*x**(m + 2*n
+ 1)*lerchphi (b*x**n*exp_polar(I*pi)/a, 1, m/n + 2 + 1/n)*gamma(m/n + 2 +
1/n)/(n*gamma(m/n + 3 + 1/n)) + Bxax*(-m/n - 3 - 1/n)*a*x(m/n + 2 + 1/n)*
d*e*xxm*x**(m + 2*n + 1)*lerchphi(b*x**n*exp_polar(I*pi)/a, 1, m/n + 2 + 1/
n)*gamma(m/n + 2 + 1/n)/(n**2*gamma(m/n + 3 + 1/n)) + Bxa**x(-m/n - 2 - 1/n
Yxax*x(m/n + 1 + 1/n)*ckex m m*x**(m + n + 1)*lerchphi(b*x**n*exp_polar (I*p
i)/a, 1, m/n + 1 + 1/n)*gamma(m/n + 1 + 1/n)/(n**2*xgamma(m/n + 2 + 1/n)...

3.5.7 Maxima [F]

(ex)™ (A + Bz™) (c + dz™) (Bz™ + A)(dz™ + ¢)(ex)™
/ a+ bz da:=/ bz™ + a dz

‘integrate((e*x)“m*(A+B*x“n)*(c+d*x‘n)/(a+b*x“n),x, algorithm="maxima")

(((b“2*c*e‘m - a*bxd*e"m)*A - (axb*cxe™m - a~2+d*e"m)*B)*integrate(x"m/(b~3
‘*x‘n + a*b~2), x) + (B*b*d*e"m*(m + 1)#*x*e” (m*log(x) + n*log(x)) + (Axb*dx*
‘e‘m*(m +n+ 1) + (bxcke"m*(m + n + 1) - axd*e"m*(m + n + 1))*B)*x*x"m)/((
m™2 + mk(n + 2) + 10+ 1)*b72)

- @@

ex)™(A+Bz")(c+dz™
35 [ lolUtBrer g
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3.5.8 Giac [F]

/ (ex)™ (A + Bzx™) (c + dz™) dp — / (Bz™ + A)(dz™ + c)(ex)™
a + bx™ bx™ +a

dx

input Lintegrate ((exx) “m* (A+B*x"n) * (c+d*x"n) / (a+b*x"n) ,x, algorithm="giac")

output Lintegrate((B*x“n + A)*(d*x"n + c)*(exx)"m/(b*x"n + a), x)

3.5.9 Mupad [F(-1)]

Timed out.

/ (ex)™ (A + Bz™) (c+ dz™) dp — / (ex)™ (A+ Bz") (c+dz™)

a+ bx” a+bx”

dz

input Lint (((exx)"m*(A + Bxx"n)*(c + d*x"n))/(a + b*x"n),x)

output Lint (((exx)"m*(A + Bxx"n)*(c + d*x"n))/(a + b*x"n), x)

ex)™(A+Bz")(c+dz™
35 [ leol(tBrerd) g
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3.6 f (ex)m(A+Bx”)§c+dx”) do

(a+bx™)
3.6.1 Optimalresult . . ... ... ... ... .. ... 751
3.6.2 Mathematica [A] (verified) . . . . . . . ... .o Lo 751
3.6.3 Rubi [A] (verified) . . . ... ... .. 76
3.64 Maple [F] . . . . . . 78
3.6.5 Fricas [F] . . . . . . [78
3.6.6 Sympy [C] (verification not implemented) . . ... ... ... ........ 78
3.6.7 Maxima [F] . . .. ... .. ... 79
3.6.8 Giac [F] . . .. . . R0
3.6.9 Mupad [F(-1)] . . . . o R0

3.6.1 Optimal result

Integrand size = 29, antiderivative size = 177

/(ex (A+ Bz"™) (c+dz") i
(a 4 bzn)®
_ _d(Ab(1+m)—aB(l+m+ n))(ex)*m N (Ab — aB)(ex)*™ (c + dz™)
ab?e(1l +m)n aben (a + bx™)

c(a +m) — +m—n))+a +m)—a +m+n)))(ex)™™ Hypergeometric
+b B(1 Ab(1 d(Ab(1 B(1 +myg 2F1 (1
a?b?e(1 +m)n

output ‘ -d* (Axb* (1+m) —a*B* (1+m+n) ) * (exx) ~ (1+m) /a/b~2/e/ (1+m) /n+ (A*b-B*a) * (e*x) ~ (1+ ‘
‘ m) *(c+d*x"n) /a/b/e/n/ (a+b*x"n)+(b*c* (a*B* (1+m) ~A*b* (1+m-n) ) +a*xd* (Axb* (1+m) ‘
‘ —axBx (1+m+n))) * (e*xx) ~ (1+m) *hypergeom([1, (1+m)/n], [(1+m+n)/n],-b*x"n/a)/a" ‘
'2/b72/e/(14m) /n |

3.6.2 Mathematica [A] (verified)

Time = 0.25 (sec) , antiderivative size = 110, normalized size of antiderivative = 0.62

/ (ex)™ (A + Bz™) (c + dz™)
5 dz
(a+ bzm)
_ z(ex)™ (a®>Bd + a(bBc + Abd — 2aBd) Hypergeometric2F1 (1, &2 =min %) 4 (Ap — aB)(bc — ad
B a?b?(1+ m)

ex)™(A+Bz")(c+dz™
36, [ lrabeennn) g
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input ‘ Integrate[((e*x) “m*(A + B*x"n)*(c + d*x"n))/(a + b*x"n)"2,x] ‘

p

output‘ (x*(exx) "m* (a~2#B*d + ax(b*B*c + Axbxd - 2*axB*d)*Hypergeometric2F1[1, (1
‘+ m)/n, (1 + m + n)/n, -((b*x"n)/a)] + (A*b - a*B)*(b*xc - a*d)*Hypergeomet
‘ric2F1[2, 1 +m/n, 1 +m+ n)/n, -((bxx"n)/a)]))/(a~2%b"2%(1 + m))

-

3.6.3 Rubi [A] (verified)

Time = 0.40 (sec) , antiderivative size = 179, normalized size of antiderivative = 1.01,
number of steps used = 4, number of rules used = 4, Bumber of rules _ 3¢ Ryles uged

integrand size
= {1064, 25, 959, 888}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (ex)™ (A + Bz™) (c + dz™) i

(a + bz)?
l 1064
(ex)mH(Ab _ CLB) (C n d.’L‘n) ~ f (ex)™(c(aB(m+1)—Ab(m— n—il;algl)+‘;i(Ab(m+1) aB(m+n+1))z™) d
aben (a + bz™) abn

| 25

f (ez)m(c(aB(m+1)—Ab(m—n‘zizz);j(Ab(m‘f'l)—GB(m+”+1))m")dw N (ex)m+1(Ab _ (IB) (C + dxn)
abn aben (a + bx™)
l’959

(Ab(ad(m+1)—be(m—n-+1))+aB(be(m+1)—ad(m+n+1)) [ 55" dz  d(em)™+(Ab(m+1)—aB(mtnt1)
b be(m+1)

m—+1 aén n '
(ex)™t(Ab— aB) (c + dz™)
aben (a + ba™)

l 888

(ex)™+! Hypergeometric2F1 (1, mTH , %"4'1 ,— %) (Ab(ad(m+1)—be(m—n+1))+aB(be(m+1)—ad(m+n+1))) d(ex)™ 1 (Ab(m+1)—aB(2
abe(m+1) - be(m+1)

abn
(ex)™+1(Ab — aB) (c + dz™)
aben (a + ba™)

ex)™(A+Bz")(c+dz™
36, [ lrUsBeiennn) g
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input‘Int[((e*x)“m*(A + B*x"n)*(c + d*x"n))/(a + b*x"n)"2,x]

output | ((A*b - a*B)*(e*xx)~(1 + m)*(c + d*x~n))/(a*b*exnx(a + b*x"n)) + (-((d*(A*b
*(1 +m) - axB*(1 + m + n))*(exx)"(1 + m))/(bxex(1 + m))) + ((Axbx(a*xd*(1

+ m) - b¥c*(1 + m - n)) + a*Bk(b*c*(1 + m) - a*d*(1 + m + n)))*(e*x)"(1 +

m) *Hypergeometric2F1[1, (1 + m)/n, (1 + m + n)/n, -((b*x"n)/a)])/(axb*e*(1
+ m)))/(axb*n)

3.6.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

r1116888‘Int[((C_.)*(X_))”(m_.)*((a_) + (b_)*(x_)"(n.))"(p_), x_Symbol] :> Simp[a”p

‘*((c*x)“(m + 1)/(cx(m + 1)))*Hypergeometric2F1i[-p, (m + 1)/n, (m + 1)/n + 1
, (-b)*(x"n/a)], x] /; FreeQ[{a, b, ¢, m, n, p}, x] & !'IGtQlp, 0] && (ILt
Qlp, 01 |1 GtQla, 01)

rule 959 Int[((e_.)*(x_)) " (m_.)*((a_) + (b_)*(x_)"(m_)) (p_.)*((c_) + (d_.)*x(x_)"(n
_)), x_Symbol] :> Simp[d*(exx)~(m + 1)*((a + b*x"n) " (p + 1)/(bxex(m + n*(p

+ 1) +1))), x] - Simp[(a*d*(m + 1) - bxcx(m + nx(p + 1) + 1))/(bx(m + nx(p
+ 1) + 1)) Int[(e*x) "m*(a + b*x™n)"p, x], x] /; FreeQ[{a, b, c, d, e, m,
n, p}, x] && NeQ[b*c - a*d, 0] && NeQ[m + nx(p + 1) + 1, 0]

rule 1064 Int[((g_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(@))~(p_)*((c_) + (d_.)*(x_)"(n_
D)~ (q_.)*((e ) + (£_.)*(x_)"(n_)), x_Symbol] :> Simp[(-(b*e - a*f))*(g*x)~(
m+ 1)*(a + b*xx™n)~(p + 1)*((c + d*x"n)"q/(axb*g*n*(p + 1))), x] + Simp[1/(
axbxn*(p + 1)) Int[(g*x) m*(a + b*x"n)"(p + 1)*(c + d*x"n)~(q - 1)*Simp[c
*(bxexnx(p + 1) + (b*e - axf)x(m + 1)) + d*(b*exn*(p + 1) + (bxe - a*f)*(m
+ nxq + 1))*x™n, x], x], x] /; FreeQ[{a, b, c, d, e, £, g, m, n}, x] && LtQ
[p, -1] && GtQLg, 0] && !'(EqQlg, 1] && SimplerQ[bxc - a*d, bkxe - a*f])

ex)™(A+Bz")(c+dz™
36, [ lrUsBeiennn) g
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3.6.4 Maple [F]

/ (ex)™ (A+ Bz") (c+ dm")dx
(a +bzn)’

p
input Lint((e*x) ~m* (A+B*x~n) * (c+d*x"~n) / (a+b*x"n) ~2,x)

-/

outputLint((e*x)‘m*(A+B*x“n)*(c+d*x‘n)/(a+b*x‘n)‘2,x)

3.6.5 Fricas [F]

dz

/ (ex)™ (A + Bzx™) (c+ dm") / (Bz™ + A)(dz™ + ¢)(ex)™
(a + ban)? (bz" + a)?

p
inputtintegrate((e*x)‘m*(A+B*x‘n)*(c+d*x‘n)/(a+b*x‘n)“2,x, algorithm="fricas")

e—

p
output \ integral ((Bxd*x~(2*n) + A*c + (Bkc + A*d)*x"n)*(exx) m/(b~2%x~(2%n) + 2*ax
‘b*x“n + a~2), x)

~

3.6.6 Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 26.10 (sec) , antiderivative size = 5176, normalized size of antiderivative = 29.24

/(e:c (A+ Bz") (c + dz™)

dz = Too large to displa;
@t ba)? g play

input Lintegrate ((exx) *xm* (A+B*x**n) * (c+d*x**n) / (a+b*x*k*n) **2,x)

(ez)m(A-l—Ba:")(c—}-dz")
36, [ CRrUB e gy
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Axcx(-axax*(m/n + 1/n)*a*x(-m/n - 2 - 1/n)*ex*m*m**2*xx**(m + 1)*lerchphi(b

*xx*kxnkxexp_polar(I*pi)/a, 1, m/n + 1/n)*gamma(m/n + 1/n)/(a*n**3*gamma (m/n
+ 1 + 1/n) + b*n**3*x**nxgamma(m/n + 1 + 1/n)) + axa**x(m/n + 1/n)*a*x(-m/n
- 2 - 1/n)*ex*m*m*n*x**(m + 1)*lerchphi(b*x**n*exp_polar(I*pi)/a, 1, m/n
+ 1/n)*gamma(m/n + 1/n)/(a*n**3*xgamma(m/n + 1 + 1/n) + b*n**3*x**n*kgamma (m
/n + 1+ 1/n)) + a*xa*x(m/n + 1/n)*ax*(-m/n - 2 - 1/n)*ex* m m*kn*x**(m + 1)*
gamma(m/n + 1/n)/(a*n**3*gamma(m/n + 1 + 1/n) + b*n**3*x**nkgamma(m/n + 1
+ 1/n)) - 2*xaxax*(m/n + 1/n)*a**x(-m/n - 2 - 1/n)*e**m*m*x**(m + 1)*lerchph
i (b*x**nxexp_polar(I*pi)/a, 1, m/n + 1/n)*gamma(m/n + 1/n)/(a*n**3*gamma (m
/n + 1 + 1/n) + b¥nxx3*kx**n*xgamma(m/n + 1 + 1/n)) + axaxx(m/n + 1/n)*ax*(-
m/n - 2 - 1/n)*e¥x*km*n*x**(m + 1)*lerchphi(b*x**n*exp_polar(I*pi)/a, 1, m/n
+ 1/n)*gamma(m/n + 1/n)/(a*n**3*gamma(m/n + 1 + 1/n) + bxn¥*3xx**n*xgamma (
m/n + 1 + 1/n)) + a*a*x(m/n + 1/n)*a*x*x(-m/n - 2 - 1/n)*e*x* m*n*x**(m + 1)*g
amma(m/n + 1/n)/(a*n**3*%gamma(m/n + 1 + 1/n) + b*n**3*kx**nkgamma(m/n + 1 +
1/n)) - a*ax*(m/n + 1/n)*a**(-m/n - 2 - 1/n)*ex*m*x**(m + 1)*lerchphi (b*x
x*n*exp_polar(I*pi)/a, 1, m/n + 1/n)*gamma(m/n + 1/n)/(a*n**3*gamma(m/n +
1 + 1/n) + b*n**3*x**n*gamma(m/n + 1 + 1/n)) - a**x(m/n + 1/n)*a*x(-m/n - 2
- 1/n)*bxe**m¥m**2*x* *n*x**(m + 1)*1lerchphi(b*x**n*exp_polar(I*pi)/a, 1,
m/n + 1/n)*gamma(m/n + 1/n)/(a*n¥*3*gamma(m/n + 1 + 1/n) + b¥n**3*x**n*gam
ma(m/n + 1 + 1/n)) + ax*(m/n + 1/n)*a**(-m/n - 2 - 1/n)*b¥exxmim n*x**n. ..

3.6.7 Maxima [F]

/ (ex)™ (A + Bz™) (c + dz™) i — / (Bz™ + A)(dz™ + c)(ex)™ e
(a + bzn)’ (bz™ + a)

p
inputLintegrate((e*x)‘m*(A+B*x‘n)*(c+d*x‘n)/(a+b*x‘n)‘2,x, algorithm="maxima")

output

~—

-((b"2*c*e"m*(m - n + 1) - a*xbxd*e"m*(m + 1))*A + (a"2*d*e"m*(m + n + 1) -
axbxcxe™m*(m + 1))*B)*integrate(x"m/(a*b”3*n*x"n + a”~2*%b"2*n), x) + (B*ax*
bkdxe m*n*x*e” (m*log(x) + nxlog(x)) + ((b™2*c*ke m*(m + 1) - axbkd*e m*(m +
1))*A + (a"2*d*e"m*(m + n + 1) - a*xbxckxe™m*(m + 1))*B)*x*x"m)/((m*n + n)*
a*b~3*x™n + (m*n + n)*a~2*b~2)

ex)™(A+Bz")(c+dz™
3.6. j‘( ) ((a_Hmn)( )d
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3.6.8 Giac [F]

/ (ex)™ (A + Bz™) (c + dz™) i — / (Bz™ + A)(dz™ + c)(ex)™ e

(a + bzn)? (bz™ 4 a)®

input Lintegrate ((e*x) “m* (A+B*x"n) * (c+d*x"n) / (a+b*x"n) "2,x, algorithm="giac")

output Lintegrate ((B*x"n + A)*(d*x"n + c)*(exx) m/(b*x"n + a)~2, x)

3.6.9 Mupad [F(-1)]

Timed out.

/(ew (A+ Bz™) (c + dz™) dx:/(ex)m (A+ Bz"™) (c+dz™) i

(a + bzn)? (a+ban)®

input Lint(((e*x)“m*(A + Bx*x"n)*(c + d*x"n))/(a + b*x"n)"2,x)

outputtint(((e*x)*m*(A + B¥x"n)*(c + d*x"n))/(a + b*x"n)"2, x)

ex)™(A+Bz")(c+dz™
36, [ lrabeennn) g
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3.7 f (ex)m(A+Bx”)§c+dx”) do

(a+bx™)
3.7.1 Optimalresult . . .. .. ... .. . 811
3.7.2 Mathematica [A] (verified) . . . . . . . ... . o 82
3.7.3 Rubi [A] (verified) . . . ... ... ’2
374 Maple [F] . . . . . . !
3.75 Fricas [F] . . . . . o o k!
3.76 Sympy [F(-1)] . . . o ]5
3.7.7 Maxima [F] . . . .. . . 85
3.7.8 Giac [F] . . . o 85
3.79 Mupad [F(-1)] . . . oo 36

3.7.1 Optimal result

Integrand size = 29, antiderivative size = 228

/(ex (A+ Bz"™) (c+dz") i
(a 4 bzn)®
_ (Ab(be(1+m —2n) —ad(l1+m —n)) —aB(bc(l + m) —ad(l +m + n)))(ex)*™
2a%b%en? (a + bz™)
(Ab — aB)(ex)*™ (c + dz™)
2aben (a + bzm)?
(be(aB(1+m) — Ab(1 +m — 2n))(1+m — n) + ad(1 + m)(Ab(1 + m —n) — aB(1 + m + n)))(ex)*

2a3b%e(1 + m)n?

output | -1/2% (Axb* (b*c* (1+m-2*n) -a*d* (1+m-n) ) —a*B* (b*c* (1+m) —a*d* (1+m+n) ) ) * (e*xx) ~(
1+m)/a~2/b"2/e/n"2/ (a+b*x"n)+1/2* (A*xb-B*a) * (e*x) ~ (1+m) * (c+d*x"n) /a/b/e/n/ (
a+b*x7n) "2-1/2* (bxc* (a*B* (1+m) —A*b* (1+m-2%n) ) * (1+m—n) +a*xd* (1+m) * (A*b* (1+m-
n)-a*B* (1+m+n)) ) * (e*x) ~ (1+m) *hypergeom([1, (1+m)/n], [(1+m+n)/n],-b*x"n/a)/
a~3/b~2/e/(1+m) /n"2

ex)™(A+Bz")(c+dz™
37, [ larlabeennn) g
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3.7.2 Mathematica [A] (verified)

Time = 0.42 (sec) , antiderivative size = 136, normalized size of antiderivative = 0.60

/ (ex)™ (A + Bz") (c + da")
3 dx
(a+ bzm)
_ z(ex)™ (a®> BdHypergeometric2F1 (1, 2 tmin %) 4 o(hBc+ Abd — 2aBd) Hypergeometric2F1 (
B adb?(1 +m)
input ’ Integrate[((exx) "m*x(A + B*x"n)*(c + d*x"n))/(a + b*x"n)~3,x] J

e B

(x* (e*x) “m* (a~2*B*d*Hypergeometric2F1[1, (1 + m)/n, (1 + m + n)/n, -((b*x~
‘n)/a)] + a*(b*xB*c + Axb*d - 2*xa*B*d)*Hypergeometric2F1[2, (1 + m)/n, (1 + ‘
'm + n)/n, -((b*x"n)/a)] + (A¥b - a*B)*(b%c - a*d)+Hypergeometric2F1[3, (1 |
+m)/n, (1 +m + n)/n, -((b*x"n)/a)]))/(a"3*xb~2%(1 + m)) J

output

N

3.7.3 Rubi [A] (verified)

Time = 0.43 (sec) , antiderivative size = 238, normalized size of antiderivative = 1.04,
number of steps used = 4, number of rules used = 4, number of rules _ 0.138, Rules used

integrand size
= {1064, 25, 957, 888}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (ex)™ (A + Bz") (c + dz™) i

(a + bzn)?
l 1064
(ex)™(c(aB(m+1)—Ab(m—2n+1))—d(Ab(m—n+1)—aB(m+n+1))z™)
(ex)™1(Ab— aB) (c+dz”) |~ (bt a)? dz

2aben (a + bz™)? 2abn

| 25

ex)™(c(aB(m+1)—Ab(m—2n+1))—d(Ab(m—n+1)—aB(m+n+1))z"
f( JricleBlm )= AN (ba:)’2~|—a§2 ( J=eBl D20 da + (ex)™+1(Ab — aB) (c + dz™)

2abn 2aben (a + bz")?

l’957

L
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_ (be(m—n+1)(aB(m+1)—Ab(m—2n+1))+ad(m+1)(Ab(m—n+1)—aB(m+n+1))) [ lf;fb)_m dz (ez)m+1(Ab(bc(m—2n+l)—ad(m—(n+1)))—4
aben(a+bz™

abn

2abn

(ex)™*1(Ab — aB) (c + dz™)
2aben (a + bz™)?

l 888

_ (ex)™*! Hypergeometric2F1 (1,"‘7"'1,%,—%) (be(m—n+1)(aB(m+1)—Ab(m—2n+1))+ad(m+1)(Ab(m—n+1)—aB(m+n+1))) (e
a?be(m+1)n

2abn
(ex)™+1(Ab — aB) (c + dz™)
2aben (a + bazm)?

-/

inputLInt[((e*x)‘m*(A + B*x"n)*(c + d*x"n))/(a + b*x~n)"3,x]

output | ((A*b - a*B)*(e*x)~(1 + m)*(c + d*x"n))/(2*axbxe*n*(a + b*x™n)"2) + (-(((A
*bx (b*c*(1 + m - 2%n) - a*d*(1 + m - n)) - a*B*x(b*cx(1 + m) - axd*x(1 + m +
n)))*(e*x)~(1 + m))/(a*bxexn*(a + b*x"n))) - ((bkck(a*xB*(1 + m) - Axb*(1
+m - 2%n))*(1 + m - n) + a*d*(1 + m)*(A*b*(1 + m - n) - a*B+(1 + m + n)))
*(exx)”~ (1 + m)*Hypergeometric2F1[1, (1 + m)/n, (1 + m + n)/n, -((b*x"n)/a)
1)/ (a"2xbxex(1 + m)*n))/(2%a*b*n)

3.7.3.1 Defintions of rubi rules used

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] J

rule 888‘ Int[((c_)*(x_))"(m_.)*((a ) + (b_.)*(x_)"(n_.))"(p_), x_Symbol] :> Simp[a~p ‘
‘*((c*x)‘(m + 1)/(cx(m + 1)))*Hypergeometric2Fi[-p, (m + 1)/n, (m + 1)/n + 1 ‘
, (-b)*(x"n/a)], x] /; FreeQ[{a, b, ¢, m, n, p}, x] & !IGtQ[p, 0] && (ILt

alp, 0] Il Gtala, 01)

ex)™(A+Bz")(c+dz™
37, [ larGsbeiennn g
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rule 957 Int[((e_.)*(x_))~(m_.)*((a_) + (b_.)*(x_)"(@_))"(p_.)*((c_) + (d_)*(x_)"(n
_)), x_Symbol] :> Simp[(-(b*c - a*d))*(exx)"(m + 1)*((a + b*x™n)"(p + 1)/(a
xbxe*nk(p + 1))), x] - Simp[(a*d*(m + 1) - bxc*(m + nx(p + 1) + 1))/ (axb*n*
(p + 1)) Intl[(exx) m*(a + b*x™n)"(p + 1), x], x] /; FreeQl[{a, b, c, d, e,
m, n}, x] && NeQ[bxc - a*xd, 0] &% LtQ[p, -1] && (( !IntegerQ[p + 1/2] && N
eQlp, -5/41) || 'RationalQ[m] || (IGtQ[n, O] && ILtQ[p + 1/2, 0] && LeQ[-1
, m, (-n)*(p + 1)]1))

rule 1064 Int[((g_.)*(x_))"(m_.)*((a_) + (b_.)*(x_ )" (@)~ (p_)*((c_) + (d_.)*(x_)"(n_
))~(q_.)*x((e) + (£_.)*(x_)"(n_)), x_Symbol] :> Simp[(-(b*e - a*f))*(g*x)~(
m + 1)*(a + bxx"n)~(p + 1)*((c + d*x"n)"q/(axb*g*n*(p + 1))), x] + Simp[1/(
axbxn*(p + 1)) Int[(g*x) m*(a + b*x"n)"(p + 1)*(c + d*x"n)"(q - 1)*Simp[c
*(bxexn*(p + 1) + (b*xe - axf)*(m + 1)) + dx(b*exnx(p + 1) + (bxe - axf)*(m
+ nxq + 1))*x"n, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, g, m, n}, x] && LtQ
[p, -1]1 && GtQlq, 0] && !(EqQlq, 1] && SimplerQ[b*c - axd, b*e - axf])

3.7.4 Maple [F]

/ (ex)™ (A+ Bz"™) (c+ dx")dx
(a+bzn)®

inputLint((e*x)‘m*(A+B*x“n)*(c+d*x‘n)/(a+b*x‘n)A3,x)

output | int ((e*x) “m* (A+B*x"n) * (c+d*x"n) / (a+b*x"n) ~3,x)

N\

3.7.5 Fricas [F]

/ (ez)™ (A+ Ba™) (c+da") / (B + A)(da" + O)(ea)”

(a + ban)? (bz" + a)®

p
inputLintegrate((e*x)‘m*(A+B*x‘n)*(c+d*x‘n)/(a+b*x‘n)‘3,x, algorithm="fricas")

-/

output‘integral((B*d*x‘(2*n) + Axc + (B*c + A*d)*x"n)*(e*x) m/(b~3*x~(3*n) + 3x*ax
b 2%x~(2*n) + 3*a”"2*b*x"n + a~3), x)

N

-

ex)™(A+Bz")(c+dz™
37, [ larlabeennn) g
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3.7.6 Sympy [F(-1)]

Timed out.
/ (ez)™ (A + Bz )gc—i- i )dz:Timed out
(a + bz™)
input Lintegrate ((e*x) **m* (A+Bxx**n) * (c+d*x**n) / (a+bkx**n) **3,x) J

~—

output LTimed out

3.7.7 Maxima [F]

/ (ex)™ (A + Bz™) (c + dx") / (Bz™ + A)(dz™ + c)(ex)™ i
(a + bzn)? (bz™ 4 a)®
inputLintegrate((e*x)“m*(A+B*x“n)*(c+d*x“n)/(a+b*x“n)“3,x, algorithm="maxima") J

output (((m~2 - m*(3*n - 2) + 2*n"2 - 3*%n + 1)*b"2*c*e™m - (m"2 - mx(n - 2) - n +
1)*a*b*d*e"m)*A - ((m"2 - m*(n - 2) - n + 1)*axb*c*e™m - ("2 + mx(n + 2)
+ n + 1)*a”2*d*e"m)*B) *integrate(1/2*x"m/(a"2*¥b~3*n"2*x"n + a~3*b~2*n"2),
x) + 1/2%(((a"2%b*d*e"m*(m - n + 1) - a*b™2*cke"m*(m - 3*n + 1))*A - (2”3

*d*e"m*x(m + n + 1) - a”2*b*cxe"m*(m - n + 1))*B)*x*x™m - ((b~3*c*e m*(m -

2¥n + 1) - axb”2xd*e"m*x(m + 1))*A + (a"2%b*d*e"m*(m + 2*n + 1) - a*b”2*cx*e

“mx(m + 1))*B)*x*e” (m*¥log(x) + n*xlog(x)))/(a”2%b~4*n~2*x~(2*n) + 2%a~3*b~3

*n"2%x"n + a~4%b~2*n"2)

3.7.8 Giac [F]

/ (ex)™ (A + Bz™) (c + dz™) i — / (Bz™ + A)(dz™ + c)(ex)™ e
(a + bzn)? (bz™ 4 a)®

—

input Lintegrate ((e*x) “m* (A+B*x"n) * (c+d*x"n) /(a+b*x"n) "3,x, algorithm="giac")

output Lintegrate ((B*x"n + A)*(d*x"n + c)*(e*xx) m/(b*x"n + a)~3, x) J

ex)™(A+Bz")(c+dz™
37, [ larlabeennn) g
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3.7.9 Mupad [F(-1)]

Timed out.

/ (ex)™ (A + Bz™) (c + dz™) g — / (ex)™ (A+ Bz") (c+dz™) i

(a + bzn)® (a +bzn)?

inputtint(((e*x)"m*(A + Bxx"n)*(c + d*x"n))/(a + b*x"n)"3,x)

output Lint (((e*x)"m*x(A + Bxx"n)*(c + d*x"n))/(a + b*x"n)"3, x)

ex)™(A+Bz")(c+dz™
37, [ larlabeennn) g




output
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3.8.2 Mathematica [A] (verified) . . . . . .. ... .. .. Lo oL 88
3.8.3 Rubi [A] (verified) . . .. ... ... 88
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3.8.7 Maxima [B] (verification not implemented) . . . . . . . ... ... ... .. .. OTl
3.8.8 Giac [B] (verification not implemented) . . . .. .. ... ... ....... 93

3.8.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ......

3.8.1 Optimal result

Integrand size = 31, antiderivative size = 318

/ (e2)™ (a + bz")® (A + Ba") (c + dz™)? do

a’c(3Abc + aBc + 2aAd)z' T (ex)™

1+m+n
N a(aBc(3bc + 2ad) + A(3b*c? + 6abed + a®d?)) £ 2" (ex)™
1+m+2n
N (aB(3b2c? + 6abed + a?d?) + Ab(b%c? + 6abed + 3a2d?)) 13" (ex)™
14+m+3n

N b(3a>Bd? + 3abd(2Bc + Ad) + b*c(Bc + 2Ad)) z' 4" (ex)™

1+m+4n
d(2bBc + Abd + 3aBd)z' " (ex)™ 4 B Bd?z' %" (ex)™  a*Ac%(ex)t™

1+m+5n 1+m+6n e(l1+m)

b2
+

94

a~2kc* (2xAxaxd+3*Axb*xc+B*axc) *x~ (1+n) * (e*x) “m/ (1+m+n) +ax (a*Bkc* (2*xa*xd+3*b*
c)+A* (a~2*d"2+6*a*b*ckxd+3*%b~2%c"2) ) *x~ (1+2*n) * (e*x) “m/ (1+m+2*n) + (a*xB* (a~2*
d"2+6*xa*b*cxd+3*%b~2%c"2) +A*xb* (3*xa”~2+%d~2+6*axbkc*d+b~2+c~2) ) *x~ (1+3#*n) * (e*x
) “m/ (1+m+3*n) +b* (3*a~2*B*d~2+3*axbxd* (A*d+2*B*c) +b~2*c* (2*xAxd+B*xc) ) *x~ (1+4
*n) * (exx) “m/ (1+m+4*n) +b~2*d* (Axb*d+3*Bxa*xd+2*B*b*c) *x~ (1+5*n) * (exx) “m/ (1+m
+5%n) +b~3*Bxd~2*x~ (1+6*n) * (e*x) “m/ (1+m+6*n) +a~3*xA*c~2* (exx) ~(1+m) /e/ (1+m)

38.  [(ex)™(a+bz")* (A + Bz") (c+dz™)’ dz
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3.8.2 Mathematica [A] (verified)

Time = 1.57 (sec) , antiderivative size = 273, normalized size of antiderivative = 0.86

/ (e2)™ (a + bz")? (A + Ba") (c + dz™)? do

m (@A a*c(3Abc + aBc+ 2aAd)z™
= z(ex) +
I1+m 1+m+n
L a(aBc(3bc + 2ad) + A(3b%c® + 6abed + a2d?)) z"
1+m+2n
N (aB(3b%c? + 6abed + ad?) + Ab(b*c? + 6abed + 3ad?)) 3"
1+m+3n
N b(3a>Bd? + 3abd(2Bc + Ad) + b’c(Bc + 2Ad)) z*" N b*>d(2bBc + Abd + 3aBd)z™
1+m+4n 14+m+5n
b Bd?z®"
14+ m+6n

s

input LIntegrate [(e*x)"m*(a + b*x~n) "3*(A + B*x"n)*(c + d*x"n)"2,x]

-/

output | x* (e*x) “m*x ((a~3*A*c"2) /(1 + m) + (a"2*c*x(3xAxb*c + axBxc + 2*kaxA*xd)*x"n)/(
1 +m + n) + (ax(axBxckx(3xb*c + 2*xaxd) + A*(3*b~2*c”"2 + 6xaxbxc*d + a~2*d”
2))*x~(2*n))/(1 + m + 2%n) + ((a*xB*(3*b~2%c~2 + 6*axbxcxd + a~2*xd~2) + Axb
*(b~2%c~2 + B*axbkckd + 3*%a~2%d"2))*x~(3*n))/(1 + m + 3*n) + (b*x(3*xa~2*B*d
~2 + 3*axbkxd* (2*B*c + A*d) + b "2xcx(B*c + 2%A*d))*x~(4*n))/(1 + m + 4#%n) +

(b~2*d* (2*b*B*c + Axb*d + 3*a*B*d)*x~(5*n))/(1 + m + 5%n) + (b~ 3*Bkd"2*x~
(6*n))/(1 + m + 6%n))

3.8.3 Rubi [A] (verified)

Time = 0.59 (sec) , antiderivative size = 318, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 2, Bumber of rules _ 465 Ryles used
integrand size

= {1040, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (ex)™ (a + bz")? (A + Bz") (c + da™)? dx

l 1040

38.  [(ex)™(a+bz")* (A + Bz") (c+dz™)’ dz
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/ (a®Ac®(ex)™ + az®(ex)™ (A(a®d® + 6abed + 3b*c?) + aBc(2ad + 3bc)) + 3" (ex)™ (Ab(3a®d® + 6abed + bc

| 2009
aPAc*(ex)™t!  az®™t!(ex)™ (A(a’d? + 6abed + 3b%c?) + aBc(2ad + 3bc)) N
e(m+1) m+2n+1
23" (ex)™ (Ab(3a%d? + 6abed + b2c?) + aB(ad? + 6abed + 3b%c?) ) N
m+3n+1
bz'"t1(ex)™ (3a2Bd? + 3abd(Ad + 2Bc) + b?c(2Ad + Bc)) N
m+4n+1
a’cx™t!(ex)™(2aAd + aBc + 3Abc) n b2dz5" 1 (ex)™(3aBd + Abd + 2bBc) 4 b3 Bd?z5" 1 (ex)™
m+n+1 m+5n+1 m+6n+1

/

inputLInt[(e*x)‘m*(a + b*x~n)~3%(A + B*x"n)*(c + d*x~n)"2,x]

~—

output | (a~2kc*(3*A*b*xc + a*Bkc + 2*a*A*d)*x~ (1 + n)*(exx)"m)/(1 + m + n) + (ax(a*
Bkck (3*%b*c + 2*a*d) + Ax(3*b~2%c”2 + 6*a*b*ckd + a~2*xd"2))*x~ (1 + 2*n)*(e*
x)°m)/(1 + m + 2%n) + ((a*xB*(3*b~2%c~2 + 6*axbkcxd + a~2*xd~2) + Axb*x(b~2*c
~2 + 6xaxbxcxd + 3*a~2xd"2))*x~ (1 + 3*n)*(e*x) " m)/(1 + m + 3%n) + (b*(3*a”
2xBxd~2 + 3*axb*d*(2%Bxc + A*d) + b~2xc*(Bxc + 2%xA*d))*x~ (1 + 4*n)*(e*x) m
)/(1 + m + 4*n) + (b~2*d*(2*b*B*c + A*bxd + 3*a*B*d)*x~ (1 + 5%n)*(e*x) "m)/
(1 +m + 5%n) + (b"3*B*d"2*x" (1 + 6*n)*(exx)"m)/(1 + m + 6%n) + (a~3xAxc”2
*(e*x)”(1 + m))/(ex(1 + m))

3.8.3.1 Defintions of rubi rules used

rule 1040‘Int[((g_-)*(x_))‘(m_.)*((a_) + (b_)*(x_)"(@_ )" (p_.)*((c_) + (d_.)*(x_)"(n \
)7(gu)*(Cel) + (£_)*(x_)"(m_))"(r_.), x_Symboll :> Int[ExpandIntegrand[ |
‘(g*x)‘m*(a + b*x"n) "p*(c + d*x"n)"q*(e + f*x"n)"r, x], x] /; FreeQ[{a, b, c ‘
, d, e, f, g, m, n}, x] & IGtQlp, -2] && IGtQlq, 0] && IGtQ[r, 0] |

r

rule 2009L1nt [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

~—

38.  [(ex)™(a+bz")* (A + Bz") (c+dz™)’ dz
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3.8.4 Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 7.88 (sec) , antiderivative size = 11356, normalized size of antiderivative = 35.71

method result size
risch Expression too large to display | 11356

parallelrisch | Expression too large to display | 15203

inPllt‘int((e*X)“m*(a+b*x‘n)”3*(A+B*x“n)*(c+d*x‘n)”2,x,method=_RETURNVERBOSE)

output‘result too large to display

3.8.5 Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 6638 vs. 2(318) = 636.

Time = 0.46 (sec) , antiderivative size = 6638, normalized size of antiderivative = 20.87

/(ez)m (a + bz™)® (A + Bz") (c + dz™)? dz = Too large to display

inputLintegrate((e*x)‘m*(a+b*x‘n)‘3*(A+B*x‘n)*(c+d*x‘n)‘2,x, algorithm="fricas") J

output

Too large to include

N J

3.8.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 168099 vs. 2(321) = 642.

Time = 23.35 (sec) , antiderivative size = 168099, normalized size of antiderivative = 528.61

/(ez)m (a + bz™)® (A 4 Bz") (c + dz™)® dz = Too large to display

p
input Lintegrate ((exx) *+*xm* (a+b*x**n) x*3% (A+B*x**n) * (c+d*x**n) **2,x)

~—

38.  [(ex)™(a+bz")* (A + Bz") (c+dz™)’ dz




output
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/Piecewise(((A + B)*(a + b)*x3x(c + d)**2*log(x)/e, Eq(m, -1) & Eq(n, 0)),

((Axax*3xc*x*x2x1og(x) + 2xAxa*x3xckdkxx*n/n + Akxak*3*kdk*2kxkx*(2+n)/(2xn) +
3kAka*xk2kbkck*kkx*kkn/n + IkAkaxk2kxbkckdkxk* (2*%n)/n + Axa*x*x2kxbkd*x*2kx** (3%n
)/n + 3kAkaxbkk2kckk2kxkk (2%n)/(2%n) + 2kAkxaxbkxx2kxckd*x**(3*n)/n + 3*xA*xaxb
*k2kd*k*k2kxk* (4%n) / (4*n) + Axb**3kck*2*x**(3%n)/(3*%n) + Axbk*3kckd*x**(4*n)
/(2%n) + Axbx*3kd**x2xx**(5%n)/(5%n) + Bkakx*3kck*x2kx*k*n/n + Bkakxx3kcxkdkx*k* (
2%n) /n + B¥ax*3xdx*2xx** (3*%n)/(3*%n) + 3*xBkxa*x*x2xbxcx*2xx*x* (2*n)/(2*%n) + 2%B
ka*x*2kxbxckd*x** (3%n) /n + 3*xBka**x2¥bxd*x*2xx** (4*n)/(4*n) + Bkakxb*x*x2kck*2kx*
*(3xn) /n + 3*Bkaxbx*2kcxdxx**(4+n)/(2*n) + 3*Bkaxbx*2xd**2*xx* (5%n)/(5*n)
+ Bab**k3kcHkk2kx** (4xn) /(4*n) + 2+Bxbx*3xckdkx** (5%n)/(5*%n) + B¥b**3*d**2%x
**(6%n)/(6*n)) /e, Eq(m, -1)), (Axa*x3kc**x2*Piecewise((0**(-6*n - 1)*x, Eq(
e, 0)), (Piecewise((-1/(6*n*(e*xx)**(6*n)), Ne(n, 0)), (log(exx), True))/e,
True)) + 2xA*ax*3*ckxd*Piecewise ((-x*x**n*(e*x)**(-6*n - 1)/(5*%n), Ne(n, O
)), (x*xx*k*n*(exx)**x(-6*n - 1)*log(x), True)) + Axa*x*3*d**2xPiecewise ((-x*x
*x*x (2xn) * (e*x) **(-6*n - 1)/(4#n), Ne(n, 0)), (x*x**(2xn)*(e*x)**(-6xn - 1)=*
log(x), True)) + 3*A*xa*x*2*¥bxcx*2xPiecewise ((-x*x**n*(e*x)**(-6+%n - 1)/(5*n
), Ne(n, 0)), (x*x**n*(exx)**(-6xn - 1)*log(x), True)) + 6xAxax*2*b*c*d*Pi
ecewise ((—x*x** (2*n) * (exx)**x(-6*%n - 1)/(4*n), Ne(n, 0)), (x*xx**(2*n)*(e*xx)
*x*(-6xn - 1)*log(x), True)) + 3*Axax*2xbxdx*2xPiecewise ((—x*x**(3*n)* (e*x)
*x%(-6*%n - 1)/(3*n), Ne(n, 0)), (x*x**(3*n)*(e*xx)**(-6*n - 1)*log(x), Tr...

3.8.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 748 vs. 2(318) = 636.

38.  [(ex)™(a+bz")* (A + Bz") (c+dz™)’ dz




CHAPTER 3. LISTING OF INTEGRALS 92

Time = 0.28 (sec) , antiderivative size = 748, normalized size of antiderivative = 2.35

/ (e2)™ (@ + ba™)? (A + Ba™) (c + dz™)? do

Bb3d26m$6(m log(z)+6 nlog(x)) 9 Bb3cdemxe(m log(z)+5nlog(x))

= +
m+6n+1 m+9on+1
3Bab2d2emme(mlog(w)+5nlog(w)) Ab3d2emxe(mlog(w)+5nlog(w))
m+5n+1 + m+5n+1
Bb362€m1}6(m log(z)+4nlog(z)) 6 BabQCdemxe(m log(z)+4nlog(z))
m+4n+1 + m+4n+1
2AbBCdemxe(mlog(w)+4nlog(a:)) 3Ba26d2€mx6(m10g(z)+4n10g(z))
m+4n+1 m+4n+1
3Aab2d2emxe(mlog(z)+4nlog(z)) 3Bab262€mxe(m10g(z)+3n10g(:1:))
+
m+4n+1 m+3n+1
Ab3c2? emxe(m log(z)+3 nlog(z)) 6 Ba2bcdemxe(m log(z)+3 nlog(z))
+
m+3n+1 m+3n+1
6AabZCdemxe(mlog(z)+3nlog(x)) Ba3d2emxe(mlog(:z:)—i—Snlog(x))
m+3n+1 m+3n+1
3AaZbd2emme(mlog(x)+3nlog(w)) 3Ba2bc2emwe(mlog(x)+2nlog(x))
+
m+3n+1 m+2n+1
3AabZCZsze(mlog(z)+2nlog(w)) 2Ba3cdem$e(mlog(z)+2nlog(z))
+
m+2n+1 m+2n+1
6 Aazbcdemxe(m log(z)+2nlog(z)) Aa3d2emxe(m log(z)+2nlog(z))
m+2n+1 + m+2n+1
BCL3C2€m.’IJ6(m log(z)+nlog(x)) 3 Aa2bc2emxe(mlog(z)+n log(z))
m+n+1 + m+n+1
2 Aa3cde™ze(mioa@)tnlog(@) (o)™ Ag3c2
m+n+1 + e(m+1)

input Lintegrate ((exx) “m* (a+b*x"n) “3* (A+B*x"n) * (c+d*x"n) "2,x, algorithm="maxima")

38.  [(ex)™(a+bz")* (A + Bz") (c+dz™)’ dz



output
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B*b~3*d"2*e " m*x*e” (m*¥log(x) + 6*n*xlog(x))/(m + 6*%n + 1) + 2xB*b~3*c*d*e m*

x*e” (m*log(x) + 5*nxlog(x))/(m + 5*n + 1) + 3*B¥axb~2*d"2%e m*x*e” (m*log(x
) + binxlog(x))/(m + 5*%n + 1) + Axb~3*d"2*e"m*x*e” (m*log(x) + 5*nxlog(x))/
(m + B5*n + 1) + B*b~3*c™2*e " m*x*e” (m*¥log(x) + 4*nxlog(x))/(m + 4*n + 1) +

6*B*a*b~2*kckd*e m*x*e” (m*¥log(x) + 4*n*xlog(x))/(m + 4*n + 1) + 2%Axb~3*c*d*
e"mxx*e” (m¥log(x) + 4*n*log(x))/(m + 4%n + 1) + 3*Bxa~2xbxd~2*e m*x*e” (m*1l
og(x) + 4xnxlog(x))/(m + 4*n + 1) + 3xA*a*b~2xd~2*e m*x*e” (m*¥log(x) + 4*n*
log(x))/(m + 4*n + 1) + 3*Bk*axb~2*c”2*e m*x*e” (m*log(x) + 3*n*log(x))/(m +
3*n + 1) + Axb~3*c”2%e mxx*e” (m*log(x) + 3*nxlog(x))/(m + 3*n + 1) + 6*B*
a"2xbkcxd*e mxx*e” (m*xlog(x) + 3*nxlog(x))/(m + 3*n + 1) + 6*xA*xaxb”~2xckxd*e”
mxx*e” (m*xlog(x) + 3*nxlog(x))/(m + 3*n + 1) + Bxa~3%d"2*e m*x*e” (m*log(x)
+ 3#n*log(x))/(m + 3*n + 1) + 3*A*a~2%b*d"2*e m*x*e” (m*log(x) + 3*n*log(x)
)/(m + 3*%n + 1) + 3*%Bxa~2xb*c~2+e"m*x*e” (m*log(x) + 2#n*log(x))/(m + 2*n +

1) + 3%A*axb~2*c”2*e"m*x*e” (m*log(x) + 2*n*log(x))/(m + 2%n + 1) + 2%B*a”
3kckd*e m*x*e” (m*¥log(x) + 2*n*log(x))/(m + 2%n + 1) + 6xA*a”2xb*c*xd*e m*x*
e” (m*log(x) + 2*n*log(x))/(m + 2*n + 1) + A*a~3*d"2*e"m*x*e” (m*log(x) + 2%
n*log(x))/(m + 2*%n + 1) + B*a~3*c”2*e m*x*e” (m*xlog(x) + n*log(x))/(m + n +

1) + 3%A*a~2xb*c”2*e"m*x*e” (m*log(x) + nxlog(x))/(m + n + 1) + 2xAxa~3*cx*
d*e"m*x*e” (m*¥log(x) + n*log(x))/(m + n + 1) + (e*xx)~(m + 1)*A*xa”~3*c™2/(ex*(
m+ 1))

3.8.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 70422 vs. 2(318) = 636.

Time = 0.85 (sec) , antiderivative size = 70422, normalized size of antiderivative = 221.45

/(ez)m (a + bz™)’ (A + Bz") (c + dz™)* dz = Too large to display

input  integrate((e*x) “m* (a+b*x"n) ~3* (A+B*x"n) * (c+d*x"n) "2,x, algorithm="giac")

~—

38.  [(ex)™(a+bz")* (A + Bz") (c+dz™)’ dz



output
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(B*b~3*d~2*m~6*x*x~ (6%n) *e~ (m*log(e) + m*xlog(x)) + 15xB*b~3*d~2*m~5*n*x*x"
(6%n) *e~ (m*log(e) + mxlog(x)) + 85xB*b~3*d~2*m~4*n~2*x*x~ (6%n) *e~ (m*log(e)
+ m*log(x)) + 225xB*b~3*d”~2*m~3*n"3*x*x” (6*n) *e” (m*log(e) + m*log(x)) + 2
T4%B*b~3*d~2*m~2*n"4*x*x"~ (6*n) *e~ (m*log(e) + m*log(x)) + 120%B*b~3*d~2*m*n
“6xx*xx” (6*n) *e” (m*log(e) + m*xlog(x)) + 2%B*b~3*c*d*m~6*x*x~(5%n)*e~ (m*log(
e) + mxlog(x)) + 3*B*a*b~2xd~2*m~6*x*x~ (5*n)*e” (m*log(e) + mxlog(x)) + A*b
~3%d"2*m”~6*x*x” (5%n) e~ (m*¥log(e) + mxlog(x)) + B*b~3*d~2#m~6*x*x~ (5*n)*e”(
m*log(e) + m*log(x)) + 32%B*b~3*c*d*m~5*n*x*x~ (5%n)*e” (m*log(e) + m*xlog(x)
) + 48%Bxa*b~2xd”2*m”5*n*x*x" (5%n)*e” (m¥log(e) + m*log(x)) + 16%Axb~3%d~2x%
m~5*n*x*x~ (5%n) *e” (m*log(e) + mxlog(x)) + 15xB*b~3*d ~2*m”~5*n*x*x~ (5*n)*e” (
m*xlog(e) + m*log(x)) + 190%Bxb~3*kckd*m~4*n~2*x*x~ (5%n)*e” (m*log(e) + mxlog
(x)) + 285*B*a*b~2xd~2*m~4*n"2*x*x” (5*%n)*e” (m*log(e) + m*log(x)) + 95*A*b~
3*xd"2*xm~4*n"2*x*x” (5*n) *e” (m*log(e) + m*log(x)) + 85*B*b~3*d~2+m~4+*n~2*x*x
~(5*n)*e~ (m*log(e) + m*log(x)) + 520*B*b~3*c*d*m~3*n~3*x*x~ (5*n) *e” (m*log/(
e) + mxlog(x)) + 780%B*a*xb~2%d~2#m~3*n~3*x*x~ (5*n)*e” (m*log(e) + m*log(x))
+ 260%A*b~3%d~2*m"~3*n"3*x*x~ (5*n)*e” (m*log(e) + m*log(x)) + 225%B*b~3*d~2
*m~3*n"3*x*x” (5%n) e~ (m*xlog(e) + m*xlog(x)) + 648%B*b~3*ckd*rm~2*n~4*x*x"~ (5%
n)*e~ (m*xlog(e) + mxlog(x)) + 972*Bkaxb~2*d”~2*m~2*n"4*x*x~ (5*n)*e” (m*log(e)
+ mxlog(x)) + 324*Axb~3%d~2+m~2*n"4*x*x" (5*n)*e” (m¥log(e) + m*log(x)) + 2

T4xB*b~3%d~2*m~2*n"4*x*x~ (5%n) *e~ (m*log(e) + m*log(x)) + 288*Bxb~3kckd*. ..

3.8.9 Mupad [B] (verification not implemented)

Time = 10.78 (sec) , antiderivative size = 1882, normalized size of antiderivative = 5.92

/(ez)m (a + bz™)® (A 4 Bz") (c + dz™)® dz = Too large to display

-

input Lint((e*x) “m*x(A + B*x"n)*(a + b*x~n) 3*(c + d*x"n)"2,x)

|

38.  [(ex)™(a+bz")* (A + Bz") (c+dz™)’ dz
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(x*x~ (3*n) * (e*x) “m* (A*xb~3%c™2 + B*a~3*%d~2 + 3%A*xa~2%b*d~2 + 3*B*a*b~2xc~2

+ 6xAxaxb~2%cxd + 6%Bxa”2*bkckd)*(5xm + 18*n + 72*m*n + 363*m*n~2 + 108*m”
2xn + 744*m*n~3 + 72*m~3*n + 508*m*n~4 + 18*m~4*n + 10*m~2 + 10*m~3 + 5*m~
4 + m~5 + 121*n"2 + 372*%n"3 + 508*n"4 + 240*%n”5 + 363*m~2*n"2 + 372*m”2*n"
3 + 121*m~3*n"2 + 1))/(6*m + 21%n + 105%m*n + 700*m*n~2 + 210*m~2*n + 2205
*m*n~3 + 210*m~3*%n + 3248*m*n~4 + 105*m~4*n + 1764*m*n"5 + 21*m~5*n + 15%m
“2 + 20*m~3 + 15*m~4 + 6*m~5 + m™6 + 175%n"2 + 735*n"3 + 1624*n"4 + 1764*n
“5 + 720*%n"6 + 1050*m~2*%n"2 + 2205*m~2*n"3 + 700*m~3*n"2 + 1624*m~2*%n"4 +
735*m~3*n"~3 + 175*m~4*n~2 + 1) + (A*a~3*c™2*xx*x(e*x)"m)/(m + 1) + (axx*x~(2
*n)* (e*xx) “mk (A*a~2xd"2 + 3*xA*xb~2%c™2 + 3*Bkaxb*c”2 + 24B*a”~2*xcxd + 6kAxaxb
*cxd) * (5*xm + 19*%n + 76*m*n + 411*m*n~2 + 114#m~2*n + 922*m*n~3 + 76*m~3*n
+ 702*m*n~4 + 19*%m~4*n + 10*m~2 + 10*m~3 + 5*m~4 + m~5 + 137*%n"2 + 461%n"3
+ 702*n"4 + 360%n"5 + 411*m~2*n"2 + 461*%m~2*n"3 + 137*m~3*n"2 + 1))/(6*m
+ 21%n + 105*%m*n + 700*m*n~2 + 210*m~2*n + 2205*m*n~3 + 210*m~3*n + 3248*m
*n"4 + 105*m~4*n + 1764*m*n"5 + 21*m~5*n + 15*m~2 + 20*m~3 + 15*m™4 + 6*m™
5+ m™6 + 175%n"2 + 735%n"3 + 1624*n"4 + 1764*n"5 + 720*n"6 + 1050*m~2*n"2
+ 2205*%m~2*n"3 + 700*%m~3*%n"2 + 1624*m~2*n"4 + 735*m~3*n"3 + 175*m~4*n"2 +
1) + (b*xx*x~(4*n)*(e*xx) “m* (3*B*a~2*d"2 + B*b~2*c™2 + 3*A*xaxb*d™2 + 2*Axb~
2*cxd + 6xBka¥bxckd)*(5*m + 17*n + 68*m*n + 321*m*n"2 + 102#m~2*n + 614*m*
n~3 + 68*xm~3*%n + 396*m*n"4 + 17*m~4*n + 10*m~2 + 10*m™3 + 5%m™4 + m”5 +...

38.  [(ex)™(a+bz")* (A + Bz") (c+dz™)’ dz
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3.9  [(ex)™(a+bz")’ (A+ Bz") (c + dz")* da

39.1 Optimalresult . .. ... ... . .. ... 96!
3.9.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 97
3.9.3 Rubi [A] (verified) . . . ... ... 97
3.9.4 Maple [C] (warning: unable to verify) . . . . . ... ... ... ... ... .. 98
3.9.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... . .... 99
3.9.6 Sympy [B] (verification not implemented) . . ... .. ... ... ...... 100!
3.9.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... ... .. 1071
3.9.8 Giac [B] (verification not implemented) . . ... .. ... ... ....... 102
3.9.9 Mupad [B] (verification not implemented) . . . ... ... ... ... .... 103

3.9.1 Optimal result

Integrand size = 31, antiderivative size = 237

/ (ez)™ (@ + bz")? (A + Ba") (c + da™)? do

_ac(aBc+ 2A(bc + ad))z' " (ex)™
B 1+m+n
N (2aBc(be + ad) + A(b*c® + 4abed + ad?)) 112" (ex)™
1+m+2n
N (a’Bd? + 2abd(2Bc + Ad) + b?c(Bc + 2Ad)) z1 13" (ex)™

14+m+3n
N bd(2bBc + Abd + 2aBd)z' ™" (ex)™ N bV’ Bd?z' ™" (ex)™  a?Ac%(ex)t™

1+m+4n 1+m+5n e(l1+m)

a*xc* (Bxaxc+2xAx (axd+b*c)) *x~ (1+4n) * (e*x) “m/ (1+m+n) + (2*a*B*c* (a*d+b*c) +A* (a~
2%d"2+4*axbxcxd+b~2*c”2) ) *x~ (1+2#*n) * (e*x) “m/ (1+m+2*n) + (2~ 2*B*d "~ 2+2*a*xb*d* (
A*xd+2%B*c) +b"2*c* (2*xA*xd+B*c) ) *x~ (1+3%*n) * (e*x) “m/ (1+m+3*n) +b*xd* (Axb*d+2*B*a
*d+2*%Bxbxc) *x~ (1+4*n) * (e*x) “m/ (1+m+4*n) +b~2*B*d~2*x~ (1+5*n) * (e*x) “m/ (1+m+5

*n)+a~2%Axc~2% (e*xx) ~ (1+m) /e/ (1+m)

39.  [(ex)™(a+bz")? (A + Bz") (c+dz™)’ dz
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3.9.2 Mathematica [A] (verified)

Time = 0.88 (sec) , antiderivative size = 199, normalized size of antiderivative = 0.84

/(ex)m (a + bz™)* (A + Bz") (c + dz")* dz

_ s(ex)” a’Ac? N ac(aBc + 2A(be + ad))z™
B 1+m 1+m+n
N (2aBc(be + ad) + A(b*c® + 4abed + a*d?)) "
1+m+2n
N (a’Bd? + 2abd(2Bc + Ad) + b?c(Bc + 2Ad)) 23" N bd(2bBc + Abd + 2aBd)z*"

1+m+3n 1+m+4n
b?>Bd?x5" )

1+m+5n

input Integrate[(e*x) m*(a + b*x"n) 2x(A + B*x"n)*(c + d*x"n) 2,x] ‘

N J

output | x*(e*xx) “m*((a~2%A*c~2)/(1 + m) + (akxc*(a*xBxc + 2xAx(b*c + a*xd))*x"n)/(1 +
m + n) + ((2%a*Bkcx(b*c + a*d) + A*(b~2%c™2 + 4*axbkckd + a~2%d"2))*x”(2*n
))/(1 + m + 2+%n) + ((a"2%Bxd~2 + 2*axbkxd*(2*%B*c + Axd) + b~ 2xckx(Bkc + 2*A*
d))*x~(3*%n))/(1 + m + 3*n) + (bxd*(2*b*B*c + A¥xbxd + 2*xaxBxd)*x~(4*n))/(1
+ m + 4%n) + (b"2*%Bxd"2*x~(5*n))/(1 + m + 5%n))

3.9.3 Rubi [A] (verified)

Time = 0.48 (sec) , antiderivative size = 237, normalized size of antiderivative = 1.00,
— _ o number of rules _

number of steps used = 2, number of rules used = 2, integrand size 0.065, Rules used

= {1040, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

L/@wf%a+bfﬂ2QL+Bw%(c+df62&v

l 1040

/ (z*"(ex)™ (A(a*d® + 4abed + bc?) + 2aBc(ad + be)) + %" (ex)™ (a® Bd? + 2abd(Ad + 2Bc) + b*c(2Ad + Be

l 2009

39.  [(ex)™(a+bz")? (A + Bz") (c+dz™)’ dz
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m2n+1(em)m (A(a2d2 + 4abed + b202) + 2aBc(ad + bC)) n

m+2n+1
2®" 1 (ex)™ (a®Bd? + 2abd(Ad + 2Bc) + b%c(2Ad + Bc))  a?Ac?(ex)™H!
m+3n+1 e(m+1)
acz™ ! (ex)™(2A(ad + bc) + aBc) + bdz*"*t!(ex)™(2aBd + Abd + 2bBc)  b?Bd*z5"t!(ex)™
m+n+1 m+4n+1 m+5n+1

inputLInt[(e*x)‘m*(a + b*x"n) "2%(A + B*x"n)*(c + d*x"n)"2,x]

output | (axc*(a*Bxc + 2xAx(b*c + a*xd))*x~ (1 + n)*(e*x)"m)/(1 + m + n) + ((2*%a*Bxcx*
(b*c + axd) + A*(b~2%c™2 + 4¥axbxcxd + a~2*xd~2))*x~ (1 + 2*n)*(exx)"m)/(1 +
m + 2%n) + ((a"2%Bxd~2 + 2%axb*d*(2%Bxc + A*d) + b~2xcx(Bxc + 2%A*d))*x~(
1 + 3*n)*(e*x)"m)/(1 + m + 3*n) + (b*d*x(2*%b*Bxc + Axbkd + 2*a*Bxd)*x~ (1 +

4xn)*(exx)"m)/(1 + m + 4%n) + (b~2%B*d™2*x~ (1 + 5*n)*(e*x) " m)/(1 + m + 5*n
) + (a”2xA*c™2*(e*x)~(1 + m))/(ex(1 + m))

3.9.3.1 Defintions of rubi rules used

rule 1040\Int[((g_.)*(x_))‘(m_.)*((a_) + (b_)*(x_)"(@_ )" (p_.)*((c_) + (d_.)*(x_)"(n
)7 (gu)*(Cel) + (£_)*(x_)"(m_))"(r_.), x_Symboll :> Int[ExpandIntegrand[
‘(g*x)“m*(a + b*x™n) “p*(c + d*x"n)"q*(e + f*x"n)"r, x], x] /; FreeQ[{a, b, c
L, d, e, £, g, m, n}, x] & IGtQ[p, -2] & IGtQ[q, 0] && IGtQ[r, O]

B —

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

3.9.4 Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 3.33 (sec) , antiderivative size = 5875, normalized size of antiderivative = 24.79

method result size

risch Expression too large to display | 5875
parallelrisch | Expression too large to display | 7994

input ‘ int ((e*x) “m* (a+b*x"n) ~2% (A+B*x"n)* (c+d*x"n) ~2,x,method=_RETURNVERBOSE)

39.  [(ex)™(a+bz")? (A + Bz") (c+dz™)’ dz
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output‘result too large to display

3.9.5 Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 3515 vs. 2(237) = 474.

Time = 0.37 (sec) , antiderivative size = 3515, normalized size of antiderivative = 14.83

/(ez)m (a + bz™)? (A + Bz") (c + dz™)? dz = Too large to display

input  integrate((e*x) “m* (a+b*x"n) ~2* (A+B*x"n)* (c+d*x"n) "2,x, algorithm="fricas")

\

output | ((Bxb~"2+%d~2*m~5 + 5%B*b~2+*d~2*m~4 + 10%B*b~2+%d~2*m~3 + 10*B*b~2*d~2*m~2 +
5xB*b~2%d~2%m + B*b~2*d~2 + 24*(B*b~2%d”"2*m + B*b~2*%d~2)*n"4 + 50%(Bxb~2*d
“2xm~2 + 2xBxb~2*d"2*m + B*b"2*%d"2)*n"3 + 35%(B*b"2%d"2+%m~3 + 3*Bxb~2xd~ 2%
m~2 + 3*Bxb~2*%d"2*m + B*b"2*d"2)*n"2 + 10*(B*b~2*d"2*m~4 + 4*Bxb~2*d"2*m"3
+ 6%B*¥b"2%d"2#m”2 + 4*B*b"2%d"2*m + Bxb~2%d~2)*n)*x*x” (5%n)*e” (m*log(e) +
m*xlog(x)) + ((2#B*b~2%c*d + (2*Bxaxb + Axb~2)*d~2)*m~5 + 2%Bxb~2%c*d + 5*
(2%B*b~2*cxd + (2*Bka*b + A*b~2)*d"2)*m~4 + 30*(2*B*b~2*c*d + (2*%Bxaxb + A
*b~2)*d"2 + (2*Bxb~2%c*d + (2*Bxaxb + A*xb"2)*d"2)*m)*n~4 + 10*(2*xBxb~2kc*d
+ (2%B*a*b + A*¥b~2)*d"2)*m”~3 + 61%(2*%B*b~2*c*xd + (2*xBxaxb + A*b~2)*d"2 +
(2xBxb~2xcxd + (2*%B*a*b + A*b~2)*d~2)*m~2 + 2% (2%B*b~2%c*d + (2*Bxaxb + Ax
b~2)*d"2) *m) *n~3 + (2*B*axb + A*b~2)*d"2 + 10%(2+B*b~2xc*d + (2#Bkaxb + Ax*
b"2)*d"2) *m~2 + 41x(2*Bxb~2%c*d + (2*Bxb~2*ckd + (24B*a*xb + A*xb~2)*d"2)*m”
3 + (2#%Bxaxb + A*xb~2)*d"2 + 3*(2*%B*xb~2*c*d + (2#Bxa*b + A*b~2)*d"2)*m”2 +
3% (2xB*b~2xc*d + (2*Bxaxb + A*xb~2)*d~2)#*m)*n"2 + 5% (2*xBxb~2*cxd + (2*B*a*b
+ A*b"2)*d"2)*m + 11x(2xBxb~2kckd + (2*B*b~2*c*d + (2*xBxaxb + A*b~2)*d"2)
*m~4 + 4x(2xBxb~2kc*d + (2*B*axb + A*b~2)*d"2)*m~3 + (2*B*a*xb + A*b~2)*d"2
+ 6% (2%B*b~2*c*d + (2*xBxaxb + A*b~2)*d"2)*m~2 + 4*x(2*xBxb~2kc*d + (2%B*axb
+ A*b”2)*d"2)*m) *n) *x*x~ (4*n) *e” (m*¥log(e) + mxlog(x)) + ((B¥b~2%c™2 + 2x(
2*Bxa*xb + A*b~2)*c*d + (B*a~2 + 2*Axa*b)*d"2)*m~5 + Bxb"2*c”2 + 5x(B*b~2*c
2 + 2% (2*B*axb + A*b"2)*ckxd + (B*a"2 + 2xA*axb)*d"2)*m"4 + 40*(Bxb~2x*c...

N

39.  [(ex)™(a+bz")? (A + Bz") (c+dz™)’ dz
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3.9.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 72500 vs. 2(233) = 466.

Time = 14.26 (sec) , antiderivative size = 72500, normalized size of antiderivative = 305.91

/(ew)m (a + bz™)? (A + Bz") (c + dz™)? dz = Too large to display

input ‘ integrate ((e*x) *xm* (a+b*x**n) ** 2% (A+Bxx**n) * (c+d*x**n) **2,x)

output

/Piecewise(((A + B)*(a + b)*x2x(c + d)**2*log(x)/e, Eq(m, -1) & Eq(n, 0)),

((Axax*2xc*x*x2x1og(x) + 2xAxa*x2xckdkxx*n/n + Akxak*2kdk*2*xxkx* (2+n)/(2%n) +
2% A*axbkxckx2kx*k*n/n + 2kA*xakxbkxckd*x**(2%n)/n + 2kAxaxbxd**2xx**(3*n)/(3%n)
+ Axb**2kxckx*x2%kx*x* (2%n) /(2%n) + 2%A*xb**x2xcxkxd*xx**(3*n)/(3*%n) + Axbk*2kxd**2x%
x** (4%n) / (4%n) + Bxax*2kckx*2*x**n/n + Bkxax*2kckd*x**x(2*n)/n + Bkxax*x2kxd*x*2%
x** (3%n) /(3%n) + B*axb*c**2*x**(2%n)/n + 4*B*a*b*ckd*x**(3*n)/(3*%n) + B*ax
bxd**x2*x** (4%n) / (2%n) + B¥b**2kxcx*2xx*x* (3*%n)/(3*%n) + Bxb*x*x2kxckd*x** (4*n)/(
2xn) + Bxb**2xd*x2*x*x(5%n)/(5%n)) /e, Eq(m, -1)), (Axa*x2*c*x2+Piecewise ((
O*x(-5*n - 1)#*x, Eq(e, 0)), (Piecewise((-1/(5*n*(e*x)**(5*n)), Ne(n, 0)),
(log(e*x), True))/e, True)) + 2*Axax*2xcxd*Piecewise ((-x*x**n* (e*xx)**(-5*n
- 1)/(4*n), Ne(n, 0)), (x*x**n*(e*x)**x(-5*n - 1)*log(x), True)) + Axa**2x
dx*2+Piecewise ((—x*x** (2*n) * (e*x) **(-5*%n - 1)/(3*n), Ne(n, 0)), (x*kx**(2*n
Y*(exx)**(-5%n - 1)*log(x), True)) + 2xA*a*bxcx*2xPiecewise ((—x*x**n* (e*x)
*x(-5%n - 1)/(4*n), Ne(n, 0)), (x*xx**n*(exx)**(-5*n - 1)*log(x), True)) +
4xAxaxb*cxd*xPiecewise ((—x*x** (2*n) * (e*x) **(-5*%n - 1)/(3*n), Ne(n, 0)), (x*
xxk (2*n) * (exx) ¥k (-5*n - 1)*log(x), True)) + 2xAxaxbkd**2*Piecewise ((-x*x**
(3*n) *(exx)**(-5%n - 1)/(2*n), Ne(n, 0)), (x*x**(3*n)*(e*x)**(-5*n - 1)*lo
g(x), True)) + A*b*x2*c**2*Piecewise((—x*x**(2*n)*(e*x)**(-5+%n - 1)/(3*n),
Ne(n, 0)), (x*x**x(2*n)*(e*x)*x(-5*n - 1)*log(x), True)) + 2xAxb*x2xc*d*Pi
ecewise ((—x*x** (3*n)* (e*x)**x(-5*n - 1)/(2*n), Ne(n, 0)), (x*x**x(3*n)*(e...

39.  [(ex)™(a+bz")? (A + Bz") (c+dz™)’ dz
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3.9.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 540 vs. 2(237) = 474.

Time = 0.28 (sec) , antiderivative size = 540, normalized size of antiderivative = 2.28

/(em)m (a + bz™)? (A + Bz") (c + dz™)? dz

Bb2d? emxe(m log(z)+5nlog(z)) 9 BbZCdemxe(m log(z)+4 nlog(z))

m+o5n+1 + m+4n+1
9 Babd2emxe(m log(z)+4nlog(zx)) Ab2d2€m$6(m log(z)+4nlog(z))
_|_
m+4n+1 m+4n+1
BbQCQGmxe(mlog(z)+3nlog(x)) 4Babcdemxe(mlog(z)+3nlog(z))
+
m+3n+1 m+3n+1
2 Ab2cdemxe(m log(z)+3 nlog(zx)) Ba2d? emxe(m log(z)+3 nlog(zx))
+
m+3n+1 m+3n+1
2AabdZemxe(mlog(x)+3nlog(w)) 2Babc2emxe(mlog(x)+2nlog(:1:))
m+3n+1 m+2n+1
Ab202emwe(mlog(x)+2nlog(x)) 2BaZCdemwe(mlog(x)+2nlog(x))
+
m+2n+1 m+2n+1
4Aa’bcdemxe(mlog(w)+2nlog(z)) Aa2d2emxe(mlog(w)+2nlog(z))
m+2n+1 + m+2n+1
Ba202emxe(mlog(x)+n log(z)) 2 Aabc2emxe(m log(z)+nlog(z))
m+n+1 + m+n+1
2 Aa2cde™ze(mloa@)tnlog(@) (o)™ Ag2¢2
m+n+1 + e(m+1)

input tintegrate ((e*x) “m* (a+b*x"n) “2* (A+B*x"n) * (c+d*x"n) "2,x, algorithm="maxima")

39.  [(ex)™(a+bz")? (A + Bz") (c+dz™)’ dz



output
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B*b~2*d"2*e " m*x*e” (m*¥log(x) + 5*nxlog(x))/(m + 5*n + 1) + 2xB*b~2*c*d*e m*

x*e” (m*log(x) + 4*n*xlog(x))/(m + 4*n + 1) + 2*Bxaxb*d~2%e m*x*e” (m*log(x)
+ 4xnxlog(x))/(m + 4*n + 1) + Axb~2xd"2xe m*x*e” (m*log(x) + 4*n*log(x))/(m

+ 4%n + 1) + Bxb"2%c”"2*e"m*x*e” (m*log(x) + 3*n*log(x))/(m + 3*n + 1) + 4%
Bxaxbxcxd*e m*x*e” (m*log(x) + 3*n*log(x))/(m + 3*n + 1) + 2%Axb~2%c*d*e m*
xxe” (m*¥log(x) + 3*nxlog(x))/(m + 3*n + 1) + Bxa~2*d"2xe m*x*e” (m*log(x) +
3xnxlog(x))/(m + 3%n + 1) + 2xA*a*xbxd~2*e m*x*e” (m*xlog(x) + 3*nxlog(x))/(m

+ 3*n + 1) + 2*Bkaxb*c”~2*%e "m*x*e” (m*¥log(x) + 2*n*log(x))/(m + 2*n + 1) +
A¥b~2*xc"2xe m*x*e” (m*¥log(x) + 2*n*xlog(x))/(m + 2*%n + 1) + 2xB*a~2xckd*e m*
x*e” (m*xlog(x) + 2*n*log(x))/(m + 2*n + 1) + 4xAxaxbkckd*e m*x*e” (m*log(x)
+ 2xnxlog(x))/(m + 2%n + 1) + A*a~2*d"2%e m*x*e” (m*log(x) + 2*n*log(x))/(m
+ 2%n + 1) + Bxa"2*c"2xe"m*x*e” (mklog(x) + n*log(x))/(m + n + 1) + 2xAxax
b*c~2*e"m*x*e” (m*¥log(x) + n*log(x))/(m + n + 1) + 2xA*a”2*ckd*e m*x*e” (m*1
og(x) + nxlog(x))/(m + n + 1) + (exx)"(m + 1)*A*a~2+c”2/(e*(m + 1))

3.9.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 32523 vs. 2(237) = 474.

Time = 0.51 (sec) , antiderivative size = 32523, normalized size of antiderivative = 137.23

/(em)m (a + bz™)? (A + Bz") (¢ + dz™)? dz = Too large to display

input  integrate((e*x) “m* (a+b*x"n) ~2* (A+B*x"n) * (c+d*x"n) "2,x, algorithm="giac")

39.  [(ex)™(a+bz")? (A + Bz") (c+dz™)’ dz
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output | (Bxb~2+d"~2*m~5*x*x~ (5*n) *e~ (m*log(e) + m*xlog(x)) + 10%B*b~2xd~2*m~4*n*x*x"~
(5%n) *e~ (m*log(e) + mxlog(x)) + 35xB*b~2*d~2*m~3*n~2*x*x~ (5%n) *e~ (m*log(e)
+ m*log(x)) + 50*B*b~2*d~2+m~2#n"3*x*x~ (5%n) *e~ (m*log(e) + m*log(x)) + 24
*B*b~2*%d~2*m*n"4*x*x~ (5*n) *e~ (m*log(e) + m*log(x)) + 2*B*b~2*kcxd*m™5*x*x" (
4xn)*e” (m*log(e) + m*log(x)) + 2*Bkaxbkxd~2*m~5*x*x~ (4*n)*e” (m*log(e) + m*l
og(x)) + A*b~2*d"2#m~5*x*x~ (4*n)*e” (m*xlog(e) + m*log(x)) + Bxb~2%d~2*m~5*x
*x~ (4*n) *e~ (m*xlog(e) + m*log(x)) + 22*Bxb~2*ckd*m~4*n*x*x~ (4*n)*e” (m*xlog(e
) + mxlog(x)) + 22*Bkaxb*d~2*m~4*n*x*x~ (4*n)*e” (m*¥log(e) + m*xlog(x)) + 11x
A*b~2%d"2*m~4*n*x*x" (4*n) *e~ (m*¥log(e) + m*log(x)) + 10%*Bxb~2%d~2*m~4*n*x*x
~(4*n)*e~ (mxlog(e) + m¥log(x)) + 82%Bxb~2*ckd*m~3*n~2*x*x” (4*n)*e” (m*log(e
) + mxlog(x)) + 82xBkaxbxd~2*m~3*n~2*x*x~ (4*n)*e” (m*xlog(e) + m¥xlog(x)) + 4
1%A*b~2%d"2*m"3*n"2*x*x” (4*n) *e” (m*log(e) + m*log(x)) + 35*B*b~2xd~2*m~3*n
~2*x*x” (4*n) *e” (m*log(e) + m*log(x)) + 122*%Bxb~2xc*d*m~2*n~3*x*x~ (4*n)*e” (
m*log(e) + m¥log(x)) + 122%B¥a*b*d~2*m~2*n~3*x*x~ (4#n)*e” (m*log(e) + m*log
(x)) + 61%A*b~2%d™2*m~2*n"3*x*x~ (4*n)*e~ (m*¥log(e) + m*log(x)) + 50*B*b~2*d
~2xm~2*n"3*x*x” (4*n) *e~ (m*log(e) + m*log(x)) + 60*B*b~2*kc*kd*m*n~4*x*x~ (4*n
)*e” (m*¥log(e) + mxlog(x)) + 60*Bkaxbxd~2*m*n~4*x*x~ (4+n)*e” (m*log(e) + mx1
og(x)) + 30%A*xb~2*d~2*m*n~4*x*x~ (4*n)*e~ (m*¥log(e) + m*xlog(x)) + 24*Bxb~2*d
~2+m*n~4*x*x” (4*n) *e” (m*xlog(e) + mxlog(x)) + B*b~2xc”2+m”~5*x*x~ (3*n)*e” (m*
log(e) + mxlog(x)) + 4xBxaxb*c*xd*m”~5*x*x~(3*n)*e” (m*log(e) + mxlog(x)) ...

3.9.9 Mupad [B] (verification not implemented)

Time = 9.87 (sec) , antiderivative size = 1119, normalized size of antiderivative = 4.72

/ (e2)™ (@ + ba™)? (A + Ba") (c + dz™)? do

_zaz’(ex)" (2Ba*cd+ Aa®d*+2Babc? +4Aabed+ Ab®?) (m* +13mPn+ 4m® + 59m? n? + 3

C mb4+15min+5mt+85m3n2 +60m3n+ 10m3 + 225m2n3 + 255m2n2 + 90m2n + 10m2 + 2747
zx3" (ex)" (Ba?d*+4Babcd+2Aabd?+ Bb?c® +2Ab% cd) (m* +12m®n + 4m? + 49m? n?
mS+15mAn+5mt+85m3n2+60m3n+ 10m3 +225m2n3 +255m2n2 +90m2n + 10m?2 + 274
Ad’Pz(ex)™

m+1

bdzz*" (ex)™ (Abd+2Bad+2Bbc) (m*+11m3n+4m3 +41m?n? +33m2n +

mS + 15m*n +5m* +85m3n2 +60m3n + 10m3 + 225m2n3 4+ 255m?2n? + 90m?2n + 10m?2 4 274
B:d?zz°™ (ex)™ (m*+10m3n+4m3 +35m2n? 4+ 30m?n + 6m? + 507
mP+15min+5m*t+85m3n2+60m3n+ 10m3 + 225m2n3 + 255m2n2 +90m2n + 10m2 + 274
acrz"(ex)" (2Aad+2Abc+ Bac) (m*+14m3n+4m3+71m?n’>+42m?n+6m
+m5+15m4n+5m4+85m3n2+60m3n+10m3+225m2n3+255m2n2+90m2n+ 10m?2 + 274

_|_

_|_

input | int ((e*x)"m* (A + B¥x"n)*(a + b*x"n)"2%(c + d*x™n)"2,x)

39.  [(ex)™(a+bz")? (A + Bz") (c+dz™)’ dz



output
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(x*x”~ (2%n) * (e*x) "m* (A*a~2+%d"2 + A*b~2%c~2 + 2*xBxaxb*xc™2 + 2xBka~2%c*d + 4%
Axaxbkxc*d)*(4*m + 13*n + 39*m*n + 118*m*n~2 + 39*m~2*n + 107*m*n~3 + 13*m~
3*%n + 6*m~2 + 4*m”~3 + m"4 + 59%n"2 + 107*n"3 + 60*n"4 + 59%m~2*n"2 + 1))/(
5%m + 15%n + 60*m*n + 255*%m*n~2 + 90*m~2*n + 450*m*n~3 + 60*m~3*n + 274*mx*
n~4 + 15*%m™4*n + 10*m~2 + 10*m~3 + 5*m™4 + m~5 + 85%n"2 + 225*%n"3 + 274*n”
4 + 120%n"5 + 255*%m~2*n"2 + 225*m~2*n"3 + 85*%m~3*n"2 + 1) + (x*x”(3*n)*(e*
x) “m* (B*a~2%d"2 + B*b"2*c”2 + 2kAkxaxb*d"2 + 2*%A*xb"2xckxd + 4*xBkxaxbkckd) * (4%
m + 12*%n + 36*m*n + 98*m*n~2 + 36*m~2*n + 78*m*n~3 + 12*m~3*n + 6*m~2 + 4%
m~3 + m™4 + 49*%n"2 + 78*n"3 + 40*n~4 + 49%m~2*n"~2 + 1))/(5*%m + 15%n + 60*m
*n + 265*%m*n~2 + 90*m”~2*n + 450*m*n~3 + 60*m~3%n + 274*m*n"4 + 15%m~4*n +
10*m~2 + 10*m~3 + 5*m~4 + m~5 + 85*%n"2 + 226*%n~"3 + 274*n"4 + 120*%n"5 + 255
*m~2*xn"2 + 225%m”~2%n"3 + 85*m~3*n"2 + 1) + (A*a"2xc 2*x*(e*x)"m)/(m + 1) +
(bxd*x*x~ (4*n) * (e*x) “m* (A*b*d + 2*Bxaxd + 2*Bkb*c)*(4*m + 11%n + 33*m*n +
82xm*n~2 + 33*m~2*%n + 61*%m*n~3 + 11*m~3*%n + 6*m~2 + 4*xm~3 + m~4 + 41*n"2
+ 61%n"3 + 30*n"4 + 41*#m~2*%n"2 + 1))/(5*m + 15%n + 60*m*n + 255*m*n~2 + 90
*m~2*%n + 450*m*n~3 + 60*m~3*%n + 274*m*n"4 + 15*m~4*n + 10*m~2 + 10*m~3 + 5
*m~4 + m~5 + 85%n"2 + 225*%n"3 + 274*%n"4 + 120*%n"5 + 255*¢m”2*n"2 + 225*m”2*
n~3 + 85*m~3*n"2 + 1) + (B*b~2*d"2*xx*x” (5%n)*(e*x) “m*(4*m + 10*n + 30*m*n
+ 70*%m*n~2 + 30*m~2*n + 50*%m*n~3 + 10*m~3*n + 6*m~2 + 4*m~3 + m~4 + 35*%n"2

+ 50%n"3 + 24*n"4 + 35*xm~2*%n"2 + 1))/(5*%m + 15%n + 60*m*n + 255*m*n~2 ...

39.  [(ex)™(a+bz")? (A + Bz") (c+dz™)’ dz
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3.10 [(ex)™ (a + bz™) (A + Bz™) (¢ + dz")* dz

3.10.1 Optimalresult . . . . . . .. . ... . 105
3.10.2 Mathematica [A] (verified) . . . . . . .. ... ... L Lo oL 105
3.10.3 Rubi [A] (verified) . . . . . . ... ..
3.10.4 Maple [C] (warning: unable to verify) . . . . . . . ... ... ... ... ... 17
3.10.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ... 108
3.10.6 Sympy [B] (verification not implemented) . . ... .. ... ... ...... 1091
3.10.7 Maxima [B] (verification not implemented) . . . . . . .. ... .. ... ... 1101
3.10.8 Giac [B] (verification not implemented) . . . ... ... ... ... ...... 111
3.10.9 Mupad [B] (verification not implemented) . . . . .. ... ... ... .... 112

3.10.1 Optimal result

Integrand size = 29, antiderivative size = 160

14+n m
/ (e2)™ (a + ba™) (A + Ba") (c + do™)? dg = SAbe T+ aBet 2aAd)e ™ (ex)
1+m+n
n (ad(2Bc + Ad) + be(Bc + 2Ad)) 1+ (ex)™

1+m+2n
N d(2bBc + Abd + aBd)z' 3" (ex)™

1+m+3n
bBd?z' 4" (ex)™  aAc?(ex)t™
1+m+4n e(l1+m)

e N

c* (2xAxaxd+Axbkc+Bka*xc) *x~ (1+n) * (exx) “m/ (1+m+n) + (a*d* (A*d+2*B*c) +b*xcx (2% A%
‘ d+B*c) ) *x~ (1+2*n) * (e*x) “m/ (1+m+2*n) +d* (A*b*d+B*a*d+2*Bxbxc) *x~ (1+3*n) * (e*x ‘
) "m/ (1+m+3%n) +b*Bxd~2%x " (1+4%n) * (e¥x) “m/ (1+m+4*n)+axA*c~2x (exx) ~ (1+m) /e/ (1 |
+m)

N\ J

output

3.10.2 Mathematica [A] (verified)

Time = 0.42 (sec) , antiderivative size = 129, normalized size of antiderivative = 0.81

m n n M2 g . ( aAc®  c(Abc+ aBc+ 2aAd)z™
/(ex) (a + bz™) (A+ Bz") (c+ dz™)" dx = z(ex) <1+m Ttmtn
N (ad(2Bc + Ad) + be(Bc + 2Ad))z*"

1+m+2n
n d(2bBc + Abd + aBd)a:3" bBdz*" )

1+m+3n 1+m+4n

3.10.  [(ex)™(a+ bz™) (A + Bz") (c+ dz")? dx
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input ‘ Integrate[(e*x) “m*(a + b*x"n)*(A + Bxx"n)*(c + d*x"n)"2,x] ‘

output ‘/x*(e*x)“m*((a*A*c“2)/(1 + m) + (c*x(A*bxc + a*Bxc + 2*a*A*d)*x"n)/(1 + m +
\n) + ((a*d*(2*B*c + Axd) + bkxckx(Bkc + 2%A*d))*x~(2*n))/(1 + m + 2*n) + (d*
\ (2*%b*Bxc + Axb*d + a*B*d)*x~(3*n))/(1 + m + 3*n) + (b*B*d"2*x~(4*n))/(1 +
Lm + 4xn))

|

3.10.3 Rubi [A] (verified)

Time = 0.35 (sec) , antiderivative size = 160, normalized size of antiderivative = 1.00,
— _ o number of rules _

number of steps used = 2, number of rules used = 2, integrand size 0.069, Rules used

= {1040, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/kawM(a+bx%(A+<Bfw(c+dmw2dx

l 1040

/ (z*"(ex)™(ad(Ad + 2Bc) + be(2Ad + Bc)) + dz*"(ex)™(aBd + Abd + 2bBc) + cz"(ex)™(2aAd + aBc + Abc,

l 2009

cx™t1(ex)™(2aAd + aBc + Abc) N 22+ (ex)™(ad(Ad + 2Bc) + bc(2Ad + Be)) N

m+n+1 m+2n+1
dz®"t1(ex)™(aBd + Abd + 2bBc)  aAc?(ex)™!  bBd2zintl(ex)™

m+3n+1 e(m+1) m+4n+1

p

input | Int [ (e*x) “m* (a + bxx n)*(A + B¥x~n)*(c + d*x~n)"2,x]

~—

output‘((c*(A*b*c + axBxc + 2*xaxAxd)*x~ (1 + n)*(exx)"m)/(1 + m + n) + ((a*xd*(2*B*c
|+ Axd) + bxcx(Bxc + 2¥Axd))*x~(1 + 2xn)*(exx) m)/(1 + m + 2%n) + (d*(2xbx
(B¥c + Axb¥d + a*Bxd)*x” (1 + 3¥n)*(exx)"m)/(1 + m + 3%n) + (b*Bxd"2+¢x~(1 +

4xn)*(exx)"m)/(1 + m + 4%n) + (a*xA*c™2x(e*xx)”~(1 + m))/(ex(1 + m))

N\ J

/|

3.10.  [(ex)™(a+ bz™) (A + Bz") (c+ dz")? dx
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3.10.3.1 Defintions of rubi rules used

rule 1040‘Int[((g_.)*(x_))“(m_.)*((a_) + (b_)*(x_)"(@)) " (p_.)*((c_) + (d_)*(x_)"(n
‘_))"(q_.)*((e_) + (£_)*(x_)"(n_))"(r_.), x_Symbol] :> Int[ExpandIntegrandl[
‘(g*x)“m*(a + b*x"n) “p*(c + d*x"n) gq*(e + f*x"n)"r, x], x] /; FreeQl[{a, b, c

, d, e, £, g, m, n}, x] && IGtQ[p, -2] && IGtQ[q, 0] && IGtQ[r, O]

e

rule 2009tlnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

A >

3.10.4 Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 2.41 (sec) , antiderivative size = 2377, normalized size of antiderivative = 14.86

method result size
risch Expression too large to display | 2377
parallelrisch | Expression too large to display | 3344

input Lint ((e*x) “m* (a+b*x"n) * (A+B*x"n) * (c+d*x"n) ~2,x,method=_RETURNVERBOSE)

3.10.

[(ex)™ (a+ bz™) (A + Bz™) (c + dz™)* dx



output
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x* (54*A*a*ckd*m*n*x " n+Bxaxd~ 2% (x~n) ~3+18*B*b*d~2*m*n* (x"n) ~4+16%*Bxb*c*d*m*

n~ 3% (x7n) "3+28*B*b*ckd*n~2* (x"n) ~3+8*A*a*xc*d*m”3*x " n+2*Bxb*ckd*m~4*(x"n) "3
+7*B*a*d~2+m~3*n* (x"n) ~3+8*Bxbkckd*m~3* (x"n) ~3+14*Bxaxd~2*m~2*n"2* (x"n) ~3+
52k Akxakxckd*n~2*x " n+27*B*a*c”2*m”2*n*x " n+52*%Axbkxc”2*¥m*n"2*%x " n+28*B*axd " 2*mx*
n~2*x(x7n) "3+24*A*a*d "2+ m*n* (x"n) “2+27*Axbkc”2*%m” 2*n*x " n+2*xAxb*xcxd*m~4* (x"n
) “2+14*B*bkckd*m~3*n* (x"n) ~3+38*B*a*ckd*m”2*n"2% (x"n) ~2+8*Bkaxckd* (x"n) "2
m+27*Bxaxc” 2xmknxx " n+8*A*xb*c*xd* (x"n) ~2xm+16%Axb*ckd* (x"n) "2*n+Bxb*xc”2*(x"n
) T2+54xAkakxckdsm”2*¢n*x " n+A*xaxc”2+24*Bxakckdsmin”3* (x"n) “2+b*Bxd~2* (x"n) ~4+
24*Axb*xcxd*m*n”~3* (x"n) "2+18*%A*a*ckd*m”3*kn*x " n+dxAxaxc”2km+10*A*a*xc”2*xn+42%
B*bkc*xdkm~2*n* (x"n) ~3+52*Bkaxc”2*m*n " 2%x " n+52*Axa*ckd*m”2*xn"2*xx " n+19*B*b*xc
~2*m”~24n" 2% (x"n) "2+6*Bxb*d~2*m”~3*n* (x"n) ~4+11*B*b*d~2*m~2*n"~2* (x"n) “4+A*b*
d"2#*(x"n) ~3+24*B*b*c”2+m”~2*n* (x"n) "2+38*B*b*c”2*+m*n"2* (x"n) “2+A*a*d"2* (x"n
) "2+8*Bxb*c”2+m”3*n* (X n) “2+A*xbxc”2*x " n+12*B*b*c”2*%n"3* (x"n) “2+16*B*a*c*d*
(x7n) "2xn+27*Axbkc” 2*m*n*x " n+22*Bxb*xd~2*m*n "~ 2* (x"n) ~4+6*B*b*d " 2*m*n~3* (x"n
) T4+16*xAxbkxckd*m”3*n* (x"n) “2+56*Bxbkckd*m*n”2* (x"n) “3+x " n*xc”2*xBxa+12*xAxb*c
*d*m~ 2% (x"n) " 2+24*%A*xb*c”2*¢m*n " 3*x " n+8*Axbxckxd*m”~3* (x"n) “2+A*a*c”2*m~4+76*B
*a*ckdrmxn~2* (x"n) “2+42*Bxb*cxd*m*n* (x"n) ~3+48*Axaxckd*m*n”3*x " n+48*Axbkxcx
d*m~2*n* (x"n) ~2+8*Bxakxc*d*m”~3* (x"n) ~2+24*B*axckd*n~3* (x"n) ~2+21*B*xa*xd~2*m*
nx(x"n) "3+4kA*ka*xc”2¢m"3+50*Axaxc”2xn" 3+6kAkakc”2¢m”2+35*%AxaxcT2xn"2+24*A*a
*C~2%n"4+7*B*axd~2* (x"n) “3*n+6%Bxb*xc~2%m”~2* (x"n) “2+19%B*b*c~2*n~2*(x"n) ...

3.10.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1426 vs. 2(160) = 320.

Time = 0.34 (sec) , antiderivative size = 1426, normalized size of antiderivative = 8.91

/(ex)m (a + bz™) (A + Bz") (c+ dz™)? dx = Too large to display

input‘integrate((e*x)‘m*(a+b*x‘n)*(A+B*x‘n)*(c+d*x‘n)“2,x, algorithm="fricas")

3.10.  [(ex)™(a+ bz™) (A + Bz") (c+ dz")? dx




output
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((Bxb*d"2*m~4 + 4*B*b*xd~2+m~3 + 6*B*b*d~2+m~2 + 4*B*b*d"2*m + B*b*xd"2 + 6%

(Bxb*d~2*m + Bxb*d"2)*n"3 + 11%(Bxb*d"2*m~2 + 2*B*b*d~2*m + B*b*d~2)*n~2 +
6% (B¥b*d"2*m~3 + 3*Bxb*d~2+m~2 + 3*B*b*d~2*m + Bxb*d~2)*n)*x*x” (4*n)*e” (m
xlog(e) + mxlog(x)) + ((2*B*bxc*d + (B*a + Axb)*d~2)*m~4 + 2*Bxbkcxd + 4% (
2%B*b*c*xd + (Bxa + A*xb)*d"2)*m~3 + 8% (2*xBxbxcxd + (Bka + A*b)*d~2 + (2xBxb
xcxd + (Bka + A*b)*d~2)*m)*n~3 + (B*a + A*b)*d~2 + 6x(2*Bxb*c*d + (B*a + A
*b)*d~2)*m~2 + 14%(2%B*b*c*d + (B*a + Axb)*d"2 + (2%B*b*c*d + (B*a + Axb)*
d~2)*m~2 + 2% (2%Bxbxcxd + (B*a + A*b)*d"2)*m)*n~2 + 4x(2*Bxbkck*d + (B*a +
Axb)*d~2)*m + T*(2%Bxbxc*d + (2%B*bxc*d + (B*a + A*b)*d~2)*m~3 + (B*a + A%
b)*d"2 + 3*x(2*Bxb*c*d + (Bka + A*b)*d"2)*m~2 + 3% (2xBxb*ckd + (Bxa + Axb)*
d~2)*m)*n) *x*x~ (3*n) *e~ (m*xlog(e) + m*log(x)) + ((B¥b*c™2 + A*a*d™2 + 2%(B*
a + Axb)*cxd)*m~4 + Bxb*c”2 + A*a*d~2 + 4x(Bxb*c”2 + A*xaxd"2 + 2% (Bxa + Ax
b)*cxd) *m~3 + 12%(B¥b*c™2 + Axaxd~2 + 2% (Bka + A*b)*c*d + (Bxbxc™2 + Axaxd
2 + 2x(Bxa + A*xb)*c*d)*m)*n~3 + 2*x(Bxa + Axb)*ckd + 6% (B¥b*c”2 + Axaxd”~2
+ 2% (B*a + A*b)*c*xd)*m~2 + 19*%(Bxb*c™2 + A*a*d~2 + 2x(B*a + Axb)*c*d + (B*
bxc™2 + A*a*d”2 + 2% (B*a + Axb)*c*xd)*m~2 + 2% (B¥b*c”2 + A*xaxd"2 + 2% (B*a +
A¥b) *c*d)*m) *n~2 + 4*(B*b*c™2 + A*axd"2 + 2*(Bxa + A*b)*cxd)*m + 8% (Bxb*c
2 + Axaxd~2 + (Bxb*c"2 + A*xaxd~2 + 2x(B*a + A*b)*c*d)*m~3 + 2x(Bxa + Ax*b)
xckd + 3x(Bxb*c™2 + A*xaxd"2 + 2% (B*a + Axb)*ckd)*m~2 + 3% (Bxb*c~2 + Axaxd”
2 + 2%(Bxa + Axb)*cxd)*m)*n)*x*x” (2*n)*e” (m*log(e) + m*log(x)) + ((2xAx...

3.10.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 25315 vs. 2(156) = 312.

Time = 7.30 (sec) , antiderivative size = 25315, normalized size of antiderivative = 158.22

/(ex)m (a + bz™) (A + Bz") (c+ dz™)? dx = Too large to display

input | integrate ((exx)*xm* (a+b*x**n) * (A+Bxx**n) * (c+d*x**n) **2,x)

3.10.  [(ex)™(a+ bz™) (A + Bz") (c+ dz")? dx
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output Piecewise(((A + B)*(a + b)*(c + d)**2+log(x)/e, Eq(m, -1) & Eq(n, 0)), ((A
*a*c**2*log(x) + 2xAkxakckdxxk*kn/n + Axaxd*xk2kx**x(2%n)/(2%n) + Axb¥*ck*2kxk*
n/n + Axbkcxdxx**(2*n) /n + Axbxdx*k2+xx*x(3%n)/(3*n) + Bkaxck*2*x*x*n/n + B*a
kckd*xx** (2%n) /n + Bxaxd**x2*xx*x*(3%n)/(3%n) + B¥bkc*x*2xx**x(2*n)/(2*%n) + 2%Bx*
b*cxd*xx* (3*n) / (3*n) + Bxbkd**2+x*x*(4*n)/(4*n))/e, Eq(m, -1)), (Axakxcx*2xP
iecewise ((0**(-4*n - 1)*x, Eq(e, 0)), (Piecewise((-1/(4*n*(e*x)**(4*n)), N
e(n, 0)), (log(exx), True))/e, True)) + 2*A*axcxd*Piecewise ((-x*x**n*(e*x)
**%(-4*n - 1)/(3*n), Ne(n, 0)), (x*x**n*(e*xx)**(-4*n - 1)*log(x), True)) +

Axaxdx*2+Piecewise ((—x*x** (2*n) * (e*x) **(-4*n - 1)/(2*n), Ne(n, 0)), (x*x**
(2xn) * (exx) **x(-4*n - 1)*log(x), True)) + Axb*c**2xPiecewise ((-x*x**n* (exx)
*x(-4*n - 1)/(3%n), Ne(n, 0)), (x*xx**n*(exx)**(-4*n - 1)*log(x), True)) +

2xAxbxckxd*Piecewise ((—x*x** (2*n) * (exx)**(-4*n - 1)/(2*%n), Ne(n, 0)), (x*x*
*(2+n) * (e*xx) **(—4*n - 1)*log(x), True)) + A*b*d**2+Piecewise ((-x*x**(3*n)=*
(exx)**(-4#n - 1)/n, Ne(n, 0)), (x*x**x(3+*n)*(e*x)**(-4+n - 1)*log(x), True
)) + Bkaxcx*x2xPiecewise ((—-x*x**n* (e*x)**(-4*xn - 1)/(3*n), Ne(n, 0)), (x*x*
*n* (exx) **(—-4*n - 1)*log(x), True)) + 2xBxakckd*Piecewise ((-x*x**(2*n)* (e*
x)*x(-4xn - 1)/(2*n), Ne(n, 0)), (x*x**(2*n)*(exx)**(-4*n - 1)*log(x), Tru
e)) + Bxaxdxx2xPiecewise ((—x*x**(3*n)* (exx)**x(-4*n - 1)/n, Ne(n, 0)), (x*x
*k (3*n) * (exx) ¥k (-4*xn - 1)*log(x), True)) + Bxbxc**2+Piecewise ((-x*x**(2*n)
*(exx)*x(-4xn - 1)/(2*n), Ne(n, 0)), (x*x**(2*n)*(e*x)**(-4*n - 1)*log(...

3.10.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 332 vs. 2(160) = 320.

Time = 0.24 (sec) , antiderivative size = 332, normalized size of antiderivative = 2.08

/ (e2)™ (a + bz") (A + Ba™) (c + dz")? dz

B Bbd2€ml'6(m log(z)+4nlog(z)) 2 Bbcdemze(m log(z)+3 nlog(x)) Bad2emxe(mlog(x)+3nlog(x))

= + +
m+4n+1 m+3n+1 m+3n+1

Abd2emxe(mlog(z)+3nlog(z)) Bchemme(mlog(ac)+2nlog(ac)) 2Bacdemme(mlog(ac)+2nlog(ac))

m+3n+1 + m+2n+1 + m+2n+1
2Abcdemxe(mlog(z)+2nlog(z)) AadZemxe(mlog(a:)+2nlog(a:)) Bac2emxe(mlog(z)+nlog(m))

+ +

m+2n+1 m+2n+1 m+n+1
Abc2emme(mlog(w)+nlog(z)) 2Aacdemxe(mlog(w)—l—nlog(w)) (6.’L’)m+1 Aac?

m+n+1 + m+n+1 + e(m+1)

-

inputLintegrate((e*x)‘m*(a+b*x‘n)*(A+B*x‘n)*(c+d*x‘n)“2,x, algorithm="maxima")

3.10.  [(ex)™(a+ bz™) (A + Bz") (c+ dz")? dx



output

input

output

N
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B*bxd~2%e m*x*e” (m*log(x) + 4*n*log(x))/(m + 4*n + 1) + 2*Bxbkc*d*e m*x*e”

(m*¥log(x) + 3*n¥log(x))/(m + 3*n + 1) + B¥a*xd 2xe m*x*e” (m*log(x) + 3*n*lo
g(x))/(m + 3*%n + 1) + A*b*d"2*e"m*x*e” (m*log(x) + 3*nxlog(x))/(m + 3*n + 1
) + B¥bxc"2xe"m*x*e” (m*log(x) + 2*nxlog(x))/(m + 2*n + 1) + 2xBkaxc*d*e m*
xxe” (m*xlog(x) + 2*nxlog(x))/(m + 2%n + 1) + 2xA*bkc*d*e m*x*e” (m*log(x) +
2xn*log(x))/(m + 2*n + 1) + A*a*d"2*e"m*x*e” (m*¥log(x) + 2*n*log(x))/(m + 2
*xn + 1) + Bkaxc™2*e m*x*e” (m*¥log(x) + n*xlog(x))/(m + n + 1) + Axbxc™2%e m*
xxe” (m*¥log(x) + n*xlog(x))/(m + n + 1) + 2kA*axc*d* e m*x*e” (m*¥log(x) + nxlo

g(x))/(m + n + 1) + (exx)"(m + 1)*Axaxc™2/(e*x(m + 1))

3.10.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 11834 vs. 2(160) = 320.

Time = 0.39 (sec) , antiderivative size = 11834, normalized size of antiderivative = 73.96

/(ex)m (a + bz™) (A + Bz") (¢ + dz™)* dz = Too large to display

integrate ((e*x) “m* (a+b*x"n)* (A+B*x"n) * (c+d*x"n) "2,x, algorithm="giac")

(B*b*d~2+m”~4*x*x~ (4*n) *e~ (m*xlog(e) + m*log(x)) + 6*Bxb*d~2*m~3*n*x*x~ (4*n)
xe” (m*xlog(e) + mxlog(x)) + 11xBxb*d~2*m~2+n~2*x*x"~ (4*n)*e” (m*xlog(e) + m*lo
g(x)) + 6xB*bxd~2*m*n~3*x*x~ (4#n)*e” (m*log(e) + m*log(x)) + 2*Bxbkcxd*m~4*
x*x~ (3*n) *e~ (m*log(e) + m*log(x)) + Bxa*d 2*m~4+*x*x~ (3*n)*e” (m*log(e) + m*
log(x)) + A*b*d~2*m~4*x*x~ (3#n)*e” (m*log(e) + m*xlog(x)) + B¥b*xd~2*m~4*x*x"
(3#n) *e~ (m*log(e) + m*xlog(x)) + 14*Bxb*ckd*m~3*n*x*x~ (3*n)*e” (m*log(e) + m
xlog(x)) + 7#Bkaxd~2+m~3*n*x*x~(3*n)*e” (m*xlog(e) + m*xlog(x)) + 7*A*b*d~2+m
~3*n*x*x~ (3*n) *e” (m*log(e) + m*xlog(x)) + 6*Bxbkd~2*m~3*n*x*x~ (3*n)*e~ (m*lo
g(e) + m*log(x)) + 28*Bxbkc*d*m~2+n~2*x*x~ (3*n)*e” (m*log(e) + m*log(x)) +

14%B*axd~2*m~2*n"2*x*x~ (3*n) *e~ (m*log(e) + m*log(x)) + 14%A*xb*xd~2*m~2%n~2%
x*x~ (3*n) *e” (m*log(e) + m*log(x)) + 11*B¥b*d~2*m~2+n”~2*x*x~ (3*n)*e” (m*log(
e) + mxlog(x)) + 16*Bxb*ckd*m*n~3*x*x~(3*n)*e” (m*xlog(e) + m*log(x)) + 8xB*
axd”~2*m#n~3*x*x” (3*n) *e~ (m*log(e) + m*log(x)) + 8xA*bxd~2*m*n~3*x*x~ (3*n) *
e” (m*log(e) + m*log(x)) + 6*Bxb*d~2*m*n~3*x*x~ (3*n)*e” (m*log(e) + m*log(x)
) + Bx*bxc~2*m~4*x*x” (2%n) *e” (m*¥log(e) + m*log(x)) + 2*Bkakckd*m™4*x*x~(2*n
)*e” (m*¥log(e) + m*log(x)) + 2*kAxbxc*d*m~4*x*x~(2#n)*e” (m*log(e) + m*log(x)
) + 2%Bxb*c*d*m~4*x*x~(2*n)*e” (m*xlog(e) + m*log(x)) + A*a*xd™2*m~4*x*x~(2*n
)*xe~ (m*log(e) + m*log(x)) + B¥axd 2+m~4*x*x~(2*n)*e” (m*log(e) + m*log(x))

+ Axb*d~2xm~4*x*x” (2*n) *e” (m*log(e) + mxlog(x)) + B¥b*d~2*m~4*x*x~ (2*n)*e”
(m*log(e) + m*log(x)) + 8*Bxbkc~2*m~3*n*x*x~ (2*n)*e” (m*log(e) + m*log(x...

3.10.  [(ex)™(a+ bz™) (A + Bz") (c+ dz")? dx
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3.10.9 Mupad [B] (verification not implemented)

Time = 9.47 (sec) , antiderivative size = 588, normalized size of antiderivative = 3.68

/ (e2)™ (@ + bz") (A + Ba™) (c + dz")? dx

_zz*"(ex)" (Aad’+ Bbc* +2Abcd+2Bacd) (m* +8m?n+3m? +19mn® + 16mn + 3m + 127

C omA4+10m3n+4m3+35m2n2+30m2n+6m2+50mn3 +70mn2 4+ 30mn +4m + 24nt + 50 n3
Aac?z(ex)™

m+1
cxz"(ex)" (2Aad+ Abc+ Bac) (m® +9m?n+3m?+26mn? + 18 mn + 3m + 24n3 + 2

+m4+10m3n+4m3+35m2n2+30m2n+6m2+50mn3+70mn2+30mn+4m+24n4+50n
dzx®" (ex)™ (Abd+ Bad+2Bbc) (m®+7m?*n+3m?2+14mn®+14mn+3m+8nd+1

m*+10m3n+4m3+35m2n2+30m?2n+6m2+50mn3+70mn2+30mn+4m-+24n*+50n
Bbd*zz*" (ex)" (m3+6m?n+3m?+11mn?+12mn+3m+6n+11n%2+6n

mi4+10m3n+4m3+35m2n2+30m2n+6m2+50mn3+70mn2+30mn+4m+24nt+50n

+

_|_

input | int ((e*x) m*x(A + Bx*x"n)*(a + b*x"n)*(c + d*x"n)~2,x)

N

output | (x*x~(2*n) * (e*x) “m* (A*a*d~2 + Bxb*xc~2 + 2kAxbkckd + 2%Bka*c*d)*(3*m + 8%n
+ 16*m*n + 19*%m*n~2 + 8*m~2%n + 3*m~2 + m~3 + 19%n~2 + 12*n"3 + 1))/ (4*m +
10*%n + 30*m*n + 70*m*n~2 + 30*m~2*%n + 50*m*n~3 + 10*m~3*%n + 6*m~2 + 4*m~3
+ m™4 + 35%n"2 + 50*n"3 + 24*n"4 + 35%m”2%n"2 + 1) + (A*xakxc”2*x*(e*x)"m)/
(m + 1) + (cxx*x"n*(e*x) “m* (2*%A*a*xd + Axbxc + Bkaxc)*(3*m + 9*n + 18*m*n +
26*m*n~2 + 9*%m~2*n + 3*m~2 + m~3 + 26*xn"2 + 24*n"3 + 1))/(4*m + 10*n + 30
*m*¥n + 70*m*n~2 + 30*m~2*n + 50*m*n~3 + 10*m~3*n + 6*m~2 + 4*m~3 + m™4 + 3
5%¥n"2 + 50*n"3 + 24*n"4 + 35%m~2#n"2 + 1) + (d*x*x”(3*n)*(e*x) “m* (Axbxd +
Bkxaxd + 2%B¥b*c)*(3*m + 7*n + 14*m*n + 14#m*n~2 + 7*m~2*n + 3*m~2 + m~3 +
14*xn~2 + 8*n~3 + 1))/(4*m + 10*n + 30*m*n + 70*m*n~2 + 30*m~2*n + 50*m*n~3
+ 10*m~3*n + 6*m~2 + 4*m~3 + m™4 + 35%n"2 + 50*%n"3 + 24*n"4 + 35*m”2*n"2
+ 1) + (B*b*d~2#x*x” (4#n)*(e*x) "m*(3*m + 6*n + 12*m*kn + 11*m*n~2 + 6*m~2*n
+ 3*m™2 + m~3 + 11*n"2 + 6*n~3 + 1))/(4*m + 10*n + 30*m*n + 70*m*n~2 + 30
*m~2*%n + 50*m*n~3 + 10*m~3*n + 6*m~2 + 4*xm~3 + m™4 + 35%n"2 + 50%n"3 + 24x*

n"4 + 35*m~2*%n"2 + 1)

3.10.  [(ex)™(a+ bz™) (A + Bz") (c+ dz")? dx
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3.11.8 Giac [B] (verification not implemented) . . . ... ... ... ........ 118
3.11.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 118
3.11.1 Optimal result
Integrand size = 22, antiderivative size = 102
B 24 1+n m 2B A 1+2n m
/(ex)m (A+ Ba") (c+ da™)? do = ¢(Bc+ 2Ad)x' ™ (ex) d(2Bc + Ad)z't*"(ex)
1+m+n 1+m+2n
Bd21}1+3n(6$)m ACZ(ex)l-i-m
1+m+3n e(l1+m)
output ‘(c* (2%A*d+Bxc) *x~ (1+n) * (e*x) “m/ (1+m+n) +d* (A*d+2*B*c) *x~ (1+2*n) * (e*xx) “m/ (1+m \‘
L+2*n)+B*d"2*x“(1+3*n)*(e*x) “m/ (1+m+3%n) +A*c"2% (exx) ~ (1+m) /e/ (1+m) J
3.11.2 Mathematica [A] (verified)
Time = 0.18 (sec) , antiderivative size = 78, normalized size of antiderivative = 0.76
Ac*  ¢(Bc+2Ad)z™  d(2Bc+ Ad)z*™
m(A 4 Bg™ dz™ 2 dr = m
/(e:v) (A+ Bz") (c+ dz™)" dx = z(ex) (1+m Tmin T——
Bd?z3"
14+m+3n

input LIntegrate [(exx) "m*(A + B*xx“n)*(c + d*x"n)~2,x]

N J

;
Outpu'ﬂ‘X*(e*x)“m*((A*c‘Q)/(l + m) + (cx(Bxc + 2%xA*d)*x"n)/(1 + m + n) + (d*(2%B*c

|+ Axd)*x”(2%0))/(1 + m + 24n) + (B+d"2%x"(3+n))/(1 + m + 3%n))

J

3.11.

[(ex)™ (A + Bz™) (c + dz™)? da
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3.11.3 Rubi [A] (verified)

Time = 0.25 (sec) , antiderivative size = 102, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 2, Mumber of rules _ ( 191 Ryles used

integrand size
= {950, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/(em)m (A + Bz") (c + dz")? da
| 950
/ (dz®™(ex)™(Ad + 2Bc) + ca"(ex)™(2Ad + Bc) + Ac*(ex)™ + Bd*z*"(ex)™) dz

l 2009

cx™ 1 (ex)™(2Ad + Be) + dz*"*(ex)™(Ad +2Bc) = Ac*(ex)™!  Bd*z3ntl(ex)™

m+n+1 m+2n+1 e(m+1) m+3n+1

input LInt [(e*x) "m*(A + B*x"n)*(c + d*x"n)"~2,x]

-/

Output‘ (c*(Bxc + 2%Axd)*x™ (1 + n)*(e*x) ™m)/(1 + m + n) + (d*(2%B*c + A*d)*x~(1 +
(2¢n)*(exx)°m)/(1 + m + 2%n) + (B*d"2xx"(1 + 3*n)*(e*x)™m)/(1 + m + 3%n) +
| (Axc 2% (exx)~(1 + m))/(ex(1 + m))

3.11.3.1 Defintions of rubi rules used

e

rule 950

Int[((e_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_.)*((c_) + (d_.)*(x_)"(n
‘_))“(q_.), x_Symbol] :> Int[ExpandIntegrand[(e*x) m*(a + b*x"n) p*(c + d*x~
'n)~q, x], x] /; FreeQ[{a, b, ¢, d, e, m, n}, x] & NeQ[bxc - axd, 0] && IGt
LQ[p, 01 %& 1G6tQlq, O]

~

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

311.  [(ex)™ (A + Bz™) (c+dz")? da



input

output
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3.11.4 Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 4.92 (sec) , antiderivative size = 699, normalized size of antiderivative = 6.85

method result

risch

T (5B c2x"n+16Bedmn £2"+6 Bedm n2x2" 4+ A c2 4B ¢2mBz"+6 B d2mn 3" +3A c?>m+6A c2n+3B c2m22™+6 B c2n2z" 43

parallelrisch

12Az(ex)™ c2mn+3Bz 2™ (ex)" c>m+5Bz ™ (ex) " ®n+2Az z" (ex) " cd+ Az 22" (ex) " d*m3+3 Bz 23" (ex) " d*m?+2Bzx x°

Lint((e*x)‘m*(A+B*x“n)*(c+d*x“n)‘2,x,method=_RETURNVERBOSE)

-

x* (16*%B*c*d*m*n* (x"n) ~2+5xBxc”~2*x " n*n+2*B*c*d* (x"n) “2+3*xA*xd~2* (x"n) ~2*m+6*
Bkckd*m*n~ 2% (x"n) "2+A*c”2+B*c”2*m”3*x " n+3*B*d " 2*m~2* (x"n) ~3+8*B*ckd*m” 2*n*
(x™n) "2+3%Axc” 2km+6%A*c”24n+4*A*xd " 2% (x"n) " 2*n+3*Bkc”2+%m " 2*x " n+6*Bkc”2*n " 2%
X n+3*B*c”2*%x " n*m+A*c”2xm” 3+1 2% Ak c” 2¢m*n+6*B*d " 2*m*n* (x"n) “3+2kA*xckd*m”3*x
“n+8*A*d”2+¢mkn* (x"n) "2+10*Akckdkm”2¢n*x " n+12* Ak ckdkmkn " 2%xX "n+20* A*cxd*mkn*
X n+6%A*Cc™2+n"3+3%xA*xc”2*m "2+ 11k A*xc " 2%n " 2+3%A*d " 2*n " 2% (x"n) ~2+3*m*Bxd 2% (x~
n) ~3+3*B*d~2* (x"n) “3*n+(x"n) “2*A*d"2+x " n*B*c~2+2*B*d~2*n"2* (x"n) ~3+(x"n) ~3
*B*d"2+2%A*xckd*x " n+6kAkcT2*m " 2*%n+11*%A*c”2*¥m*n"2+5*%B*c”2*%m” 2*%n*x " n+6*Bkc 2%
m*n~2*x " n+6*Bxckd*m” 2% (x"n) ~2+3*%B*xd”~2+m~2*n* (x"n) “3+B*d"2+m”~3* (x"n) ~3+3*A*
d~2*m~ 2% (x"n) "2+6*Bxckxd*n”"2* (x"n) "2+6*A*ckd*m”2*x " n+A*xd”"2*m” 3% (x"n) "2+12*A
*Ccxd*n"2*xx"n+10*Bkc” 2*¢m*n*x " n+6*Bxckxd* (x"n) ~2*m+8*B*c*kd* (x"n) "2*xn+3xAxd " 2%
m*n~2* (x"n) “2+2*Bkckd*m”3* (x"n) “2+6*Axcxd*x " nkm+10*A*ckd*x T n*n+2xBxd” 2*m*n
~2%(x"n) "3+4*xA*d"2*m~2*n* (x"n) ~2)/(1+m) / (1+m+n) / (1+m+2*n) / (1+m+3*n) *e “m*x~
m*exp (1/2*%I*csgn(Ixe*x) *Pi*m* (csgn (I*e*x)-csgn(I*x))*(-csgn(I*e*xx)+csgn(I*
e)))

3.11.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 527 vs. 2(102) = 204.

Time = 0.28 (sec) , antiderivative size = 527, normalized size of antiderivative = 5.17

/(ex)m (A + Bz") (c+ dz™)? dx
(Bd*m?® + 3 Bd*m? + 3 Bd*m + Bd? + 2 (Bd*m + Bd*)n? + 3 (Bd?m? + 2 Bd?m + Bd?)n)zz3"e(mlos(

input‘integrate((e*x)“m*(A+B*x“n)*(c+d*x‘n)“2,x, algorithm="fricas") ‘

3.11.

[(ex)™ (A + Bz™) (c + dz™)? da



output
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((B*d~2*m~3 + 3*B*d~2*m~2 + 3%B*d~2*m + B*xd~2 + 2*%(B*d"2*m + B*d~2)*n"2 +

3% (B*d"2*m~2 + 2%B*d~2#m + B*d~2)*n)*x*x~(3*n)*e” (m*xlog(e) + m*log(x)) + (
(2%Bxcxd + A*xd~2)*m~3 + 2¥B*c*d + A*d"2 + 3% (2*Bkc*d + A*d"2)*m~2 + 3*(2*B
*cxd + Axd"2 + (2*Bkc*d + A*d"2)*m)*n"2 + 3% (2*Bkc*d + A*d"2)*m + 4*x(2xB*c
*d + A*d"2 + (2*Bkc*d + A*d"2)*m~2 + 2% (2*xBkckd + A*d"2)*m)*n)*x*x” (2*n) *e
~(m*log(e) + mxlog(x)) + ((B*c™2 + 2xAxc*d)*m~3 + B*c™2 + 2xAxcxd + 3x(B*c
2 + 2xAxcxd)*m”~2 + 6% (B*c”2 + 2%xAxckxd + (BkcT2 + 2%A*c*d)*m)*n~2 + 3x(B*c
2 + 2xAxcxd)*m + 5k (Bkc”2 + 2%Axcxd + (BxcT2 + 2kAkxckd)*m”2 + 2% (Bxc"2 +

2%Axc*d) *m) *n) *x*x"nxe” (m*log(e) + mxlog(x)) + (A*xc™2¥m~3 + 6*Axc™2%n"3 +

3xAxc™2*4m"2 + 3*A*c"2¥m + A*c”2 + 11%(Axc”2*m + A*c”2)*n"2 + 6% (Axc”2*m"2

+ 2%A*xc™2xm + A*xc”2)#*n)*x*e” (m*¥log(e) + m*log(x)))/(m~4 + 6x(m + 1)*n”3 +

4%m~3 + 11*x(m”2 + 2*%m + 1)*n"2 + 6+%m~2 + 6%(m”~3 + 3*m™2 + 3*m + 1)*n + 4*m
+ 1)

3.11.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 5882 vs. 2(94) = 188.

Time = 3.13 (sec) , antiderivative size = 5882, normalized size of antiderivative = 57.67

/(em)m (A + Bz") (¢ + dz™)? dz = Too large to display

input | integrate ((e*x)**m* (A+Bxx**n)* (c+d*x**n) **2,x)

311.  [(ex)™ (A + Bz™) (c+dz")? da




output
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Piecewise(((A + B)*(c + d)*x2%log(x)/e, Eq(m, -1) & Eq(n, 0)), ((Axc**2xlo

g(x) + 2%Akcxdxx**n/n + Axd**2xx**x(2*n)/(2+n) + Bkcx*2kxx*n/n + Bkckdrxkk(
2xn) /n + B*d**2*x**(3*n)/(3*n))/e, Eq(m, -1)), (Axc*x2*Piecewise((0**(-3*n
- 1)*x, Eq(e, 0)), (Piecewise((-1/(3*n*(exx)**(3*n)), Ne(n, 0)), (log(e*x
), True))/e, True)) + 2xA*c*d*Piecewise((—x*x**n*(e*x)**x(-3*%n - 1)/(2#*n),
Ne(n, 0)), (x*x**n*(e*x)**(-3*%n - 1)*log(x), True)) + A*d*x2*Piecewise((-x
*3xkk (2%n) * (e*x) **(-3*%n - 1)/n, Ne(n, 0)), (x*x**x(2*xn)*(e*x)**x(-3*%n - 1)x*lo
g(x), True)) + B*c*x2+Piecewise((—x*x**nx(exx)**(-3*n - 1)/(2*n), Ne(n, 0)
), (x*xx**xn*(exx)**(-3*n - 1)*log(x), True)) + 2*Bxcxd*Piecewise ((—x*x** (2%
n)*(e*xx)**x(-3*n - 1)/n, Ne(n, 0)), (x*x**(2*n)*(e*x)**(-3*n - 1)*log(x), T
rue)) + Bxdx*2*x*x** (3%n)* (e*x)**(-3*n - 1)*log(x), Eq(m, -3*n - 1)), (Axc
**2xPiecewise ((0x*(-2*n - 1)*x, Eq(e, 0)), (Piecewise((-1/(2*xn*(exx)x**(2*n
)), Ne(n, 0)), (log(exx), True))/e, True)) + 2*Axcxd*Piecewise((-x*x**n*(e
xx)*x(-2*xn - 1)/n, Ne(n, 0)), (x*x**n*x(exx)**x(-2*xn - 1)*log(x), True)) + A
*kQ**2xx*kx*k* (2%n) * (e*x) **x (-2%n - 1)*Llog(x) + Bkc**2*Piecewise ((—x*x**n*(e*x
Y*¥x(-2%n - 1)/n, Ne(n, 0)), (x*x**n*(exx)**(-2*xn - 1)*log(x), True)) + 2%B
kxckd*xkxxk (2+n) * (exx) ¥k (-2xn - 1)*log(x) + Bxd**2xPiecewise ((x*x**(3*n)* (e
*x)*x(-2xn - 1)/n, Ne(n, 0)), (x*x**(3*n)*(e*x)**(-2%n - 1)*log(x), True))
, Eq(m, -2%n - 1)), (Axcx*2*Piecewise((0**(-n - 1)*x, Eq(e, 0)), (Piecewis
e((-1/(n*(e*x)**n), Ne(n, 0)), (log(exx), True))/e, True)) + 2%Axckd*x*...

3.11.7 Maxima [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 155, normalized size of antiderivative = 1.52

Bd2€mxe(mlog(x)+3nlog(x)) 2 Bcdemxe(mlog(x)+2nlog(x))
™(A+ Bz") (c+dz")’ do =
/(ex) (A + Ba") (c+da")" do m+3n+1 + m+2n+1

Ad26m$6(m log(z)+2nlog(x)) B2 6m$€(m log(z)+nlog(x))

+
m+2n+1 matntl
2 Acdemze(mlog(w)-l—n log(z)) (ea;)m“‘l Ac?

m+n+1 * e(m+1)

input‘integrate((e*x)“m*(A+B*x“n)*(c+d*x‘n)“2,x, algorithm="maxima")

output

)

B*d~2%e mxx*e” (m*log(x) + 3*nxlog(x))/(m + 3%n + 1) + 2*Bxckd*e m*x*e” (m*1
og(x) + 2*nxlog(x))/(m + 2%n + 1) + Axd"2*e"mxx*e” (m*xlog(x) + 2*nxlog(x))/
(m + 2%n + 1) + B*c™2+e m*x*e” (m*log(x) + n*log(x))/(m + n + 1) + 2kAxc*d*
e"mxx*e” (m*¥log(x) + nxlog(x))/(m + n + 1) + (e*x) " (m + 1)*A*c”2/(ex(m + 1)

311.  [(ex)™ (A + Bz™) (c+dz")? da




-
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3.11.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 2951 vs. 2(102) = 204.

Time = 0.30 (sec) , antiderivative size = 2951, normalized size of antiderivative = 28.93

/(ez)m (A+ Bz") (c+ dz™)® dz = Too large to display

input Lintegrate ((ex*x) “m* (A+B*x"n) *(c+d*x"n) "2,x, algorithm="giac")

output

N

(B*d~2*m~3*x*x~ (3*n) e~ (m*¥log(e) + m*xlog(x)) + 3*B*kd~2*m~2*n*x*x~ (3*n)*e” (
mxlog(e) + m*log(x)) + 2#Bxd~2*m*n~2*x*x~ (3*n)*e” (m*¥log(e) + m*log(x)) + 2
*Bkckd*m~3xx*x” (2*n) *e” (m*xlog(e) + m*log(x)) + A*d~2*m~3*x*x”~(2#n)*e” (m*lo
g(e) + m*¥log(x)) + B*d~2*m~3*x*x~(2*n)*e” (m*xlog(e) + m*log(x)) + 8*Bkckd*m
~2*n*x*x” (2*n) *e” (m*log(e) + mxlog(x)) + 4*Axd~2*m™2*n*x*x~ (2*n)*e” (m*Llog(
e) + mxlog(x)) + 3*B*d~2xm~2*n*x*x~(2*n)*e” (m*xlog(e) + m*log(x)) + 6xBkc*d
*m*n~2*%x*x” (2*n) *e~ (m*xlog(e) + m*log(x)) + 3*A*d~2*m*n~2*x*x~ (2*n)*e” (m*lo
g(e) + m¥log(x)) + 2*Bxd~2*m*n~2*x*x~ (2#n)*e” (m*log(e) + m*xlog(x)) + B*c™2
*m”~3*xx*x"n*e” (m*log(e) + m*xlog(x)) + 2%A*c*d*m~3*x*x"n*e” (m*log(e) + m*log
(x)) + 2xBxc*d*m~3*x*x n*e” (m*xlog(e) + m*log(x)) + A*xd~2*m~3*x*x " n*e” (m*lo
g(e) + m¥log(x)) + B*d~2#m~3*x*x"n*e” (m*log(e) + m*log(x)) + 5*Bxc~2*m~2*n
*xx*x"n*e” (mxlog(e) + m¥log(x)) + 10*Axc*d*m™2*n*x*x"n*e” (m¥log(e) + m*log(
x)) + 8*Bxckd*m”2*n*x*x"n*e” (m¥log(e) + mklog(x)) + 4*A*d~2*m~2*n*x*x nke”
(m*log(e) + m*log(x)) + 3*Bxd~2+m~2*n*x*x n*e” (m*log(e) + m*log(x)) + 6%Bx
c~2*xm*n”2*x*x"n*e” (m*log(e) + mxlog(x)) + 12xA*ckd*m*n~2*x*x n*e” (m*xlog(e)
+ m¥log(x)) + 6*Bxcxd*m*n~2*x*x " n*e” (m*xlog(e) + m*log(x)) + 3*xA*xd~2*m*n~2
*xx*x"n*e” (m*xlog(e) + m*xlog(x)) + 2*B*xd~2*m*n~2*x*x " n*e” (m*log(e) + m*log(x
)) + Axc™2*m~3*x*e” (m*¥log(e) + m*xlog(x)) + Bxc~2*m~3*x*e” (m*log(e) + m*log
(x)) + 2xAxcxd*m~3*x*e” (m*log(e) + m¥log(x)) + 2*B*c*d*m~3*x*e” (m*log(e) +
m*log(x)) + A*d~2*m~3*x*e” (m*xlog(e) + m*log(x)) + B*d~2*m~3*x*e” (m*log...

3.11.9 Mupad [B] (verification not implemented)

Time = 9.12 (sec) , antiderivative size = 265, normalized size of antiderivative = 2.60

/(ez)m (A + Bz") (¢ + dz™)? dzx

Az (ex)” cxz"(ex)” (2Ad+ Bc) (m*+5mn+2m+6n*+5n+1)

m+1 m3+6m2n+3m2+1lmn2+12mn+3m+6n3+11n2+6n+1

dzz®" (ex)" (Ad+2Bc) (m*+4mn+2m+3n*+4n+1)

m3+6m2n+3m2+1lmn2+12mn+3m+6n3+11n2+6n+1
Bd?zz*" (ex)" (m*+3mn+2m+2n?+3n+1)

+m3+6m2n—|—3m2—|—11mn2—|—12mn+3m—|—6n3+11n2+6n+1

311.  [(ex)™ (A + Bz™) (c+dz")? da
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input‘int((e*x)“m*(A + Bxx"n)*(c + d*x"n)"2,x)

output

N

(Axc™2*x*(e*x)"m)/(m + 1) + (c*kx*x"n*(exx) m*(2xA*d + Bkc)*(2*m + 5*n + 5%
m*n + m~2 + 6*n"2 + 1))/(3*%m + 6%n + 12*m*n + 11*m*n~2 + 6+m~2%n + 3*m~2 +
m~3 + 11*n"2 + 6*n"3 + 1) + (d*x*x”~(2*n)*(e*x) "m* (A*d + 2*Bxc)*(2*m + 4*n
+ 4xm*n + m™2 + 3*n"2 + 1))/(3*m + 6%n + 12*m*n + 11*m*n~2 + 6*m~2%n + 3*
m~2 + m~3 + 11*n"2 + 6+%n"3 + 1) + (B*xd~2*x*x” (3*n)*(e*x) “m*(2*m + 3*n + 3%
mn + m~2 + 2%n"2 + 1))/(3*m + 6*n + 12*m*n + 11*m*n~2 + 6*m~2*%n + 3*m~2 +
m~3 + 11*n"2 + 6*n~3 + 1)

311.  [(ex)™ (A + Bz™) (c+dz")? da
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3.12 f (e:z;)m(A—i—Ba:”)(c—l—dx”)2 dx

a+bz™
3.12.1 Optimalresult . . . . . . . . . . ... . 120
3.12.2 Mathematica [A] (verified) . . . . . .. . ... . L 1211
3.12.3 Rubi [A] (verified) . . . . .. ... .. 1211
3.12.4 Maple [F] . . . . . . o 122
3125 Fricas [F] . . . . . o o 122
3.12.6 Sympy [C] (verification not implemented) . . ... ... ... ... ..... 123
3.12.7 Maxima [F] . . . . . . . 1231
3.12.8 Giac [F] . . . . o 124
3.12.9 Mupad [F(-1)] . . . . o o 124

3.12.1 Optimal result

Integrand size = 31, antiderivative size = 185

/ (ex)™ (A + Bz") (c + dz™)*
dz
a+ bx™
d(2bBc + Abd — aBd)x'™"(ex)™  Bd*z't?"(ex)™
b?’(1+m+n) b(1 4+ m+ 2n)
(a*Bd? — abd(2Bc + Ad) + b*c(Bc + 2Ad)) (ex)t™
+
bde(1+m)
N (Ab — aB)(bc — ad)*(ex)*™ Hypergeometric2F1 (1, 1im Limtn _ bao)
ab3e(1 + m)

output \/d* (Axbxd-B*a*xd+2*Bxb*c) *x~ (1+n) * (exx) “m/b~2/ (1+m+n) +B*d~2*x~ (1+2*n) * (e*xx) ~
\ m/b/ (1+m+2*n) +(a”~2*B*d~2-a*b*d* (A*d+2*Bxc) +b~2*c* (2%A*d+B*c) ) * (exx) ~(1+m) /
| b~3/e/(1+m)+(A¥b-Bxa) * (—a*d+b*c) “2% (exx) ~ (1+m) *hypergeom([1, (1+m)/n],[(1+
m+n) /n] ,-b*x"n/a)/a/b~3/e/(1+m)

N\ J

/|

Blp. [ e g,
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3.12.2 Mathematica [A] (verified)

Time = 0.40 (sec) , antiderivative size = 153, normalized size of antiderivative = 0.83

2
(ex)™ (A + Bz™) (c + dz™)
dx
a + bx™
. 14
(ex)™ a?Bd?—abd(2Bct Ad) +b%e(Bet2Ad) | bd(2bBetAbd—aBd)s" | p2Bd’z>" (Ab—aB)(bc—ad)? Hypergeometric2F1 (Lﬁ
1+m 1+m+n 1+m+2n a(l+m)
= =

e hY
Integrate[((e*x) "m*(A + B*x"n)*(c + d*x"n)~2)/(a + b*x"n),x]

N\ J

input

output‘ (xx(exx) “mx ((a"2%B*d"2 - a*b*d*(2*%Bkc + A*d) + b~2xcx(Bxc + 2%A*d))/(1 + m |
) + (bxdx(2%b*Bkc + A¥bxd - a*Bxd)*x°n)/(1 + m + n) + (b™2%B*d™2%x"(2%n))/ |
‘(1 + m + 2kn) + ((Axb - axB)*(b*c - a*d) "2+Hypergeometric2F1[1, (1 + m)/n, ‘
- (1 +m +n)/n, ~((b*x"n)/a)])/(a*(1 + m))))/b"3 |

3.12.3 Rubi [A] (verified)

Time = 0.40 (sec) , antiderivative size = 185, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, Mumber of rules _ ( 65 Ryles used

integrand size
= {1040, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (ex)™ (A + Bz™) (c + dacn)2
dz
a + bx™

l 1040

/ ((em)m (a?Bd? — abd(Ad + 2Bc) + b*c(2Ad + Bc)) N (ex)™(Ab — aB)(bc — ad)? N dz"(ex)™(—aBd + Abd

b b3 (a + bzx™) b2
| 2009

(ex)™*! (a®Bd? — abd(Ad + 2Bc) + b*c(2Ad + Bc)) N

bde(m +1) )
(ex)™+1(Ab — aB)(bc — ad)? Hypergeometric2F1 (1, ™kl mintl _ ba%y N

abde(m + 1)

dz"t(ex)™(—aBd + Abd + 2bBc)  Bd?z*"“*!(ex)™

b2(m+n+1) b(m +2n+ 1)

3.12. [ (ealMArBe(crde") g,
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input \ Int [((e*x) "m* (A + B*x"n)*(c + d*x"n)~2)/(a + b*x"n),x]

output  (d*(2*b*B*c + A*bxd - a*B*d)*x~(1 + n)*(exx)"m)/(b"2%(1 + m + n)) + (Bxd"2
*x~(1 + 2xn)*(e*x) "m)/(b*(1 + m + 2*n)) + ((a"2*B*d"2 - axbxd*(2xBxc + A*d
) + b72*kck(Bxc + 2*A*d))*(exx)"(1 + m))/(b"3*e*x(1 + m)) + ((Axb - a*B)*(b*
c - axd)"2x(exx)”~(1 + m)*Hypergeometric2F1[1, (1 + m)/n, (1 + m + n)/n, —(
(bxx~n)/a)])/(a*b~3*e*x(1 + m))

3.12.3.1 Defintions of rubi rules used

rule 1040‘Int[((g_.)*(x_))‘(m_.)*((a_) + (b_)*(x_)"(@)) " (p_.)*((c_) + (d_)*(x_)"(n
)7(gu)*(Cel) + (£_)*(x_)"(n_))"(r_.), x_Symboll :> Int[ExpandIntegrand[
‘(g*x)‘m*(a + b*x"n) "p*(c + d*x"n)"q*(e + f*x"n)"r, x], x] /; FreeQ[{a, b, c

,d, e, f, g, m, n}, x] && IGtQlp, -2] && IGtQlq, 0] && IGtQ[r, O]

ruk32009LInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

3.12.4 Maple [F]

/ (ex)™ (A+ Bz"™) (c+ dac”)2
dxr
a+bxn

inputLint((e*x)“m*(A+B*x“n)*(c+d*x‘n)“2/(a+b*x“n),X)

output‘int((e*x)“m*(A+B*x“n)*(c+d*x”n)“2/(a+b*X“n),X)

3.12.5 Fricas [F]

dz

/ (ex)™ (A + Bz™) (c + dz™)? e — / (Bz" + A)(dz™ + ¢)*(ex)™
a + bx™ bz + a

inputLintegrate((e*x)‘m*(A+B*x‘n)*(c+d*x‘n)‘2/(a+b*x‘n),x, algorithm="fricas")

output‘ integral ((Bxd~2#x~ (3*n) + Axc™2 + (2*%Bkcxd + A*d~2)*x”~(2*n) + (Bxc™2 + 2*A
‘*c*d)*x“n)*(e*x)“m/(b*x“n + a), x)

Blp. [ e g,
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3.12.6 Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 9.55 (sec) , antiderivative size = 1402, normalized size of antiderivative = 7.58

m n n)2
/ (ex)™ (A + Bzx™) (¢ + dz™) dx = Too large to display

a+ bx"

input Lintegrate ((e*xx)**m* (A+B*x**n) * (c+d*x**n) **2/ (at+tb*x**n) ,x)

output

p

Axax*(m/n + 1/n)*a**(-m/n - 1 - 1/n)*cx*2*e*x*sm*m*x**(m + 1)*lerchphi (b*x**
n*exp_polar(I*pi)/a, 1, m/n + 1/n)*gamma(m/n + 1/n)/(n**2*gamma(m/n + 1 +
1/n)) + Axaxx(m/n + 1/n)*a*x*(-m/n - 1 - 1/n)*cx*2ke*x*m*x**(m + 1)*lerchphi
(b*x**n*exp_polar(I*pi)/a, 1, m/n + 1/n)*gamma(m/n + 1/n)/(n**2*gamma(m/n
+ 1 + 1/n)) + A*xa*xx(-m/n - 3 - 1/n)*a**x(m/n + 2 + 1/n)*d**2*e*x*xm*mkx**(m +
2#n + 1)*lerchphi (b*x**n*exp_polar(I*pi)/a, 1, m/n + 2 + 1/n)*gamma(m/n +
2 + 1/n)/(n**2*gamma(m/n + 3 + 1/n)) + 2%A*a*x*(-m/n - 3 - 1/n)*a*x(m/n +
2 + 1/n)*d*x2%e*xm¥x**(m + 2%n + 1)*lerchphi(b*x**n*exp_polar(Ixpi)/a, 1,
m/n + 2 + 1/n)*gamma(m/n + 2 + 1/n)/(n*gamma(m/n + 3 + 1/n)) + Axa**x(-m/n
- 3 - 1/n)*a*x*x(m/n + 2 + 1/n)*d**2xe**m*x**x(m + 2%n + 1)*lerchphi (b*x**n*e
xp_polar(I*pi)/a, 1, m/n + 2 + 1/n)*gamma(m/n + 2 + 1/n)/(n**2*gamma(m/n +
3 + 1/n)) + 2xAxax*(-m/n - 2 - 1/n)*ax*(m/n + 1 + 1/n)*ckd*e*x*m*m*x**(m +
n + 1)*lerchphi(b*x**n*exp_polar(I*pi)/a, 1, m/n + 1 + 1/n)*gamma(m/n + 1
+ 1/n)/(nx*2+xgamma(m/n + 2 + 1/n)) + 2*xA*xa*x*x(-m/n - 2 - 1/n)*a*x(m/n + 1
+ 1/n)*c*d*ex*m*x**(m + n + 1)*lerchphi(bxx**n*exp_polar(I*pi)/a, 1, m/n +
1 + 1/n)*gamma(m/n + 1 + 1/n)/(n*gamma(m/n + 2 + 1/n)) + 2%Axa**(-m/n - 2
- 1/n)*ax*(m/n + 1 + 1/n)*ckd*ex*m*x**x(m + n + 1)*lerchphi (b*x**n*exp_pol
ar(I*pi)/a, 1, m/n + 1 + 1/n)*gamma(m/n + 1 + 1/n)/(n**2*gamma(m/n + 2 + 1
/n)) + B¥axx(-m/n - 4 - 1/n)*a**x(m/n + 3 + 1/n)*d**2xex*m*m*x**(m + 3*n +
1) *lerchphi (b*x**n*exp_polar(I*pi)/a, 1, m/n + 3 + 1/n)*gamma(m/n + 3 +...

-

3.12.7 Maxima [F]

dz

/ (ex)™ (A + Bz") (c + dz™)? dp — / (Bz™ + A)(dz" + ¢)*(ex)™
a + bx™ bz +a

inputLintegrate((e*x)‘m*(A+B*x‘n)*(c+d*x‘n)‘2/(a+b*x‘n),x, algorithm="maxima")

3.12. [ (ealMArBe(crde") g,
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output | ((b~3%c™2%xe"m - 2%a*xb~2kckd*e"m + a~2%bxd"2%e"m)*A - (axb"2*xc"2%e"m - 2%a”
2xbxc*d*e"m + a~3*d"2*e"m)*B)*integrate(x"m/(b”"4*x"n + a*b”~3), x) + ((m"2
+ mk(n + 2) + n + 1)*B*b~2*%d"2*e"m*x*e” (m*log(x) + 2*n*xlog(x)) + ((2*x(m~2
+ m*(3*%n + 2) + 2*n"2 + 3*n + 1)*b"2%c*d*e”m - (m~2 + m*(3*n + 2) + 2¥n"2
+ 3%n + 1)*a*xb*d"2*xe"m)*A + ((m"2 + m*(3*n + 2) + 2*n"2 + 3*n + 1)*b"2%c”"2
*e"m - 2*x(m"2 + m*(3*n + 2) + 2#n"2 + 3*n + 1)*a*b*ckxdke™m + (m~2 + m*(3*n
+ 2) + 24%n"2 + 3*n + 1)*a”2*d"2%e " m)*B)*x*x"m + ((m~2 + 2*mkx(n + 1) + 2#%n
+ 1)*A*%b"2+%d"2%e"m + (2x(m~2 + 2*«m*(n + 1) + 2*n + 1)*b"2*c*kd*e™m - (m~2
+ 2¢m*(n + 1) + 2%n + 1)*axb*d~2%e"m)*B)*x*e” (m*¥log(x) + n*log(x)))/((m"~3
+ 3*xm~2x(n + 1) + (2%n"2 + 6%n + 3)*m + 2*n~2 + 3*n + 1)*b~3)

3.12.8 Giac [F]

dz

/ (ex)™ (A + Bz™) (c + dz™)? i / (Bz" + A)(dz™ + ¢)*(ex)™
a + bz bz + a

input ‘ integrate ((e*x) “m* (A+B*x~n)* (c+d*x~n) "2/ (a+b*x"n) ,x, algorithm="giac")

output Lintegrate ((B*x™n + A)*x(d*x"n + c)"2*(e*x) "m/(b*x"n + a), x)

3.12.9 Mupad [F(-1)]

Timed out.

dz = dz

/ (ez)™ (A+ Bz") (c + dz™)’

(ex)™ (A+ Bz") (c+ dz")’
a + bx™ /

a+bx”

input | int (((e*x) “m*(A + B*x"n)*(c + d*x"n)~2)/(a + b*x"n),x)

N\

output Lint (((e*x)"m*(A + B*x"n)*(c + d*x"n)"2)/(a + b*x"n), x)

Blp. [ e g,
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3.13 f (e:z;)m(A—i—Ba:”)(c—l—dx”)2 dx

(a+bzm)?
3.13.1 Optimalresult . . . . .. .. . ... . 125]
3.13.2 Mathematica [A] (verified) . . . . . . ... . .. Lo 1261
3.13.3 Rubi [A] (verified) . . . . . ... .. 126
3.13.4 Maple [F] . . . . . o o 128
3.13.5 Fricas [F] . . . . . o o 128
3.13.6 Sympy [F] . . . . . 129
3.13.7 Maxima [F] . . . . . ... 129
3.13.8 Giac [F] . . . . o 129
3.13.9 Mupad [F(-1)] . . . . o 130

3.13.1 Optimal result

Integrand size = 31, antiderivative size = 268

/ (ex)™ (A + Bz") (c + dz™)? dr — _ d*(Ab(1 +m+n) — aB(1 +m + 2n))z'*" (ex)™
(a + bzm)? B ab’>n(l+m+n)
d(Ab(2bc(1 +m) — ad(1 +m +n)) — aB(2bc(1 + m +n) — ad(1 + m + 2n)))(ex) ™
abde(1 +m)n

(Ab — aB)(ex)t™ (c + dz™)®
aben (a + bz)
(bc — ad)(Ab(bc(1 +m —n) — ad(1 +m +n)) — aB(bc(1 + m) — ad(1 +m + 2n)))(ex) ™™ Hypergec
B a?b3e(1 +m)n

output | -d~2* (Axb* (1+m+n) —a*xB* (1+m+2*n) ) *x~ (1+n) * (e*x) "m/a/b~2/n/ (1+m+n) -d* (Axbx* (2
*bxc* (1+m) —a*d* (1+m+n) ) —a*B* (2*¥b*c* (1+m+n) —a*d* (1+m+2*n) ) ) * (e*x) ~(1+m) /a/b
~3/e/(1+m) /n+(Axb-B*a) * (e*x) ~ (1+m) * (c+d*x"n) “2/a/b/e/n/ (a+b*x"n) - (—~a*d+b*c
) * (Axb* (b*c* (1+m-n) —a*xd* (1+m+n) ) —a*B* (b*c* (1+m) —a*d* (1+m+2*n) ) ) * (e*x) ~ (1+m
)*xhypergeom([1, (1+m)/n],[(1+m+n)/n],-b*x"n/a)/a~2/b"3/e/(1+m)/n

313. [ (e“”)’”("‘(:f;w?(“dm") dz




input LIntegrate [((exx) "m*(A + B*x"n)*(c + d*x"n)"2)/(a + b*x"n)~2,x]

output
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3.13.2 Mathematica [A] (verified)

Time = 0.45 (sec) , antiderivative size = 159, normalized size of antiderivative = 0.59

dx

/ (ex)™ (A + Bz™) (c + dz™)?
(a 4 bzn)®

(Ab—aB)(bc—

. 1+m 14m+4n bz™
a)(egj)m d(2bBe+Abd—2aBd) n bBd2z™ (bc—ad)(bBc+2Abd—3aBd) Hypergeometric2F1 (LT’T’_%)
1+m 1+m+n a(1+m)

b3

(x*(e*x) “m* ((d* (2¥b*B*c + Axb*d - 2*a*Bxd))/(1 + m) + (b*B*d"2*x"n)/(1 + m
+ n) + ((b*c - axd)*(bxBkc + 2%Axb*d - 3*a*B*d)*Hypergeometric2F1[1, (1 +
m)/n, (1 +m + n)/n, -((b*x"n)/a)])/(a*x(1 + m)) + ((A*b - a*B)*(b*c - a*xd
) “2*Hypergeometric2F1[2, (1 + m)/n, (1 + m + n)/n, -((b*x"n)/a)])/(a~2%(1
+ m))))/b~3

3.13.3 Rubi [A] (verified)

Time = 0.68 (sec) , antiderivative size = 264, normalized size of antiderivative = 0.99,
number of steps used = 4, number of rules used = 4, umber of rules _ ( 199 Ryles used

integrand size
= {1064, 25, 1040, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (ex)™ (A + Bz™) (c+ da:")
(a + bzm)?

l 1064

(ex)™+1(Ab — aB) (c + dz™)* 3

aben (a + bx™)
f_(ex) (dz"+c)(c(aB(m+1)—Ab(m—n+1))—d(Ab(m+n+1)— aB(m+2n+1))x) dx
bz"+a

abn

| 25

f (ex)™(dz™+c)(c(aB(m+1)—Ab(m—n+1))—d(Ab(m+n+1)— aB(m+2n+1)):c”)d
bz +a +
abn
(ex)™t1(Ab — aB) (c + dz™)?

aben (a + ba™)

313. [ (“V”("‘(:f;?“*dm") dz
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l 1040

f (d2(aB(m-|—2n—|—1)—Ab(m-{—n-l—l))av"(eaf:)m + d(aB(2bc(m+n+1)—ad(m+2n+1))—Ab(2bc(m+1)—ad(m+n+1)))(ex)™ + (be—ad)(aB(be(
b b2

abn
(ex)™t1(Ab — aB) (c + dz™)?
aben (a + bx™)

l'2009

(ex)™ 1! (bc—ad) Hypergeometric2F1 (1,7”7'*'1 , %”'H ,— %) (Ab(be(m—n+1)—ad(m+n+1))—aB(be(m+1)—ad(m+2n+1))) _ d(ex)™t1(4

ab2e(m+1)

(ex)™t1(Ab — aB) (c + dz™)?
aben (a + ba™)

abn

inputLInt[((e*x)“m*(A + B*x"n)*(c + d*x"n)"2)/(a + b*x"n)"2,x]

~—

output | ((A*b - a*B)*(e*x)~(1 + m)*(c + d*x"n) " 2)/(axb*e*n*(a + b*x™n)) + (-((d~2*
(Axbx(1 + m + n) - a*xBx(1 + m + 2*¥n))*x" (1 + n)*(e*x)"m)/(bx(1 + m + n)))
- (d*(A*xb*x(2*b*c*(1 + m) - axd*(1 + m + n)) - a*B*x(2*bxc*(1 + m + n) - axd
*(1 +m + 2¥%n)))*x(e*x)"(1 + m))/(b"2xex(1 + m)) - ((b*c - a*xd)*(Axb* (b*c*(
1 +m-mn) - axdx(1 + m + n)) - a*Bx(bxcx(1 + m) - axd*(1 + m + 2%n)))*(ex*
x)~(1 + m)*Hypergeometric2F1[1, (1 + m)/n, (1 + m + n)/n, -((b*x"n)/a)])/(
a*b~2*ex(1 + m)))/(axb*n)

3.13.3.1 Defintions of rubi rules used

rule

;
Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 1040‘Int[((g_.)*(X_))“(m_.)*((a_) + (b_)*(x_)"(@)) " (p_)*((c_) + (d_)*x_)"(n
‘_))“(q_.)*((e_) + (f_)*(x_)"(_))"(r_.), x_Symbol] :> Int[ExpandIntegrandl[
‘(g*x)"m*(a + b*x"n) "p*(c + d*x"n)"q*(e + f*x"n)"r, x], x] /; FreeQ[{a, b, c

,d, e, £, g, m, n}, x] && IGtQlp, -2] &k IGtQlq, 0] && IGtQlr, O]

313. [ @m>”(§:jjjy(“+dm") dz



CHAPTER 3. LISTING OF INTEGRALS

rule 1064 Int[((g_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"(m_)) " (p_)*((c_) + (d_.)*(x_)"(n_
N7 (g_d)*((e ) + (£_.)*(x_)"(n_)), x_Symbol] :> Simp[(-(bxe - a*f))*(gxx)~(
m + 1)*(a + bxx"n) " (p + 1)*x((c + d*x"n)"q/(axb*g*nx(p + 1))), x] + Simp[1/(
axb*xn*(p + 1)) Int[(g*x)"m*(a + b*x"n)~(p + 1)*(c + d*x"n) " (q - 1)*Simplc
*(bxexnx(p + 1) + (b*e - axf)*x(m + 1)) + d*(b*exnx(p + 1) + (bxe - a*f)*(m
+ nxq + 1))*x"n, x], x], x] /; FreeQ[{a, b, c, d, e, £, g, m, n}, x] && LtQ
[p, -1] && GtQLg, 0] && !'(EqQlg, 1] && SimplerQ[bxc - a*d, bkxe - a*f])

ruka?OOQLInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

3.13.4 Maple [F]

/ (ex)™ (A+ Bz") (c+ dw")zdx
(a+ban)’

inputLint((e*x)‘m*(A+B*x“n)*(c+d*x“n)‘2/(a+b*x“n)“2,x)

output tint ((e*x) “m* (A+B*x~n) * (c+d*x~n) ~2/ (a+b*x~n) ~2,x)

3.13.5 Fricas [F]

/ (ex)™ (A + Bz") (c + dz™)? dp — / (Bz™ + A)(dz" + ¢)*(ex)™ i
(a + bzn)? (bz™ + a)®

inputLintegrate((e*x)“m*(A+B*x“n)*(c+d*x“n)“2/(a+b*x“n)“2,x, algorithm="fricas")

output‘integral((B*d“Q*x‘(S*n) + Axc™2 + (2#B*c*d + A*d"2)*x"(2*n) + (B*c”™2 + 2*A
‘*c*d)*x"n)*(e*x)"m/(b"2*x’“(2*n) + 2*axb*x"n + a~2), x)

313. [ <“>’”(A(:f;wf3(c+dm") dz
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3.13.6 Sympy [F]

/ (ex)™(A+ Bz") (c+ dx”) / (ex)™ (A + Bz™) (c + dz‘")
(a + bzn)? (a + bzm)?

input Lintegrate ((exx) **xm* (A+B*x**n) * (c+d*x**n) **2/ (a+bkx**n) **2,x)

~—

output LIntegral((e*x)**m*(A + Bkxxkn)x(C + dkxkkn)*k2/(a + brxkkn)**2, x) J

3.13.7 Maxima [F]

/ (ez)™ (A + Bz™) (¢ + dz™)? i / (Bz" + A)(dz™ + ¢)*(ex)™ s
(a + bzn)? (bz™ + a)®
inputLintegrate((e*x)‘m*(A+B*x‘n)*(c+d*x“n)‘2/(a+b*x‘n)“2,x, algorithm="maxima") J

output | -((a~2*xb*xd"2*e"m*(m + n + 1) + b"3*c™2*xe"mkx(m - n + 1) - 2*axb~2xcxd*xe mx*(
m+ 1))*A - (a"3*d"2*%e"m*(m + 2%n + 1) - 2*a~2bkckd*e™m*(m + n + 1) + axb
“2%c”2*e"mx(m + 1))*B)*integrate(x"m/(a*xb~4*n*x"n + a~2*b~3*n), x) + ((m*n
+ n)*B*a*b~2*d”2*e " m*x*e” (m*log(x) + 2*n*log(x)) + (((m"2 + m¥(n + 2) + n
+ 1)*b"3%c”2%e"m - 2%(m"2 + m*x(n + 2) + n + 1)*a*b"2*kckd*e™m + (m~2 + 2+*m
*(n + 1) + 072 + 2%n + 1)*a"2*%b*d"2*xe"m)*A - ((m™2 + m*(n + 2) + n + 1)*a*
b~2xc"2%e"m - 2*%(m”~2 + 2km*(n + 1) + n”~2 + 2*n + 1)*a”2%b*c*d*e’m + (m~2 +
m*(3*n + 2) + 2*n"2 + 3*n + 1)*a~3*d"2*e"m)*B)*x*x"m + ((m*n + n~2 + n)*A
*a*xb~2+%d"2%e"m + (2*x(m*n + n~2 + n)*axb"2*c*d*e"m - (m*n + 2*n~2 + n)*a”2*
b*d~2+e"m) *B) *x*e” (m*log(x) + n*log(x)))/((m"2*n + (n"2 + 2*n)*m + n"2 + n
Y*xaxb"4*x"n + (m"2%n + (n”2 + 2*n)*m + n~2 + n)*a~2%b"3)

3.13.8 Giac [F]

dz

/ (ex)™ (A + Bz") (c + dz™)* e — / (Bz" + A)(dz" + ¢)*(ex)™
(a + bzn)? (bz" + a)?

.
input | integrate ((e*x) “m* (A+B*x~n) * (c+d*x"n) 2/ (a+b*x"n) ~2,x, algorithm="giac")

N J

output Lintegrate ((B*x™n + A)*(d*x"n + c) 2x(e*xx) "m/(b*x"n + a)~2, x) J

313. [ (“V”("‘(:f;wf}(“dm") dz
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3.13.9 Mupad [F(-1)]

Timed out.

/ (ex)™ (A + Bz") (c + dz™)? dp — / (ex)™ (A+ Bz") (c+dz")’ i
(a+ ban)” (a+ban)?

inputLint(((e*x)‘m*(A + Bxx"n)*(c + d*x"n)"2)/(a + b*x"n)~2,x)

Outputtint(((e*x)“m*(A + B*x™n)*(c + d*x"n)~2)/(a + b*x"n)"2, x)

313. [ <“>’”<"‘(jf;wf3(c+dm") dz
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3.14.1 Optimal result

Integrand size = 31, antiderivative size = 322

/ (ex)™(A+ Bz") (c+ dx")
(a + bzn)®
d(bc(1 +m) — ad(1+m +n))(Ab(1 +m) — aB(1 +m + 2n))(ex) ™™
N 2a2b%e(1 + m)n?
(Ab — aB)(ex)t™ (c + dz™)®
2aben (a + bzn)?
(bc — ad)(ex)*™ (c(aB(1 +m) — Ab(1 +m — 2n)) — d(Ab(1 + m) — aB(1 + m + 2n))z")
+ 2a2b%en? (a + bz™)
(be(aB(1 4+ m) — Ab(1 + m — 2n))(ad(1 +m) — be(1 +m — n)) — ad(be(l +m) — ad(1 +m + n)) (A
+
2a3b3%e(1 + m)n?

output | 1/2*d* (b*c* (1+m) —a*d* (1+m+n) ) * (A*b* (1+m) —a*xB* (1+m+2*n) ) * (e*x) ~ (1+m) /a~2/b"
3/e/(14m) /n~2+1/2*% (Axb-B*a) * (e*xx) ~ (1+m) * (c+d*x"n) “2/a/b/e/n/ (a+b*x"n) ~2+1/
2x (—a*xd+b*c) * (e*x) ~ (1+m) * (c* (a*B* (1+m) —Axb* (1+m-2+*n) ) —~d* (Axb* (1+m) —a*xB* (1+
m+2*n) )*x"n) /a~2/b"2/e/n"2/ (a+b*x~n) +1/2* (b*c* (a*B* (1+m) -A*b* (1+m-2*n) ) * (a
*d* (1+m) —b*c* (1+m-n) ) —a*d* (b*c* (1+m) —a*xd* (1+m+n) ) * (A*b* (1+m) —a*B* (1+m+2*n)
))*(e*xx)~ (1+m) *hypergeom([1, (1+m)/n],[(1+m+n)/n],-b*x"n/a)/a~3/b"3/e/(1+m
)/n"2

314. [ (e“”)’”("‘(:f;w?(“dm") dz
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3.14.2 Mathematica [A] (verified)

Time = 0.65 (sec) , antiderivative size = 168, normalized size of antiderivative = 0.52

2
(ex)™ (A + Bz") (c + dz™)
3 dz
(a + bzm)
d(2bBc+Abd—3aBd) Hypergeometric2F1 1,“’%,%,—% (bc—ad)(bBc+2Abd—3aBd) Hypergeometric2F1 (|
z(ex)™ (Bd2 + - ( ) I - (

(1 +m)

input‘ Integrate[((exx) "m*x(A + B*x"n)*(c + d*x"n)~2)/(a + b*x"n)~3,x] ‘

output | (x*(e*xx) “m* (B*d~2 + (d*(2xb*B*c + Axb*d - 3*a*B*d)*Hypergeometric2F1[1, (1
+m)/n, (1 +m + n)/n, -((b*x"n)/a)])/a + ((bxc - a*d)*(b*Bxc + 2%Axbxd -
3*a*Bxd) *Hypergeometric2F1[2, (1 + m)/n, (1 + m + n)/n, -((b*x"n)/a)])/a~

2 + ((A¥b - axB)*(b*c - a*d) 2*Hypergeometric2F1[3, (1 + m)/n, (1 + m + n)

/n, -((b*x"n)/a)])/a~3))/(b~3*(1 + m))

3.14.3 Rubi [A] (verified)

Time = 0.65 (sec) , antiderivative size = 328, normalized size of antiderivative = 1.02,
number of steps used = 6, number of rules used = 6, Bumber of rules _ 194 Ryles used

integrand size
= {1064, 25, 1064, 25, 959, 888}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (ex)™ (A + Bz™) (c+ dx")
(a + bzn)?

l 1064

(ex)™t1(Ab — aB) (¢ + dz™)? 3
2aben (a 4 bam)?
f (ex)™(dz"+c)(c(aB(m+1)—Ab(m—2n+1))— d(Ab(m+1)—aB(m+2n+1))m”)d
(bz™+a)?
2abn

| 25

(ex)™(dz™+c)(c(aB(m+1)—Ab(m—2n+1))—d(Ab(m+1)—aB(m+2n+1))z™)
J (e B e A e B I (o pym (4D — aB) (¢ + da”)’

2abn 2aben (a + bzn)?

314. [ @m>”(§:jjjy(“+dm") dz
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l 1064
ex)™ c(m —ad(m+n Ab(m —aB(m+2n "
(e2)™*+ (be—ad) (c(aB(m-+1)— Ab(m—2n+1))—da" (Ab(m+1) ~aB(mt2ns1))  J — &0 (delmilmedlmint 1)(A0m 1) —eBlmt2ntl)s”
aben(a+bz™) abn

2abn
(ex)™t1(Ab — aB) (c + dz™)?

2aben (a + bazm)?

| 25

ezmdbcml ad(m4n+1))(Ab(m+1)—aB(m+2n+1))z" +c(aB(m+1)— Ab(m—2n+1))(ad(m+1)—bc(m—n+1
f( )™ (d(be(m+1)—ad(m+n+1))(Ab(m+1)—aB(m+ :m%)+a+( (m+1)—Ab( +1))(ad(m+1)—be( +))) + (ez)™ 1 (be—ad)(c(aB(m+1)
abn
) 2abn
(ex)™+1(Ab — aB) (c + dz™)
2aben (a + bazm)?
| 959

<C(aB(m+1)—Ab(m—2n+1))(ad(m+1)—b6(m—n+1))—ad(Ab(m-H)_aB(m+2n+;))(bc(m+1)_ad(m+n+1))) / é;i):;dm"' d(ew)mH(Ab(mH)_GB(j

abn

2abn
(ex)™t1(Ab — aB) (c + dz™)?

2aben (a + bz™)?
| sss

ad(Ab(m+1)—aB(m+2n+;))(bc(m+1)—ad(m+n—

(e:c)m+1 Hypergeometric2F1 (1, mTH s %m ,— #) (c(aB(m+1)—Ab(m—2n+1))(ad(m+1)—bc(m—n+1))—
ae(m+1)

abn

(ex)™+1(Ab — aB) (c + dz")?
2aben (a + bam)?

input | Int [((e*x) “m*(A + B*x~n)*(c + d*x~n)~2)/(a + b*x™n)"3,x]

output

/((A*b - a*B)*x(e*xx)"(1 + m)*(c + d*x"n) 2)/(2*xaxbxexn*x(a + b*x"n)"2) + (((b

*xc - axd)*(exx) (1 + m)*(cx(a*B*(1 + m) - A*bx(1 + m - 2%n)) - d*(Axbx(1 +
m) - a*Bx(1 + m + 2#*n))*x"n))/(axb*e*n*x(a + b*x"n)) + ((d*(b*c*(1 + m) -
a*d*(1 + m + n))*x(Axbx(1 + m) - a*B*(1 + m + 2*n))*(e*xx)~(1 + m))/(b*xex(1
+ m)) + ((cx(a*B*(1 + m) - A*b*(1 + m - 2*n))*(a*d*(1 + m) - bkckx(1 + m -
n)) - (axdx(bkxc*(1 + m) - a*d*(1 + m + n))*x(A*b*(1 + m) - a*B*x(1 + m + 2*n
)))/b)*(e*x)~ (1 + m)*Hypergeometric2F1[1, (1 + m)/n, (1 + m + n)/n, -((b*x
“n)/a)])/(axex(1 + m)))/(axb*n))/(2*a*b*n)

3.14. j“(emy”°§1j123(0+dm") dz
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3.14.3.1 Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int([Fx, x], x]

rule 888

rule 959

rule 1064

Int[((c_)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol]l :> Simp[a~p
*((c*x)"(m + 1)/(cx(m + 1)))*Hypergeometric2F1[-p, (m + 1)/n, (m + 1)/n + 1
, (-b)*(x"n/a)], x] /; FreeQ[{a, b, ¢, m, n, p}, x] && !'IGtQ[p, 0] && (ILt
Qlp, 0] || GtQ[a, 0]1)

/Int[((e_.)*(x_))‘(m_.)*((a_) + (b_)*(x)" (@ ))"(p_)*((c) + (d_)*(x_)"(n

N\

_)), x_Symbol] :> Simp[d*(e*x)~(m + 1)*((a + b*x"n)"(p + 1)/(b*e*x(m + n*(p
+ 1) +1))), x] - Simp[(a*d*(m + 1) - bxcx(m + nx(p + 1) + 1))/(bx(m + nx(p
+ 1) + 1)) Int[(e*x) "m*(a + b*x™n) p, x], x] /; FreeQ[{a, b, c, d, e, m,
n, p}, x] && NeQ[b*c - a*d, 0] && NeQ[m + nx(p + 1) + 1, 0]

Int [((g_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(m_))~(p_)*((c_) + (d_.)*(x_)"(n_
D) (q_.)*((e ) + (£_.)*(x_)"(n_)), x_Symbol] :> Simp[(-(b*e - a*f))x*(g*x)~(
m + 1)*(a + bxx"n) " (p + 1)*((c + d*x"n)"q/(axb*g*nx(p + 1))), x] + Simp[1/(
axbxn*(p + 1))  Int[(g*x) m*(a + b*x"n)"(p + 1)*(c + d*x"n)~(q - 1)*Simp[c
*(bxexnx(p + 1) + (b*e - axf)*x(m + 1)) + d*(b*exn*(p + 1) + (bxe - a*f)*(m
+ nxq + 1))*x™n, xJ], x], x] /; FreeQ[{a, b, c, d, e, £, g, m, n}, x] && LtQ
[p, -1] && GtQLg, 0] && !'(EqQlg, 1] && SimplerQ[bxc - a*d, bkxe - a*f])

3.14.4 Maple [F]

/ (e2)" (A+ Ba™) (c+da")’
(a+ban)®

input ‘ int ((e*x) “m* (A+B*x"n) * (c+d*x"n) ~2/ (a+b*x"n) ~3,x)

p
output Lint ((exx) “m* (A+B*x"n) * (c+d*x"n) "2/ (a+b*x"n) ~3,x)

| —

314. [ (e“”)’”("‘(:f;w?(“dm") dz
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3.14.5 Fricas [F]

/ (ex)™ (A + Bz™) (c + dz™)? e — / (Bz" + A)(dz™ + ¢)*(ex)™ s
(a + bzn)? (bz™ + a)®

input Lintegrate ((exx) “m* (A+B*x~n) * (c+d*x"n) “2/ (a+b*x"n) "3,x, algorithm="fricas")

output‘ integral ((Bxd~2#x~(3*n) + Axc™2 + (2*B¥cxd + A*d~2)*x”~(2*n) + (Bxc™2 + 2*A
‘*c*d)*x"n)*(e*x)"m/(b"3*x"(3*n) + 3%axb~2%x~(2*%n) + 3*%a~2*b*x"n + a~3), x)

3.14.6 Sympy [F(-1)]

Timed out.

dz = Timed out

/ (ex)™ (A + Bx™) (c+ clx")2
(a + bz)?

input Lintegrate ((e*x) *x*m* (A+B*x**n) * (c+d*x**n) ¥*2/ (a+b*x**n) ¥*3,x)

output LTimed out

3.14.7 Maxima [F]

/ (ex)™ (A + Bz™) (c + dz™)? e / (Bz" + A)(dz™ + ¢)*(ex)™ i
(a + bzn)® (bz" + a)®

input Lintegrate ((e*x) “m* (A+B*x"n) * (c+d*x"n) "2/ (a+b*x"n) "3,x, algorithm="maxima")

314. [ <“>’”<"‘(jf;wf3(c+dm") dz
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(((m~2 - m*x(3*%n - 2) + 2%n"2 - 3%n + 1)*b"3*c™2*e™m - 2*x(m"2 - m*(n - 2) -
n + 1)*a*b™2*ckd*e”m + (m"2 + m*x(n + 2) + n + 1)*a~2*b*d"2*e"m)*A - ((m~2
- m¥(n - 2) - n + 1)*a*xb™2*%c”2%e™m - 2*(m"2 + mx(n + 2) + n + 1)*a"2xbxcx*
d*e"m + (m™2 + m*(3*n + 2) + 2*n~2 + 3*n + 1)*a”3%d"2*e"m)*B)*integrate(1/
2*%x"m/ (a~2*%b"4*n"2*%x"n + a~3*%b"3*n"2), x) + 1/2x(2*B*a”~2*xb"2*d"2%e “m*n"2*x
xe” (m*xlog(x) + 2*nxlog(x)) - (((m"2 - m*(3*n - 2) - 3*n + 1)*axb~3*c"2*e"m
- 2x(m™2 - mx(n - 2) - n + 1)*a"2%b"2xcxd*e™m + ("2 + mx(n + 2) + n + 1)
*a"3%bxd"2%e"m)*A - ((m"™2 - mx(n - 2) - n + 1)*a"2*xb"2%c"2%e"m - 2*(m~2 +
mk(n + 2) + n + 1)*a”3*bkckd*e™m + (m™2 + m*(3*n + 2) + 2*n"2 + 3*n + 1)*a
“4%d"2%e"m) *B) *x*x"m - (((m"2 - 2*m*(n - 1) - 2%n + 1)*b"4*c”2%e"m - 2x(m~
2 + 2%m + 1)*axb~3*ckd*e™m + (m~2 + 2*m*x(n + 1) + 2%n + 1)*a~2%b~2*d"2%e"m
YkA - ((m™2 + 2*%m + 1)*a*b~3*c™2*xe™m - 2*x(m~2 + 2#m*x(n + 1) + 2*n + 1)*a”2
*b"2xckd*xe"m + (m~2 + 2*%m*(2%n + 1) + 4*n"2 + 4*n + 1)*a”3*b*d"2*e"m)*B)*x
xe” (m*xlog(x) + n*log(x)))/((m*n~2 + n~2)*a~2*b~5*x~(2*%n) + 2*(m*n~2 + n~2)
*a"3*%b~4*x"n + (m*n~2 + n~2)*a~4%b"3)

3.14.8 Giac [F]

/ (ex)™ (A + Bz") (c + dz™)? dp — / (Bz™ + A)(dz"™ + ¢)*(ex)™ i
(a + bzn)® (bz" + a)®

inputLintegrate((e*x)‘m*(A+B*x‘n)*(c+d*x“n)‘2/(a+b*x‘n)“3,x, algorithm="giac")

outputLintegrate((B*x‘n + A)*(d*x"n + c) " 2*x(e*x)"m/(b*x"n + a)~3, x)

3.14.9 Mupad [F(-1)]

Timed out.

/ (ex)™ (A + Bz™) (c + dz™)? i — / (ex)™ (A+ Bz") (c+ dz")’ i
(a + bzn)? (a+ban)®

inputtint(((e*x)“m*(A + Bxx"n)*(c + d*x"n)"2)/(a + b*x"n)~3,x)

~—

int(((exx) m*(A + Brx~m)*(c + d*x"n)~2)/(a + bkx~n)"3, x)

i

314. [ (e“”)’”("‘(:f;w?(“dm") dz
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3.15 [(ex)™ (a + bz™)’ (A 4+ Bz™) (c + dz")° dz

3.15.1 Optimal result . . . . .. .. . .. 137
3.15.2 Mathematica [A] (verified) . . . . . . .. ... ... L Lo oL 138
3.15.3 Rubi [A] (verified) . . . . . ... .. 138
3.15.4 Maple [C] (warning: unable to verify) . . . . . ... ... ... ... ... .. 140
3.15.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ... 1401
3.15.6 Sympy [B] (verification not implemented) . . ... .. ... ... ...... 1401
3.15.7 Maxima [B] (verification not implemented) . . . . . . . ... ... ... .. .. [T41]
3.15.8 Giac [B] (verification not implemented) . . . ... .. ... .. ....... 142
3.15.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 143

3.15.1 Optimal result

Integrand size = 31, antiderivative size = 410

/ (ez)™ (a + bz")? (A + Ba") (c + dz™)? do
a’c?*(aBc + 3A(bc + ad))z' ™ (ex)™

1+m+n

3ac(aBc(be + ad) + A(b*c® + 3abed + a?d?)) ' 2" (ex)™
* 1+m+2n

(3aBc(b*c® + 3abed + a*d?) + A(bPc + 9ab?c®d + 9a’bed? + aPd?)) z' 3" (ex)™
* 14+m+3n

(a®Bd? + 9ab*cd(Bc + Ad) + 3abd*(3Bc + Ad) + b3c*(Bc + 3Ad)) z' T4 (ex)™
+ 1+m+4n

3bd(a®Bd? + b*c(Bc + Ad) + abd(3Bc + Ad)) z'+°"(ex)™
* 1+m+5n

b’d?(3bBc + Abd + 3aBd)z' ™" (ex)™ W*Bdlz't™(ex)™ = adAcd(ex)™™
+ 1+m+6n 1+m+Tn e(l1+m)

output | a~2*c~2* (Bxaxc+3*A* (a*d+b*c) ) *x~ (1+n) * (exx) “m/ (1+m+n) +3*a*c* (a*xBxc*x (axd+b*
c)+Ax (a~2xd"2+3*axb*c*d+b~2*c"2) ) *x”~ (1+2*n) * (e*x) “m/ (1+m+2#*n) + (3*a*xBxc*x (a”
2xd"2+3*axb*ckd+b"2%c”2) +A* (2~ 3*d"3+9%a"2*bkckxd"2+9*axb~2xc 2xd+b"3*c"3) ) *
x~ (143*n) * (e*x) “m/ (1+m+3*n) + (a~3*B*d~3+9*a*xb~2*ckd* (A*d+B*c) +3*a~2kb*d ™2 (
A*d+3*B*c) +b~3%c 2% (3*xA*d+B*c) ) *x~ (1+4+*n) * (e*x) “m/ (1+m+4*n) +3*xb*xd* (a~2*B*d
~2+b"2*c*x (A*d+B*c) +axbxd* (Axd+3*B*c) ) *x~ (1+5+*n) * (e*x) “m/ (1+m+5*n) +b~2*d 2%
(Axb*d+3*Bxaxd+3*Bxb*c) *x~ (1+6%*n) * (exx) “m/ (1+m+6*n) +b~3*B*d~3*x”~ (1+7*n) * (e
*x) “m/ (1+m+7*n)+a~3%A*c~ 3% (exx) ~ (1+m) /e/ (1+m)

3.15.  [(ex)™ (a+ bz")® (A+ Bz") (c+ da™)’ dx
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3.15.2 Mathematica [A] (verified)

Time = 1.52 (sec) , antiderivative size = 358, normalized size of antiderivative = 0.87

/(ez)m (a + bz™)® (A + Bz") (c + dz™)® dz
B3A3 202 n
_ w(ex)™ (a Ac A (aBc+ 3A(bc + ad))z

I1+m 1+m+n
3ac(aBc(bc + ad) + A(b*c? + 3abcd + a*d?)) 2"
+ 1+m+2n

(3aBc(b%c? + 3abed + a?d?) + A(b3c3 + 9abc?d + 9a’bed? + a3d?)) 3"

+ 1+m+3n
N (a®Bd?® + 9ab?cd(Bc + Ad) + 3a’bd?(3Bc + Ad) + b3c*(Bc + 3Ad)) z*"

1+m+4n
N 3bd(a?Bd? + b*c(Bc + Ad) + abd(3Bc + Ad)) z°" N b*d?(3bBc + Abd + 3aBd)z®"

1+m+5n 1+m+6n
b3 Bd3z™

m)

-

inputt

Integrate[(e*x) “m*(a + b*x"n) 3*x(A + B*x"n)*(c + d*x"n)~3,x]

| —

output

x*k(e*xx) "m* ((a~3*%A*c~3) /(1 + m) + (a"2%c”2*(a*Bxc + 3xAx(b*c + a*d))*x"n)/(
1 + m + n) + (3*a*c*(a*Bxcx(bxc + axd) + Ax(b"2%c”2 + 3*axbxcxd + a~2*d"2)
Yxx~(2*n)) /(1 + m + 2%n) + ((3*axBxckx(b~2%c”2 + 3*a*b*c*xd + a~2*xd"2) + Ax*(
b~3%c™3 + 9kaxb~2%c”2kd + 9*a~2xbxc*d"2 + a~3*%d"3))*x~(3%n))/(1 + m + 3%n)
+ ((a”3*%B*d~3 + 9*xa*b~2xckd* (Bxc + Axd) + 3*a”~2¥bxd"2*(3*Bkc + A*d) + b~3
*xC™2x (Bxc + 3%A*d))*x~(4*n))/(1 + m + 4%n) + (3*%bkd*(a~2%B*d~2 + b~ 2%c*(Bx
c + A*d) + axbxdx(3*Bkxc + A*d))*x~(5%n))/(1 + m + 5*n) + (b~2xd~2*(3*b*B*c
+ Axb*d + 3*a*B*kd)*x”~(6*n))/(1 + m + 6*n) + (b~3*B*xd"3*x~(7*n))/(1 + m +
7+*n))

3.15.3 Rubi [A] (verified)

Time = 0.78 (sec) , antiderivative size = 410, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 2, Bumber of rules _ 465 Ryles used
integrand size

= {1040, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

3.15.  [(ex)™ (a+ bz")® (A+ Bz") (c+ da™)’ dx
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/(em)m (a + bz™)3 (A+ Bz") (c + dz™)? dz

l 1040

/ (a®Ac’(ex)™ + 3acz®(ex)™ (A(a®d® + 3abed + b°c?) + aBc(ad + be)) + 3bdz™™ (ex)™ (a®Bd? + abd(Ad + 3E

l 2009

aPAc?(ex)™tt  3acz®(ex)™ (A(a’d? + 3abed + b?c?) + aBc(ad + b)) 4
e(m+ 1) ]
3bdz5"+! (ex)™ (a’Bd? + abd(Ad + 3Bc) + b*c(Ad + Bc)) +a2c2x”+1(ew)m(3A(ad + bc) + aBc) N

24" (ex)™ (a3Bd® + 3a%bd*(Ad + 3Bc) + 9ab’cd(Ad + Be) + b3c%(3Ad + Bc)) N

m+4n+1
23" (ex)™ (3aBc(a’d? + 3abed + b2c?) + A(a3d® + 9a%bed? + 9ab®cAd + b3c?)) N
m+3n+1
b2d%z5" 1 (ex)™(3aBd + Abd + 3bBc) + b3 Bd3z™™t! (ex)™

m+6n+1 m+Tn+1

( N

inputLInt[(e*x)‘m*(a + b*x~n)~3%(A + B¥x~n)*(c + d*x~n)"3,x] J

output | (a~2xc~2* (a*B*xc + 3*A*x(b*c + axd))*x~(1 + n)*(e*x)"m)/(1 + m + n) + (3*ax*c
*(a*Bkcx(b*c + a*d) + A*(b~2*c™2 + 3*axbxckd + a~2+%d~2))*x~ (1 + 2*n)*(e*xx)
"m)/(1 + m + 2%n) + ((3*a*Bkcx(b~2*c~2 + 3*axb*ckd + a~2%d~2) + A*(b~3*c~3
+ 9%axb”2*c”2*%d + 9*ka"2xbkc*d"2 + a~3*d"3))*x" (1 + 3*n)*(e*x)"m)/(1 + m +
3*%n) + ((a~3*B*d~3 + 9*axb~2*cxd* (Bxc + A*xd) + 3*a”~2%b*xd~2*(3*Bkc + A*xd)
+ b~ 3*%c”2* (Bkc + 3%A*d))*x”~ (1 + 4#n)*(e*x)"m)/(1 + m + 4*n) + (3*b*xd*x(a~2*
B*d"2 + b~2%c*(Bxc + Axd) + ax*bkd*(3*B*c + Axd))*x~ (1 + 5*n)*(e*x)"m)/(1 +
m + 5%n) + (b"2*d"2%(3*b*B*c + Axbxd + 3*a*Bkd)*x~ (1 + 6#*n)*(e*x)"m)/(1 +
m + 6xn) + (b"3*B*d"3*x" (1 + 7*n)*(exx)"m)/(1 + m + 7+n) + (a~3*xAxc”3*(ex*
x)"(1 + m))/(ex(1 + m))

3.15.3.1 Defintions of rubi rules used

rule 1040‘Int[((g_.)*(x_))“(m_.)*((a_) + (b_)*(x_)"(@_ )" (p_.)*x((c_) + (d_)*(x_)"(n ‘
‘_))“(q_.)*((e_) + (f_)*(x_)"(_))"(r_.), x_Symbol] :> Int[ExpandIntegrandl[ ‘
‘(g*x)“m*(a + b*x™n) "p*(c + d*x"n)"q*(e + f*x"n)"r, x], x] /; FreeQ[{a, b, c ‘
, d, e, f, g, m, n}, x] & IGtQlp, -2] && IGtQlq, 0] && IGtQ[r, 0] |

3.15.  [(ex)™ (a+ bz")® (A+ Bz") (c+ da™)’ dx
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ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

3.15.4 Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 10.71 (sec) , antiderivative size = 20904, normalized size of antiderivative = 50.99

method result size
risch Expression too large to display | 20904
parallelrisch | Expression too large to display | 27583

iIlPu'ﬁ‘int((e*x)‘m*(a+b*x‘n)‘3*(A+B*x‘n)*(c+d*x‘n)‘3,x,method=_RETURNVERBOSE)

outputtresult too large to display

3.15.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 11628 vs. 2(410) = 820.

Time = 1.22 (sec) , antiderivative size = 11628, normalized size of antiderivative = 28.36

/(ez)m (a + bz™)’ (A + Bz") (c + dz")° dz = Too large to display

inputLintegrate((e*x)‘m*(a+b*x‘n)‘3*(A+B*x‘n)*(c+d*x‘n)‘3,x, algorithm="fricas")

-/

output‘Too large to include

3.15.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 365145 vs. 2(410) = 820.

Time = 40.54 (sec) , antiderivative size = 365145, normalized size of antiderivative = 890.60

/(ew)m (a + bz™)® (A 4 Bz™) (c + dz™)® dz = Too large to display

3.15.

[(ex)™ (a + bz™)* (A + Bz™) (c + dz™)® da
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input | integrate ((ekx)**mk (a+b*xn)**3x (A+Bkxrxn) * (c+d*x**n) **3,X)

output

input/

\

Piecewise(((A + B)*(a + b)*x3*(c + d)**3xlog(x)/e, Eq(m, -1) & Eq(n, 0)),
((A*ax*3xc*x3*%Llog(x) + 3kAxa*x3kck*x2xd*kx**n/n + 3kAxa*x*3kckd*k*2xx**(2*n) / (
2%n) + Axax*3kd*x3xx*x*k(3%n)/(3%n) + 3kAka*x*2kbkck*3kx*k*n/n + 9kA*xa**x2kxbkc*
*2kd*xx*k* (2%n) / (2%n) + 3kA*xa**x2kxbkckd*k*2*x** (3%n) /n + 3kAxax*k2kbkd*x*x3kx** (4
*n)/(4%n) + 3xAxaxbkxx2kc**x3*x**(2*n)/(2*%n) + 3*kAxaxbk*x2kxc**x2kxd*x** (3*n)/n
+ OxAxaxb*x2kckdx*2xx*x* (4*n) /(4*n) + 3*kAkxaxbx*2xd*x*3kx*x* (5*n)/(5*%n) + Axbx*
*3kck*kJkx*kk (3xn) /(3*%n) + 3kAxbr*3kcr*2xd*x** (4%n)/(4*n) + IkAxb¥k3kckd**2*
x*x(5%n) /(56%n) + A*xb**3kd**3*kx**(6xn)/(6%n) + B¥ax*3kck*3*x**n/n + 3*kBkaxxk
kcHkk2kd*x** (2%n) / (2%n) + Brak*x3kckd**2kx** (3%n)/n + Bkakxx3kdkx3kx*x(4%n)/
(4%n) + 3*Bxax*2kbxc*x*x3*x*x*x(2xn)/(2%n) + 3*Bkxax*x2kxbkxc*x*2*d*x**(3*n)/n + 9%
B*ax*2xbkxckd**2*x** (4%n) / (4*n) + 3*Bxa*x*2xbkxd**x3*x**(5%n)/(5%n) + B*axb**2
*ckx*3%xx*x* (3*%n) /n + 9kBkaxbx*x2xck*x2kd*xx** (4%n)/(4*n) + 9*Bxaxbkx2kxckd*x*2*x*
*(5%n)/(5%n) + Bkaxb**2xd**3*x*x*(6%n)/(2%n) + B¥b**3*kcx*3*x**(4*n)/(4*n) +
3*%Bxb**3kck*2kd*xx*x* (5%n) / (5%n) + B¥b**x3xckxd*x*2kx** (6%n)/(2%n) + Bxb**3*xdx*
*3kx*x (7*n) /(7*n)) /e, Eq(m, -1)), (A*a**3*c**3*Piecewise((0**(-7*n - 1)*x,
Eq(e, 0)), (Piecewise((-1/(7*n*(exx)**(7*n)), Ne(n, 0)), (log(e*x), True)
)/e, True)) + 33kA*xa**3*c**2*xd*Piecewise ((—x*x**nx(e*x)**(-7*n - 1)/(6%n),
Ne(n, 0)), (x*x**n*(exx)**(-7*n - 1)*log(x), True)) + 3*Axax*3*cxd**2xPiec
ewise ((—x*x** (2*n) * (e*x) **(-7*n - 1)/(56%n), Ne(n, 0)), (x*x**(2*n)*(e*xx)x**
(-7*n - 1)*log(x), True)) + A*xa**x3xd**3*Piecewise ((—x*xx*x*(3*n)*(exx)*x(...

3.15.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1032 vs. 2(410) = 820.

Time = 0.30 (sec) , antiderivative size = 1032, normalized size of antiderivative = 2.52

/(ez)m (a + bz™)® (A + Bz") (c + dz™)® dz = Too large to display

integrate ((exx) “m* (a+b*x~n) “3* (A+B*x"n) * (c+d*x"n) "3,x, algorithm="maxima")

3.15.  [(ex)™ (a+ bz")® (A+ Bz") (c+ da™)’ dx




output
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B*b~3*d"3*e " m*x*e” (m*¥log(x) + T*nxlog(x))/(m + 7*n + 1) + 3xB*b~3*c*d™2%e”

m*x*e” (m*xlog(x) + 6*nxlog(x))/(m + 6%n + 1) + 3*Bxa*b~2xd~3*e mkx*e” (m*log
(x) + 6*n*log(x))/(m + 6*%n + 1) + A*b~3*d”"3*e m*x*e” (m*log(x) + 6*n*log(x)
)/(m + 6%n + 1) + 3%B*b~3*c”2*d*e m*x*e” (m*log(x) + 5*n*log(x))/(m + 5*n +

1) + 9*B*a*b~2*c*d 2*e m*x*e” (m*log(x) + 5*n*xlog(x))/(m + 5*n + 1) + 3*Ax
b~3*c*d~2*e m*x*e” (m*log(x) + 5*nxlog(x))/(m + 5%n + 1) + 3*Bxa~2%b*d~3*e”
m*x*e” (m*xlog(x) + 5*n*log(x))/(m + 5%n + 1) + 3*Axa*b~2*d~3*e m*x*e” (m*log
(x) + 5#n*xlog(x))/(m + 5*n + 1) + B*b~3xc”3*e"m*x*e” (m*¥log(x) + 4*n*log(x)
)/(m + 4*n + 1) + 9*Bxa*b~2*xc"2xd*e m*x*e” (m*xlog(x) + 4*nxlog(x))/(m + 4+*n
+ 1) + 3*%A*b~3xc 2*d*e m*x*e” (m*log(x) + 4*nxlog(x))/(m + 4xn + 1) + 9*B*
a~2xb*xcxd"2*e m*x*e” (m*log(x) + 4*n*xlog(x))/(m + 4*n + 1) + 9*Axa*b~2*xc*d”
2xe"m¥x*e” (m*log(x) + 4*n*log(x))/(m + 4*n + 1) + B*a~3*d"3*e"m*x*e” (m*log
(x) + 4*n*log(x))/(m + 4*n + 1) + 3*%A*xa”2xb*d~3*e m*x*e” (m*log(x) + 4#*n*lo
g(x))/(m + 4*n + 1) + 3*%B*axb~2*c~3*e"m*x*e” (m*log(x) + 3*n*log(x))/(m + 3
*n + 1) + A*b~3%c”3*%e " m*x*e” (m*log(x) + 3*n*log(x))/(m + 3*n + 1) + 9*B*a”
2xbxc~2*d*e m*x*e” (m*log(x) + 3*n*log(x))/(m + 3*n + 1) + 9kA*axb~2%c~2xd*
e"mxx*e” (m*¥log(x) + 3*n*log(x))/(m + 3*n + 1) + 3*B*a~3*cxd~2*e m*x*e” (m*l
og(x) + 3*nxlog(x))/(m + 3*n + 1) + 9xA*a~2*bxc*xd~2*e m*x*e” (m*log(x) + 3*
nxlog(x))/(m + 3%n + 1) + A*a"3*d"3xe "m*x*e” (m*¥log(x) + 3*nxlog(x))/(m + 3
*n + 1) + 3*%B*a~2*b*c”3*%e m*x*e” (m*¥log(x) + 2*n*log(x))/(m + 2*n + 1) +...

3.15.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 143220 vs. 2(410) = 820.

Time = 1.81 (sec) , antiderivative size = 143220, normalized size of antiderivative = 349.32

/(ez)m (a + bz™)’ (A + Bz") (c + dz")° dz = Too large to display

input  integrate((e*x) “m* (a+b*x"n) ~3* (A+B*x"n) * (c+d*x"n) “3,x, algorithm="giac")

~—

3.15.  [(ex)™ (a+ bz")® (A+ Bz") (c+ da™)’ dx



output
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(B*b~3*d~3*m~7*x*x~ (7*n) *e~ (m*log(e) + m*xlog(x)) + 21*B*b~3*d~3*m~6*n*kx*x"
(7#n) *e~ (m*¥log(e) + mxlog(x)) + 175*Bxb~3*d"3*m~5+n~2*x*x~ (7*n)*e” (m*xlog(e
) + m*log(x)) + 735*%Bxb~3*d~3*m~4*n~3*x*x~ (7*n)*e” (m*log(e) + m*log(x)) +
1624*B*b~3*d"3*m~3*n"4*x*x~ (7*n) *¥e~ (m*¥log(e) + m*xlog(x)) + 1764*B*b~3*d~3x
m~2#n"5*x*x” (7*n) *e~ (m*log(e) + m*log(x)) + 720%*B*b~3*d~3*m*n~6*x*x~ (7*n)*
e” (m*log(e) + m*log(x)) + 3*Bxb~3*ckd~2*m~7*x*x~(6*n)*e” (m*xlog(e) + m*log(
X)) + 3*Bxaxb~2*d"3*m”7*x*x~ (6*n)*e” (m*log(e) + m*log(x)) + Axb~3*d™3*m~7*
x*x~ (6*n) *e~ (m*xlog(e) + m*xlog(x)) + B*b~3*d~3*m~7*x*x~(6*n)*e” (m*log(e) +
mxlog(x)) + 66*B*b~3*c*d~2*m~6*n*x*x~ (6*n)*e” (m*log(e) + m*xlog(x)) + 66xBx
a*b~2%d"3*m~6*n*x*x” (6%n) *e~ (m*¥log(e) + m*log(x)) + 22%Axb~3%d”~3*m~6*n*x*x
~(6*n)*e~ (m*xlog(e) + m¥log(x)) + 21%Bxb~3%d~3*m~6*n*x*x~(6%n)*e” (m*log(e)
+ m¥log(x)) + B70*Bxb~3*cxd~2+m~5*n~2*x*x~ (6*n) *e” (m*log(e) + mxlog(x)) +
570%B*a*b~2+d "~ 3*m~5*n"2*x*x” (6*n) *e~ (m*log(e) + m*xlog(x)) + 190*A*b~3*d~3*
m~5*n"2*x*x” (6*n) e~ (m*¥log(e) + m*xlog(x)) + 175*Bxb~3%d~3*m~5*n~2*x*x~ (6*n
)*e~ (m*log(e) + m*log(x)) + 2460*Bxb~3*c*xd~2*m~4*n~3*x*x" (6*n)*e~ (m*log(e)
+ m*xlog(x)) + 2460%B*axb~2%d”~3*m~4*n"3*x*x~ (6*n)*e” (m*xlog(e) + m*log(x))
+ 820%Axb~3*d~3*m~4*n"3*x*x"~ (6%n) *e~ (m*log(e) + mxlog(x)) + 735*B*b~3xd~3*
m~4*n”~3*x*x” (6*n) e~ (m*log(e) + mxlog(x)) + 5547*B*b~3*c*d™2*m~3*n"4*x*x" (
6*n) *e~ (m*log(e) + mxlog(x)) + 5547*Bxaxb~2*d"3*m”~3*n"4*x*x~ (6*n)*e~ (m*log

(e) + mxlog(x)) + 1849%Axb~3*d~3*m~3*n~4*x*x~ (6*n)*e” (m*log(e) + m*log(...

3.15.9 Mupad [B] (verification not implemented)

Time = 11.97 (sec) , antiderivative size = 2949, normalized size of antiderivative = 7.19

/(ez)m (a + bz™)® (A 4 Bz") (c + dz™)® dx = Too large to display

-

inputtint((e*x)‘m*(A + B*x™n)*(a + b*x"n) 3*(c + d*x"n)"3,x)

|

3.15.  [(ex)™ (a+ bz")® (A+ Bz") (c+ da™)’ dx



output
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(x*x~ (3*n) * (e*x) “m* (A*a~3*%d~3 + A*b~3%c~3 + 3*Bkaxb~2%c~3 + 3*B*a~3*c*xd”~2

+ OkA*a*xb”2%c"2*%d + 9xAxa~2xbkckd"2 + 9*B*a ~2xbxc~2xd)*(6*m + 25%n + 125+%m
*n + 988*m*n~2 + 250*m~2*%n + 3657*m*n~3 + 250*m~3*n + 6224*m*n~4 + 125*xm~4
*n + 3796*m*n"5 + 25*m~5*%n + 15*%m~2 + 20*m~3 + 15*m™4 + 6*m”5 + m"6 + 247%*
n~2 + 1219*%n"3 + 3112*n"4 + 3796*n"5 + 1680*n"6 + 1482*m~2*n"~2 + 3657*m~2*
n~3 + 988xm~3*%n"2 + 3112*%m~2*n"4 + 1219*m~3*n"3 + 247*m~4*n"2 + 1))/(7*m +
28*n + 168*m*n + 1610*m*n~2 + 420*m~2*n + 7840*m*n~3 + 560*m~3*n + 20307*
m*n~4 + 420*m~4*n + 26264*m*n"5 + 168*m~5*n + 13068*m*n"6 + 28*m~6*n + 21x*
m~2 + 35*m~3 + 35%m~4 + 21*m”5 + 7*m”~6 + m~7 + 322%n"2 + 1960*n"3 + 6769*n
"4 + 13132*n"5 + 13068*n"6 + 5040*n~7 + 3220*%m~2*n"2 + 11760*m~2*n"3 + 322
0*xm~3*%n"2 + 20307*m~2*%n"4 + 7840*m~3*n"3 + 1610*m~4*n"2 + 13132*m~2*%n"5 +
6769*m~3*n"4 + 1960*m~4*n"3 + 322*m~5*n"2 + 1) + (x*x~(4*n)=*(e*x) m*(B*a~3
*d"3 + B¥b"3%c”3 + 3*A*a"2*%b*d"3 + 3*A*b"3kc"2*d + 9kxAxaxb~2xcxd"2 + 9*Bxa
*b"2%c"2xd + 9*Bkxa~2xb*c*kd"2)*(6*m + 24*n + 120*m*n + 904*m*n~2 + 240%m”2*
n + 3168*m*n~3 + 240*m~3*%n + 5090*m*n~4 + 120*m~4*n + 2952*m*n~5 + 24*m~5%*
n + 15%m™2 + 20*m~3 + 15*%*m™4 + 6*m”™5 + m~6 + 226*n"2 + 1056*n"3 + 2545*n~4
+ 2952*%n"5 + 1260*n"6 + 1356*m~2*n"2 + 3168*m~2*n"3 + 904*m~3*n"2 + 2545%
m~2*n~4 + 1056*m~3*n"3 + 226*%m~4*n"2 + 1))/(7*m + 28%n + 168*m*n + 1610*mx*
n~2 + 420*%m~2*n + 7840*m*n~3 + 560*m~3*n + 20307*m*n"~4 + 420*m~4*n + 26264
*m*n~5 + 168*m~5%n + 13068*m*n~6 + 28*m~6*n + 21*xm~2 + 35%m~3 + 35*%m~4 ...

3.15.  [(ex)™ (a+ bz")® (A+ Bz") (c+ da™)’ dx




CHAPTER 3. LISTING OF INTEGRALS 145

3.16 [(ex)™ (a + bz™)* (A 4+ Bz™) (c + dz")° dx

3.16.1 Optimalresult . . . . .. .. . ... .. .. 145]
3.16.2 Mathematica [A] (verified) . . . . . .. . ... ... Lo oL 146
3.16.3 Rubi [A] (verified) . . . . . . ... ... 146
3.16.4 Maple [C] (warning: unable to verify) . . . . . . ... ... ... ... ... . 148
3.16.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ... 148
3.16.6 Sympy [B] (verification not implemented) . . ... .. ... ... ...... 148]
3.16.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... ... .. T49]
3.16.8 Giac [B] (verification not implemented) . . . ... ... ... ... ...... 151
3.16.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 152

3.16.1 Optimal result

Integrand size = 31, antiderivative size = 310

/ (e2)™ (a + bz")? (A + Ba") (c + dz™)? do

ac’(2Abc + aBc + 3aAd)z' ™" (ex)™

1+m+n

N c(aBc(2bc + 3ad) + A(b*c® + 6abed + 3a*d?)) z1 2" (ex)™

1+m+2n
4 (6abed(Bce + Ad) + a*d?(3Bc + Ad) + b?c?(Bc + 3Ad)) z1 13" (ex)™

14+m+3n

N d(a®Bd? + 3b%c(Bc + Ad) + 2abd(3Bc + Ad)) z' 4" (ex)™

1+m+4n

bd?(3bBc + Abd + 2aBd)z* " (ex)™  b’Bd3z't"(ex)™  a?Aci(ex)t™
+ +
1+m+5n 1+m+6n e(l1+m)

output | axc™2* (3xAxaxd+2xAxbkxc+B*a*xc) *x™ (1+n) * (exx) “m/ (1+m+n) +c* (a*Bxc* (3*xaxd+2*xb*
c)+A* (3*xa”~2*%d"2+6*a*xbxckd+b~2*%c”2) ) *x~ (1+2*n) * (e*x) “m/ (1+m+2*n) + (6*a*b*c*xd
* (Axd+B*c)+a~2xd " 2% (A*xd+3*B*c) +b~2xc 2% (3kA*d+B*c) ) *x~ (1+3*n) * (e*xx) "m/ (1+m
+3*n) +d* (a”2*B*d~2+3*b~2xcx (A*xd+B*c) +2*a*b*d* (A*d+3*B*xc) ) *x~ (1+4*n) * (e*x) ~
m/ (1+m+4*n) +bxd~2* (A*b*d+2*B*a*d+3*Bxb*c) *x~ (1+5*n) * (e*x) “m/ (1+m+5*%n) +b~2x*
Bxd~3*x~ (1+6*n) * (e*x) “m/ (1+m+6*n) +a~2*xA*c~3* (exx) ~ (1+m) /e/ (1+m)

3.16.  [(ex)™ (a+ bz")? (A+ Bz") (c+da")’ dx
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3.16.2 Mathematica [A] (verified)

Time = 1.64 (sec) , antiderivative size = 265, normalized size of antiderivative = 0.85

/ (ez)™ (a + bz")? (A + Ba") (c + dz")? do

m ((a*AC®  ac*(2Abc + aBc + 3aAd)z™
= z(ex) +
I1+m 1+m+n
N c(aBc(2bc + 3ad) + A(b*c? + 6abed + 3a2d?)) z2°
1+m+2n
N (6abcd(Bc + Ad) + a?d?*(3Bc + Ad) + b*c*(Bc + 3Ad)) 3"
1+m+3n

N d(a?Bd? + 3b*c(Bc + Ad) + 2abd(3Bc + Ad)) z*" N bd?(3bBc + Abd + 2aBd)z™

1+m+4n 14+m+5n

b2 Bd3z®"
14+ m+6n

s

input LIntegrate [(e*x)"m*(a + b*x~n) "2*%(A + B*x"n)*(c + d*x"n)~3,x]

-/

output | x* (e*x) “m*x ((a~2*%A*c~3) /(1 + m) + (a*c™2%x(2xAxb*c + axBxc + 3*axA*xd)*x"n)/(
1 +m + n) + (ckx(axBxckx(2xb*c + 3*xaxd) + A*(b"2xc™2 + 6*axbkcxd + 3*a~2+d”
2))*x~(2%n))/(1 + m + 2xn) + ((6*a*xbkckd*(Bxc + Axd) + a~2%d~2%(3*Bxc + A*
d) + b~2%c”2x(Bkc + 3*A*d))*x~(3*n))/(1 + m + 3%n) + (d*(a~2*%B*d"2 + 3*b~2
*cx (B*c + A*d) + 2%axbkxd*(3*Bkc + A*d))*x~(4#n))/(1 + m + 4*n) + (b*xd"2x(3
*b*Bkc + Axb*d + 2%a*Bkd)*x~(5%n))/(1 + m + 5*n) + (b~2*B*xd~3*x~(6*n))/(1

+ m + 6%n))

3.16.3 Rubi [A] (verified)

Time = 0.61 (sec) , antiderivative size = 310, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, Mumber of rules _ ( 65 Ryles used

integrand size
= {1040, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (ex)™ (a + bz™)? (A + Bz") (c + da™)® dx

l 1040

3.16.  [(ex)™ (a+ bz")? (A+ Bz") (c+da")’ dx
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/ (cx?(ez)™ (A(3a*d? + 6abed + b*c?) + aBc(3ad + 2bc)) + %" (ex)™ (a®d*(Ad + 3Bc) + 6abed(Ad + Bc) + b

| 2009
cw2n+1(ew)m (A(3a2d2 + 6abed + b262) + ch(3a,d + 2bC)) n

m+2n+1

23+ ()™ (a2d2(Ad + 3Bc) + 6abcd(Ad + Bc) + b2c?(3Ad + Bc)) n
m+3n+1

dzi"tl(ex)™ (a>Bd? + 2abd(Ad + 3Bc) + 3b?c(Ad + Bc))  a?Ac3(ex)™t!
m+4n+1 e(m+1)
ac’z™! (ex)™(3aAd + aBc + 2Abc) 4 bd%z5" 1 (ex)™(2aBd + Abd + 3bBc) 4 b2Bd3z5" 1 (ex)™
m+n+1 m+5n+1 m+6n+1

/

inputLInt[(e*x)‘m*(a + b*x~n)~2%(A + B*x"n)*(c + d*x~n)"3,x]

~—

output | (a*c~2*(2xA*xb*xc + a*Bkc + 3*a*A*d)*x~ (1 + n)*(exx)"m)/(1 + m + n) + (cx(a*
B*ck (2xb*c + 3*axd) + A*x(b"2*c”2 + 6kaxbkckxd + 3*%a~2+%d”"2))*x~ (1 + 2#n)*(e*
x)°m)/(1 + m + 2*%n) + ((6xaxbxcxdx(Bxc + A*d) + a~2+d"2*(3*Bkc + A*d) + b~
2xc™2% (Bxc + 3*A*d))*x~ (1 + 3*n)*(e*x)"m)/(1 + m + 3*n) + (d*(a"2xBxd"2 +

3*b~2kck (Bxc + Axd) + 2*xaxbxdx(3*%Bxc + A*d))*x~ (1 + 4*n)*(exx)™m)/(1 + m +
4xn) + (bxd~2%(3%b*Bxc + A*b*d + 2%a*Bxd)*x~ (1 + 5%n)*(e*xx)™m)/(1 + m + 5
*n) + (b"2xBxd"3*x~ (1 + 6*n)*(exx)"m)/(1 + m + 6*n) + (a"2*A*c”3*(exx) (1

+ m))/(ex(1 + m))

3.16.3.1 Defintions of rubi rules used

rule 1040 Int[((g_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(@_))~(p_)*((c_) + (d_)*(x_)"(n |
)7(gu)*(Cel) + (£_)*(x_)"(m_))"(r_.), x_Symboll :> Int[ExpandIntegrand[ |
‘(g*x)‘m*(a + b*x"n) "p*(c + d*x"n)"q*(e + f*x"n)"r, x], x] /; FreeQ[{a, b, c ‘
, d, e, f, g, m, n}, x] & IGtQlp, -2] && IGtQlq, 0] && IGtQ[r, 0] |

r

rule 2009L1nt [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

~—

3.16.  [(ex)™ (a+ bz")? (A+ Bz") (c+da")’ dx
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3.16.4 Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 5.10 (sec) , antiderivative size = 11356, normalized size of antiderivative = 36.63

method result size
risch Expression too large to display | 11356

parallelrisch | Expression too large to display | 15203

inPllt‘int((e*X)“m*(a+b*x‘n)”2*(A+B*x“n)*(c+d*x‘n)”3,x,method=_RETURNVERBOSE)

output‘result too large to display

3.16.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 6557 vs. 2(310) = 620.

Time = 0.48 (sec) , antiderivative size = 6557, normalized size of antiderivative = 21.15

/(ez)m (a + bz™)? (A + Bz") (c + dz™)® dz = Too large to display

inputLintegrate((e*x)‘m*(a+b*x‘n)‘2*(A+B*x‘n)*(c+d*x‘n)‘3,x, algorithm="fricas") J

output

Too large to include

N J

3.16.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 168099 vs. 2(311) = 622.

Time = 23.29 (sec) , antiderivative size = 168099, normalized size of antiderivative = 542.25

/(ez)m (a + bz™)? (A4 Bz") (c + dz™)® dx = Too large to display

p
input Lintegrate ((exx) *xm* (a+b*xk*n) **2% (A+B*x**n) * (c+d*x**n) **3,x)

~—

3.16.  [(ex)™ (a+ bz")? (A+ Bz") (c+da")’ dx




output
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/Piecewise(((A + B)*(a + b)*x2x(c + d)**3*log(x)/e, Eq(m, -1) & Eq(n, 0)),

((Axax*2xc*x*x3x1og(x) + kAxaxx2xckx2xd*x**n/n + 3kAkxak*x2*ckdr*2kxx* (2+n) / (
2%n) + Axax*2kd*x3xxx*(3*n)/(3%n) + 2kAkxaxbkck*3*xx**n/n + 3kAkakxbkck*2kxd*x
*x (2%n) /n + 2*xAxaxbkxckd**2*xx*x* (3%n)/n + A*axbkxd**x3*xx*k*(4*xn)/(2%n) + Axb**x2
kckk3xx*k*k (2%n) / (2%n) + Axb**2kck*x2kd*xx** (3*%n)/n + 3*kA*xb**x2kckd*x*22*xx** (4*n)
/(4%n) + Axbx*2*d*x3xx*x*(5*n)/(5%n) + Bka*x*2kc**3*x**n/n + 3*Bkxa*kx2kxcx*2*xd
*x*% (2%n) /(2*%n) + Bkax*2kxcxd*x*2*xx** (3*n)/n + B*ax*2xd*x*3*xx** (4*n)/(4*n) +
B*axbkck*3*xx** (2*%n) /n + 2*Bkaxb*cx*2xd*xx** (3*n)/n + 3*Bxaxbkckxdx*2*x** (4*n
)/ (2%n) + 2xBxaxb*d**3*x**(5xn)/(5%n) + Bxbx*2xcx*3*xx*(3*n)/(3*n) + 3*B*b
*k2xChx2xdxxk* (4%n) / (4*n) + 3*B¥bx*2*ckxdx*2xxx* (5*n) / (5*n) + Bkb*k*2kd**3*x
**(6%n)/(6*n)) /e, Eq(m, -1)), (Axa**2kc**3*Piecewise((0x*(-6*n - 1)*x, Eq(
e, 0)), (Piecewise((-1/(6*n*(e*xx)**(6*n)), Ne(n, 0)), (log(exx), True))/e,
True)) + 3xA*ax*2kcx*2*xd*Piecewise ((-x*x**n*(e*xx)**(-6*xn - 1)/(5*%n), Ne(n
, 0)), (x*x*x*n*x(exx)**x(-6xn - 1)*xlog(x), True)) + 3*xA*ax*2xc*d**2xPiecewis
e ((—x*xx*x (2#n) * (e*x)**(-6*n — 1)/(4*n), Ne(n, 0)), (x*x**(2+n)* (e*x)** (-6
n - 1)*log(x), True)) + Axa*x2xd**x3*Piecewise ((—x*x**(3*n)* (e*x)**(-6*n -
1)/(3*n), Ne(n, 0)), (x*x**(3*n)*(exx)**(-6xn - 1)*log(x), True)) + 2xA*ax
bxcx*x3*Piecewise ((—x*x**n* (exx)**x(—-6*n — 1)/(5%n), Ne(n, 0)), (x*x*kknk(e*x
)x*(-6xn - 1)*log(x), True)) + 6*A*xaxbxck*x2xd*Piecewise ((—x*x**(2*n)* (e*x)
*x%(-6%n - 1)/(4*n), Ne(n, 0)), (x*xx**(2*n)*(e*xx)**(-6*n - 1)*log(x), Tr...

3.16.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 748 vs. 2(310) = 620.

3.16.  [(ex)™ (a+ bz")? (A+ Bz") (c+da")’ dx
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Time = 0.29 (sec) , antiderivative size = 748, normalized size of antiderivative = 2.41

/ (e2)™ (@ + ba™)? (A + Ba™) (c + dz™)? do

Bb2d36m$6(m log(z)+6 nlog(x)) 3 Bb26d26m1}6(m log(z)+5nlog(x))

= +
m+6n+1 m+95n+1
9 Babd3emxe(m log(z)+5nlog(z)) Ab2d36mxe(m log(z)+5nlog(z))
m+95n+1 + m+95n+1
3 Bb2c2de™ ge(mlog(z)+4nlog(x)) 6 Babcd2e™ xe(mlog(z)+4nlog(z))
m+4n+1 + m+4n+1
3 Ab2cd2 emxe(m log(xz)+4nlog(x)) Ba2d3emxe(m log(xz)+4nlog(x))
_|_
m+4n+1 m+4n+1
9 Aabd3emxe(m log(z)+4nlog(z)) Bb2c3€m.1}€(m log(z)+3n log(z))
+
m+4n+1 m+3n+1
6Babc2demxe(mlog(x)+3nlog(x)) 3Ab2c2demxe(mlog(x)+3nlog(a)))
+
m+3n+1 m+3n+1
3Ba2cd26mxe(mlog(x)+3nlog(x)) 6AabchBmxe(mlog(w)+3nlog(x))
+
m+3n+1 m+3n+1
Aa2d3em1.e(mlog(z)+3nlog(z)) 2Babc3emxe(mlog(x)+2nlog(w))
+
m+3n+1 m+2n+1
Ab2C36m1}6(m log(z)+2nlog(z)) 3 Ba2c2demxe(m log(z)+2nlog(z))
m+2n+1 + m+2n+1
6 Aabctde™ re(mlog(z)+2nlog(z)) 3 Aa2cd?e™ pe(mlos(z)+2nlog(z))
m+2n+1 + m+2n+1
BCL2C3€m.’IJG(m log(z)+nlog(x)) 2 Aabc3emxe(m log(z)+nlog(x))
m+n+1 * m+n+1
3 Aa2c2de™ e log(@)+nlog(z)) (61’)m+1 Aa2c®
m+n+1 + e(m+1)

input Lintegrate ((e*x) “m* (a+b*x"n) “2* (A+B*x"n) * (c+d*x"n) “3,x, algorithm="maxima")

3.16.  [(ex)™ (a+ bz")? (A+ Bz") (c+da")’ dx



output
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B*b~2*d"3*e " m*x*e” (m*¥log(x) + 6*n*xlog(x))/(m + 6*%n + 1) + 3xB*b~2xc*d™2%e”

m*x*e” (m*xlog(x) + 5*nxlog(x))/(m + 5%n + 1) + 2*Bxaxb*d~3*e m*x*e” (m*log(x
) + binxlog(x))/(m + 5*%n + 1) + Axb~2*d"3*e"m*x*e” (m*log(x) + 5*nxlog(x))/
(m + B*n + 1) + 3%B*b~2*c”2*d*e m*x*e” (m*log(x) + 4*n*log(x))/(m + 4*n + 1
) + 6%Bxaxb*c*d~2*e m*x*e” (m*log(x) + 4*n*log(x))/(m + 4*n + 1) + 3*%A*b~2x
c*d"2xe m*x*e” (m*xlog(x) + 4*n*log(x))/(m + 4*n + 1) + B*a~2+d"3*e m*x*e” (m
xlog(x) + 4*nxlog(x))/(m + 4*n + 1) + 2xAxa*b*d~3xe m*x*e” (m*xlog(x) + 4*nx*
log(x))/(m + 4*n + 1) + B*b~2xc~3*e"m*x*e” (m*¥log(x) + 3*n*log(x))/(m + 3*n
+ 1) + 6*B*axbxc 2*d*e m*x*e” (m*log(x) + 3*nxlog(x))/(m + 3*n + 1) + 3*Ax
b~2%c”2*%d*e m*x*e” (m*log(x) + 3*n*log(x))/(m + 3*n + 1) + 3*Bxa~2%c*d 2xe”
m*x*e” (m*xlog(x) + 3*n*log(x))/(m + 3*n + 1) + 6xA*axbkc*xd™2*e m*x*e” (m*log
(x) + 3#n*xlog(x))/(m + 3*n + 1) + A*a~2xd"3*e"m*x*e” (m*¥log(x) + 3*n*log(x)
)/(m + 3*%n + 1) + 2*Bxa*bxc”~3*e m*x*e” (m*log(x) + 2*n*log(x))/(m + 2%n + 1
) + Axb~2%c”3*e"m*x*e” (m*¥log(x) + 2*n*log(x))/(m + 2*%n + 1) + 3*B*ka~2%c™2x
d*xe"m*x*e” (m*¥log(x) + 2*n*log(x))/(m + 2*%n + 1) + 6xAxaxb*xc~2*d*e m*x*e” (m
xlog(x) + 2*nxlog(x))/(m + 2*n + 1) + 3xAxa~2kcxd"2*e " m*x*e” (m*xlog(x) + 2%
n*log(x))/(m + 2*%n + 1) + B*a~2*c”3*e mkx*e” (m*xlog(x) + n*log(x))/(m + n +

1) + 2%A*xaxbxc”3*e"m*x*e” (m*¥log(x) + n*xlog(x))/(m + n + 1) + 3*kA*xa~2%c™2x%
d*e “m*x*e” (m*¥log(x) + n*log(x))/(m + n + 1) + (e*xx)~(m + 1)*A*xa~2%c~3/(ex*(
m+ 1))

3.16.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 70422 vs. 2(310) = 620.

Time = 0.85 (sec) , antiderivative size = 70422, normalized size of antiderivative = 227.17

/(ez)m (a + bz™)* (A + Bz") (c + dz")° dz = Too large to display

input  integrate((e*x) “m*(a+b*x"n) ~2* (A+B*x"n)* (c+d*x"n) "3,x, algorithm="giac")

~—

3.16.  [(ex)™ (a+ bz")? (A+ Bz") (c+da")’ dx



output
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(B*b~2*d~3*m~6*x*x~ (6*n) *e~ (m*log(e) + m*xlog(x)) + 15%B*b~2%*d™3*m~5*n*x*x"
(6*n) *e~ (m*log(e) + mxlog(x)) + 85xB*b~2*d~3*m~4*n~2*x*x~ (6%n) *e~ (m*log(e)
+ m*log(x)) + 225xB*b~2+d”3*m~3*n"3*x*x” (6*n) *e” (m*log(e) + m*log(x)) + 2
T4%B*b~2%d~3*m~2*n"4*x*x"~ (6*n) *e” (m*log(e) + m*log(x)) + 120%B*b~2*d~3*m*n
“Bxx*xx” (6*n) *e” (m*log(e) + m*xlog(x)) + 3*B*b~2*c*d~2*m~6*x*x~ (5*n)*e” (m*lo
g(e) + m¥log(x)) + 2*Bxa*b*d~3*m~6*x*x” (5%n)*e” (m*log(e) + m*log(x)) + A*b
~2%d"3*m”~6*x*x” (5%n) e~ (m*¥log(e) + mxlog(x)) + B*b~2xd~3*m~6*x*x~ (5%n)*e”(
m*log(e) + m¥log(x)) + 48%B*b~2xc*d~2*m~5*n*x*x~ (5%n)*e” (m*log(e) + m*log(
x)) + 32*%Bxaxb*d~3*m~5*n*x*x” (5*%n)*e” (m*xlog(e) + m*log(x)) + 16%Axb~2xd~3*
m~5*n*x*x~ (5%n) *e” (m*log(e) + mxlog(x)) + 15xB*b~2xd"~3*m”~5*n*x*x~ (5*n)*e” (
m*xlog(e) + m*log(x)) + 285*Bxb~2*c*d~2*m~4*n~2*x*x” (5*n)*e” (m*log(e) + m*l
og(x)) + 190*Bxaxb*d~3*m~4*n~2*x*x~ (5*n)*e~ (m*xlog(e) + m*log(x)) + 95xAxb~
2xd~3*m~4*n"2*x*x” (5*n) *e” (m*log(e) + m*log(x)) + 85*xB*b~2+d~3*m~4+*n~2*x*x
~(5*n)*e~ (m*log(e) + m*log(x)) + 780*B¥b~2*c*xd~2*m~3*n~3*x*x~ (5*n)*e” (m*1lo
g(e) + m*log(x)) + 520*B*a*b*d~3*m~3*n~3*x*x~ (5*n)*e” (m*log(e) + m*log(x))
+ 260%A*b~2%d~3*m"~3*n"3*x*x~ (5*n)*e” (m*log(e) + m*log(x)) + 225%B*b~2*d"3
*m”~3*n"3*x*x” (5%n) *e~ (m*log(e) + m*xlog(x)) + 972%Bxb~2%c*d~2*m~2*n~4*x*x" (
5xn)*e” (m*log(e) + m*log(x)) + 648*B*axbxd~3*m~2*n"4*x*x~ (5%n)*e” (m*log(e)
+ mxlog(x)) + 324%Axb~2%d~3*m~2*n"4*x*x" (5*n)*e” (m¥log(e) + m*log(x)) + 2

T4*B*b~2+d"3*m~2*n"4*x*x~ (5%n) *e”~ (m*log(e) + m*log(x)) + 432*Bxb~2*c*d"...

3.16.9 Mupad [B] (verification not implemented)

Time = 10.84 (sec) , antiderivative size = 1882, normalized size of antiderivative = 6.07

/(ez)m (a + bz™)? (A 4 Bz") (c + dz™)® dz = Too large to display

-

input Lint((e*x) “m*x(A + B*x"n)*(a + b*x~n) 2x(c + d*x"n)"3,x)

|

3.16.  [(ex)™ (a+ bz")? (A+ Bz") (c+da")’ dx



output
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(x*x~ (3*n) * (e*x) “m* (A*a~2%d~3 + B*b~2%c~3 + 3*%Axb~2%c~2%d + 3*B*a~2xc*xd”~2

+ 6kxAxaxbxc*d~2 + 6*Bkaxbkc”2*d)*(5xm + 18*n + 72*m*n + 363*m*n~2 + 108*m”
2xn + 744*m*n~3 + 72*m~3*n + 508*m*n~4 + 18*m~4*n + 10*m~2 + 10*m~3 + 5*m~
4 + m~5 + 121*n"2 + 372*%n"3 + 508*n"4 + 240*%n”5 + 363*m~2*n"2 + 372*m”2*n"
3 + 121*m~3*n"2 + 1))/(6*m + 21%n + 105%m*n + 700*m*n~2 + 210*m~2*n + 2205
*m*n~3 + 210*m~3*%n + 3248*m*n~4 + 105*m~4*n + 1764*m*n"5 + 21*m~5*n + 15%m
“2 + 20*m~3 + 15*m~4 + 6*m~5 + m™6 + 175%n"2 + 735*n"3 + 1624*n"4 + 1764*n
“5 + 720*%n"6 + 1050*m~2*%n"2 + 2205*m~2*n"3 + 700*m~3*n"2 + 1624*m~2*%n"4 +
735*m~3*n"3 + 175*m~4*n~2 + 1) + (A*a"2xc"3*x*x(e*x)"m)/(m + 1) + (cxx*xx~(2
*n) * (e*xx) “mk (3kA*a~2+%d"2 + A*b"2%c™2 + 2*Bkaxb*c”2 + 3xB*a~2*xcxd + 6kAxaxb
*cxd) * (5*xm + 19*%n + 76*m*n + 411*m*n~2 + 114#m~2*n + 922*m*n~3 + 76*m~3*n
+ 702*m*n~4 + 19*%m~4*n + 10*m~2 + 10*m~3 + 5*m~4 + m~5 + 137*%n"2 + 461%n"3
+ 702*n"4 + 360%n"5 + 411*m~2*n"2 + 461*%m~2*n"3 + 137*m~3*n"2 + 1))/(6*m
+ 21%n + 105*%m*n + 700*m*n~2 + 210*m~2*n + 2205*m*n~3 + 210*m~3*n + 3248*m
*n"4 + 105*m~4*n + 1764*m*n"5 + 21*m~5*n + 15*m~2 + 20*m~3 + 15*m™4 + 6*m™
5+ m™6 + 175%n"2 + 735%n"3 + 1624*n"4 + 1764*n"5 + 720*n"6 + 1050*m~2*n"2
+ 2205*%m~2*n"3 + 700*%m~3*%n"2 + 1624*m~2*n"4 + 735*m~3*n"3 + 175*m~4*n"2 +
1) + (dkx*x~(4*n)*(e*xx) “m*x (B*a~2*xd"2 + 3*B*b~2*c™2 + 2*A*xaxb*d™2 + 3*Axb~
2*cxd + 6xBka¥bxckd)*(5*m + 17*n + 68*m*n + 321*m*n"2 + 102#m~2*n + 614*m*
n~3 + 68*xm~3*%n + 396*m*n"4 + 17*m~4*n + 10*m~2 + 10*m™3 + 5%m™4 + m”5 +...

3.16.  [(ex)™ (a+ bz")? (A+ Bz") (c+da")’ dx
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3.17 [(ex)™ (a + bz™) (A + Bz™) (¢ + dz")° dx

3.17.1 Optimal result . . . . . . . . . .. 154
3.17.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 155
3.17.3 Rubi [A] (verified) . . . . . . ... .. 155
3.17.4 Maple [C] (warning: unable to verify) . . . . . . ... ... ... ... ... . 156
3.17.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. .. .. 157
3.17.6 Sympy [B] (verification not implemented) . . .. .. ... ... ... ... .. 58]
3.17.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... ... .. 1591
3.17.8 Giac [B] (verification not implemented) . . . ... ... ... ... ...... 161
3.17.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 162

3.17.1 Optimal result

Integrand size = 29, antiderivative size = 210

/ (e2)™ (a + ba") (A + Ba™) (c + da")’ dz
_ (Abc+ aBc+ 3aAd)z' " (ex)™ N c(3ad(Bc + Ad) + be(Bc + 3Ad))z 2" (ex)™

1+m+n 1+m+2n
N d(3bc(Bc + Ad) + ad(3Bc + Ad))z' 3" (ex)™
14+m+3n
d?(3bBc + Abd + aBd)x't*"(ex)™  bBd3z'*"(ex)™  aAcd(ex)t™™
+ +
1+m+4n 1+m+5n e(l1+m)

output \ c™2* (3xAxaxd+Axbkc+B*a*c) *x~ (1+n) * (exx) “m/ (1+m+n) +c* (3*a*d* (Axd+B*c) +b*xcx* (
\ 3*Axd+B*c) ) *x~ (1+2*n) * (e*x) “m/ (1+m+2*n) +d* (3*b*c* (A*d+B*c) +axd* (A*d+3*B*c)
\ )*x~ (143%n) * (e*x) “m/ (1+m+3*n) +d~2* (Axb*d+B*a*d+3*B*b*c) *x~ (1+4*n) * (e*xx) “m/
\ (1+m+4#n) +b*B*d~3*x~ (1+5%n) * (e*x) “m/ (1+m+5*n) +a*A*c~3* (e*x) ~(1+m) /e/ (1+m)

—_

3.17.  [(ex)™ (a+ bz™) (A + Bz") (c+ dz")® dx
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3.17.2 Mathematica [A] (verified)

Time = 0.83 (sec) , antiderivative size = 172, normalized size of antiderivative = 0.82

m n n "3 g [ aAc®  2(Abc+ aBc + 3aAd)z™
/(ex) (a+bz™) (A+ Bz") (c + d2")° dz = z(ex) <1+m+ o
N c(3ad(Bc + Ad) + be(Bce + 3Ad))z*™

1+m+2n
N d(3bc(Bc + Ad) + ad(3Bc + Ad))z®"

1+m+3n
d? (3bBc + Abd + aBd)z‘m bBd3x®" )

1+m+4n 1+m+5n

input LIntegrate [(e*x) m*(a + b*x"n)*(A + B*x"n)*(c + d*x"n)~3,x] J

output | x* (e*xx) “m* ((a*A*c~3)/(1 + m) + (c"2*(Axbxc + axBxc + 3*axA*d)*x"n)/(1 + m
+ n) + (cx(3*a*xd*(Bxc + Axd) + bkck(Bxc + 3%A*d))*x~(2*n))/(1 + m + 2%n) +

(d* (3*bxck (Bxc + A*d) + a*d*(3*%Bxc + A*d))*x~(3*n))/(1 + m + 3#%n) + (d~2%*
(3*b*B*c + A*bxd + a*B*d)*x~(4*n))/(1 + m + 4#*n) + (b*B*d~3*x~(5%n))/(1 +
m + 5%n))

3.17.3 Rubi [A] (verified)

Time = 0.43 (sec) , antiderivative size = 210, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 2, number of rules _ 0.069, Rules used
integrand size

= {1040, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/kawm(a+bzﬂ(A-rBz%(c+dx%3dx

l 1040

/ (2™ (ex)™(3aAd + aBc + Abc) + d*z*"(ex)™(aBd + Abd + 3bBc) + cz*"(ex)™ (3ad(Ad + Bc) + be(3Ad + E

l'2009

3.17.  [(ex)™ (a+ bz™) (A + Bz") (c+ dz")® dx
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22"+ (ex)™(3aAd + aBc + Abe) N d?z*"*1(ex)™(aBd + Abd + 3bBc) 4

m+n+1 m +4n + 1
cz? 1 (ex)™(3ad(Ad + Bc) + be(3Ad + Be)) L dz3"*1(ex)™(ad(Ad + 3Bc) + 3bc(Ad + Bc)) 4
m+2n+1 m+3n+1
aAcd(ex)™t!  bBd3z5"tl(ex)™
e(m+1) m+5n—+1

-

inputLInt[(e*x)‘m*(a + bxx~n)*(A + B*x"n)*(c + d*x~n)~3,x]

output | (c”2x(Axbxc + a*Bxc + 3*axA*d)*x~ (1 + n)*(exx)"m)/(1 + m + n) + (c*(3xa*dx*
(Bkc + A*d) + bkxc*x(Bxc + 3*A*xd))*x~ (1 + 2*n)*(exx)"m)/(1 + m + 2*%n) + (dx*(
3xb*c*k(Bkc + A*d) + a*d*(3*xBxc + Axd))*x~ (1 + 3*n)*(e*x)"m)/(1 + m + 3%n)

+ (d72%(3*b*B*c + Axb*d + axB*d)*x~ (1 + 4*n)*(e*x)"m)/(1 + m + 4*n) + (b*B
*d~3*x~ (1 + 5*n)*(e*x)"m)/(1 + m + 5%n) + (a*xA*xc™3*(exx)~(1 + m))/(ex(1 +

m))

3.17.3.1 Defintions of rubi rules used

rule 1040\Int[((g_.)*(x_))‘(m_.)*((a_) + (b_)*(x_ )" (@ )) " (p_)*((c) + (d_)*x_)"(n
‘_))“(q_.)*((e_) + (£_)*(x_)"(n_))"(r_.), x_Symbol] :> Int[ExpandIntegrand[
‘(g*x)‘m*(a + b*x"n) “p*(c + d*x"n)"g*(e + f*x"n)"r, x], x] /; FreeQ[{a, b, c

,d, e, £, g, m, n}, x] & IGtQ[p, -2] && IGtQ[q, 0] && IGtQ[r, O]

N

E——

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

3.17.4 Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 3.27 (sec) , antiderivative size = 4939, normalized size of antiderivative = 23.52

method result size
risch Expression too large to display | 4939
parallelrisch | Expression too large to display | 6818

input Lint ((e*xx) “m* (a+b*x"n) * (A+B*x"n) * (c+d*x"n) ~3,x ,method=_RETURNVERBOSE)

~—

3.17.  [(ex)™ (a+ bz™) (A + Bz") (c+ dz")® dx



output
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x* (Bka*xc~3*m~5*x " n+10*Bxaxd~3*m~ 2% (x"n) ~4+41*B*a*xd~3*n" 2% (x"n) ~4+5%B*b*c~3

*m~4* (x"n) "2+60*B*b*c”3*n"4* (x"n) ~2+468*Bxa*c*xd”2*+m*n"~3* (x"n) “3+180*B*a*xc”
2*d*m*n~4* (x"n) “2+531kAkakxckd” 2+ m*n"2* (x"n) “2+639*Axaxc” 2*xd*m*n"2*x " n+639*
Axaxc™2*d*m™2+n"2*%x " n+36*Bxaxckd”2*m~4*n* (x"n) ~3+147*Bxaxckxd”2*m”3*n " 2* (x”
n) ~3+234*B*a*c*d"2*m~2*n"3* (x"n) “3+120*B*a*c*d"2*m*n"4* (x"n) ~3+36*Bxb*c”2*
d*m~4*n* (x"n) “3+180*Axbxc”2*xd*mkn~4* (x"n) “2+144*Axbxcxd”~2*m~3*n* (x"n) ~3+12
0*B*b*c™2*d*m*n~4* (x"n) ~3+66*%A*b*d~3*m~2*n* (x"n) “4+123*%A*b*d " 3*m*n"2* (x"n)
~4+360*Axaxc” 2xd*min~4*x " n+156*A*xaxckxd”2xm” 3*kn* (x"n) “2+531xA*xaxckd”2*m” 2*n
2% (x7n) "2+30*%A*xakxc”2¢d*m”2*%x " n+213*Axaxc”2xd*n"2%x " n+15*%A*a*xcxd~2* (x"n) "2
*m+72%A*axd ™ 3*xm~2%n* (x"n) ~3+147*A*a*xd " 3*xm*n"2% (x"n) ~3+41%Axb*xd~3*m"3*n "2 (
X"n) "4+15xAxa*c”3xn+11xAxb*d "~ 3*m~4*n* (x"n) ~4+30*B¥bkc~2*d*m”3* (x"n) "3+5xA*
a*c”3*km+A*axc”3+120*%B*axckd~2*xn"4* (x"n) ~“3+66*B*a*xd”~3*m~2*n* (x"n) ~“4+123*B*a
*d"3*m*n"2* (x"n) “4+13*B*b*c”3*m~4*n* (x"n) “2+59*B*b*c”3*m~3*n"2* (x"n) ~2+30%*
Bkaxc ~2*d*m”2* (x"n) “2+177*Bxaxc”2xd*n"2* (x"n) "2+15*B*xaxcxd”2* (x"n) ~3*m+36*
Bkaxc*d™ 2% (x"n) ~3*n+52*Bxb*xc” 3*km*n* (x"n) “2+15*%Bxb*xc”2*d* (x"n) ~3*m+36*B*b*c
~2xd* (x"n) “3*n+39*%Bka*c”2*d*m~4*n* (x"n) “2+177*Bkaxc”~2*d*m~3*n"2* (x"n) “2+12
O*A*b*c*xd~2*xm*n~4* (x"n) ~3+441*B*b*c™2*d*m*n"2* (x"n) ~3+132*B*b*c*d " 2*m*n* (x
“n) ~4+168*Axaxc”2xd*m” 3*n*x " n+369*Bxbxcxd”2*mkn " 2% (x"n) “4+144*Bxbxc”2xd*xm*
n*(x"n) ~3+252%Axa*xc”2kd*m~2*n*x " n+441*%Axbxckxd " 2*m*n~ 2% (x"n) ~3+156%B*axc 2
d*m~3*n* (x"n) “2+531*B*a*xc”2*d*m~2*n" 2% (x"n) “2+5*B*a*d "~ 3*m~4* (x"n) “4+30%. ..

3.17.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 2833 vs. 2(210) = 420.

Time = 0.37 (sec) , antiderivative size = 2833, normalized size of antiderivative = 13.49

/(ex)m (a + bz™) (A + Bz") (c+ dz™)® dx = Too large to display

input‘integrate((e*x)‘m*(a+b*x‘n)*(A+B*x‘n)*(c+d*x‘n)“3,x, algorithm="fricas")

3.17.  [(ex)™ (a+ bz™) (A + Bz") (c+ dz")® dx




output

CHAPTER 3. LISTING OF INTEGRALS

158

((Bxb*d"3*m~5 + 5*B*b*xd~3*m~4 + 10*B*b*d~3*m~3 + 10%B*b*d~3*m~2 + 5*B*b*d~

3#m + B*b*d~3 + 24*(Bxb*d"3#m + B*b*d~3)*n"4 + 50%(B*b*d~3*m~2 + 2*B*b*d~3
*m + Bxb*d~3)*n~3 + 35%(B*b*d~3*m~3 + 3*Bxb*d~3*m~2 + 3*B*b*d~3*m + Bxb*xd~
3)*n"2 + 10*(B*xb*d~3*m~4 + 4*B*b*d"3*m~3 + 6*Bxb*d~3*m~2 + 4*B*b*d"3*m + B
*b*xd”~3) *n) *x*x~ (5*%n) *e~ (m*log(e) + m*log(x)) + ((3*B*b*c*d™2 + (B*a + Axb)
*d"3)*m~5 + 3*Bkb*c*xd~2 + 5x(3*Bxbxc*d”2 + (Bxa + A*b)*d"3)*m”4 + 30*(3*Bx*
b*c*d™2 + (B*a + A*b)*d~3 + (3*B*b*c*d~2 + (B*a + Axb)*d~3)*m)*n~4 + (B*a
+ A*b)*d"3 + 10*(3*B*b*c*xd"2 + (B*a + A*b)*d"3)*m~3 + 61*(3*Bxb*c*d~2 + (B
*a + A*b)*d~3 + (3*Bxb*c*d~2 + (B*a + Axb)*d~3)*m~2 + 2% (3*Bxb*c*d~2 + (B*
a + Axb)*d~3)*m)*n~3 + 10*(3*Bxbkc*d~2 + (Bk*a + Axb)*d~3)*m~2 + 41%(3*Bxb*
c*xd™2 + (B*a + A*b)*d"3 + (3*Bxb*c*xd"2 + (B*a + A*b)*d~3)*m~3 + 3% (3*Bxb*c
*d~2 + (B*a + A*b)*d~3)*m~2 + 3*(3*Bkb*c*xd~2 + (B*a + A*b)*d~3)*m)*n"2 + 5
* (3*%Bxbxcxd~2 + (B*a + A*b)*d"3)*m + 11x(3*Bkb*c*d~2 + (3*%Bxbxcxd~2 + (B*a
+ A*b)*d"3)*m~4 + (B*a + A*b)*d"3 + 4% (3*%Bxb*xcxd~2 + (B*a + A*b)*d"3)*m"~3
+ 6% (3*%B*b*c*d™2 + (B*a + A*b)*d"3)*m~2 + 4% (3*%Bxb*xc*xd~2 + (Bka + Axb)*d~
3)*m) *n) *x*x~ (4*n) e~ (m*¥log(e) + mxlog(x)) + ((3*Bxb*c~™2*d + A*a*d~3 + 3%(
B*a + A*b)*c*d"2)*m”5 + 3*B¥bxc"2*%d + A*a*xd~3 + 5x(3*Bxbxc”2*d + A*axd"3 +
3% (B*a + A*b)*c*d~2)*m~4 + 40*(3*Bxb*c~2*%d + A*ax*d~3 + 3*(Bk*a + Axb)*c*d~
2 + (3*Bxb*c~2*d + A*a*d~3 + 3*%(B*a + A*b)*c*d~2)*m)*n~4 + 3x(Bxa + Axb)*c
*d"2 + 10*(3*%B*bxc~2+d + Axaxd”3 + 3*(Bxa + A*b)*c*xd~2)*m~3 + 78%(3*Bx*b...

3.17.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 64068 vs. 2(206) = 412.

Time = 13.33 (sec) , antiderivative size = 64068, normalized size of antiderivative = 305.09

/(ex)m (a + bz™) (A + Bz") (c+ dz™)® dx = Too large to display

input | integrate ((exx) *xm* (a+b*x**n) * (A+Bxx**n) * (c+d*x**n) **3,x)

3.17.  [(ex)™ (a+ bz™) (A + Bz") (c+ dz")® dx




output
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‘Piecewise(((A + B)*(a + b)*(c + d)*+3+log(x)/e, Eq(m, -1) & Eq(n, 0)), ((A

xaxckx3*x1og(x) + 3xAkxakck*2kdxxx*kn/n + 3kAkaxckd**x2+x**(2xn)/(2*n) + Axaxd
*x3xx**k (3*%n) /(3*%n) + Axbkck*3*x**n/n + 3kAxbkck*2kxd*x**(2*n)/(2*%n) + Axbxc
*d*x2%x*% (3%n) /n + Axbkxd*x*3%x**(4*n)/(4*n) + Bxakxck*3kxx**n/n + 3*Bkakxck*2*
d*xx** (2%n) / (2%n) + B*a*ckd**2*x**(3*%n)/n + B¥akxd**x3*xx*x*(4*n)/(4*n) + Bxb*c
*k3kx** (2*%n) / (2%n) + B¥b*xcx*2xd*xx**(3*n)/n + 3*Bxbkxckd*x*2*x** (4*n)/(4*n) +
B¥bxd**3*x** (5*n) /(6%n)) /e, Eq(m, -1)), (A*a*c**3*Piecewise((O**(-5%n - 1
)*x, Eq(e, 0)), (Piecewise((-1/(5*n*(exx)**(5*n)), Ne(n, 0)), (log(e*x), T
rue))/e, True)) + 3*xA*akxcx*2xd*Piecewise ((—x*x**n*(e*x)**x(-5%n - 1)/(4*n),
Ne(n, 0)), (x*xx*n*(exx)*x(-5xn - 1)*log(x), True)) + 3*Axaxcxd**2*Piecew
ise ((—x*x** (2*n)* (e*x) **(-5*xn - 1)/(3*n), Ne(n, 0)), (x*x**(2*n)*(exx)**(-
5xn - 1)*log(x), True)) + Axaxd**x3xPiecewise ((-x*x**(3*n)*(exx)**(-5xn - 1
)/ (2*n), Ne(n, 0)), (x*x**x(3*n)*(e*x)**(-5+%n - 1)*log(x), True)) + Axbkcxx*
3*Piecewise ((—x*x**n* (e*xx)**(-5%n - 1)/(4*%n), Ne(n, 0)), (x*x**n*(e*xx)**(-
5xn - 1)*log(x), True)) + 3*Axb*c**x2*d*Piecewise ((-x*x**(2*n)* (e*x)**(-5*n
- 1)/(3*n), Ne(n, 0)), (x*x**(2*n)*(exx)**(-5*n - 1)*log(x), True)) + 3*A
*bkckdxx2xPiecewise ((—x*x** (3*n) * (e*xx) **x(-5%n - 1)/(2*n), Ne(n, 0)), (x*xxx*
*(3*n)* (e*xx) *x(-b*n - 1)*log(x), True)) + A*bkd**3*Piecewise ((-x*x**(4*n)x*
(exx)*x(-5xn - 1)/n, Ne(n, 0)), (x*x**(4*n)*(e*x)**(-5*n - 1)*log(x), True
)) + Bxaxc*x3*Piecewise ((-x*x**n*(e*xx)**(-5*xn - 1)/(4*n), Ne(n, 0)), (x...

3.17.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 464 vs. 2(210) = 420.

3.17.  [(ex)™ (a+ bz™) (A + Bz") (c+ dz")® dx
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Time = 0.24 (sec) , antiderivative size = 464, normalized size of antiderivative = 2.21

/ (e2)™ (a + bz") (A + Ba™) (c + da")’ dz

B Bbd3€m$6(m log(z)+5nlog(z)) 3 Bbcd2emxe(m log(z)+4nlog(z)) Bad3emxe(mlog(x)+4nlog(x))

m+95n+1 + m+4n+1 + m+4n+1
Abd3emze(mlog(w)+4nlog(w)) 3Bbczdemme(m1°g(w)+3"1°g(w))
_|._
m+4n+1 m+3n+1
3Bacd2emxe(mlog(z)+3nlog(z)) 3Abcd26mxe(mlog(z)+3nlog(m))
m+3n+1 + m+3n+1
Aad3emxe(m log(x)+3 nlog(x)) BbC3€m$€(m log(x)+2nlog(x))
_|_
m+3n+1 m+2n+1
3 Bac2demxe(m log(z)+2nlog(z)) 3 AbC2dem$€(m log(z)+2nlog(z))
+
m+2n+1 m+2n+1
3Aachemxe(mlog(x)+2nlog(x)) Bac3emxe(mlog(x)—i—nlog(x))
+
m+2n+1 m+n+1
AbC3€m.’L'€(m log(z)+nlog(x)) 3 AGCQdemxe(m log(x)+nlog(x)) (&T)m+1 Aac3
m+n+1 m+n+1 e(m+1)

.
input | integrate ((e*x) “m* (a+b*x"n)* (A+B*x"n) * (c+d*x"n) ~3,x, algorithm="maxima")

output | B¥b*d~3*e m*x*e” (m*log(x) + 5*n*log(x))/(m + 5*n + 1) + 3*Bxb*c*d 2%e m*x*
e~ (m*log(x) + 4xn*log(x))/(m + 4*n + 1) + Bxa*xd~3xe m*x*e” (m*log(x) + 4*nx
log(x))/(m + 4*n + 1) + A*bxd~3*e mkx*e” (m*xlog(x) + 4*nxlog(x))/(m + 4+*n +
1) + 3*B*bxc”~2xd*e"m*x*e” (m*log(x) + 3*n*xlog(x))/(m + 3*n + 1) + 3*Bxakcx
d~2*e " m*x*e” (m*¥log(x) + 3*nxlog(x))/(m + 3*n + 1) + 3*A*bkc*xd™2*e m*x*e” (m
*log(x) + 3*n*log(x))/(m + 3*n + 1) + A*a*xd 3*e m*x*e” (m*log(x) + 3*n*log(
x))/(m + 3*%n + 1) + B¥b*kc"3xe m*x*e” (m*xlog(x) + 2*n*log(x))/(m + 2*n + 1)
+ 3*B*akxc~2xd*e m*x*e” (m*¥log(x) + 2*nxlog(x))/(m + 2%n + 1) + 3xA*bkc”2xd*
e mxx*e” (m*xlog(x) + 2*n*log(x))/(m + 2%n + 1) + 3*A*axc*d™2*e mxx*e” (mxlog
(x) + 2*n*log(x))/(m + 2%n + 1) + Bkaxc~3*e m*x*e” (m*log(x) + n*log(x))/(m
+ n + 1) + Axbkc™3*%e"mxx*e” (m*xlog(x) + n*¥log(x))/(m + n + 1) + 3kAxaxc™2%
d*e"m*x*e” (m*¥log(x) + n*log(x))/(m + n + 1) + (e*x)~(m + 1)*A*a*xc”3/(ex(m

+ 1))

3.17.  [(ex)™ (a+ bz™) (A + Bz") (c+ dz")® dx
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3.17.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 27992 vs. 2(210) = 420.

Time = 0.48 (sec) , antiderivative size = 27992, normalized size of antiderivative = 133.30

/(ex)m (a + bz™) (A + Bz") (c + dz™)°® dx = Too large to display

input ‘ integrate ((exx) “m* (a+b*x~n)* (A+B*x"n)*(c+d*x"n) "3,x, algorithm="giac")

output | (Bxbxd~3*m~5*x*x~ (5%n) *e~ (m*¥log(e) + m*xlog(x)) + 10*B*b*d~3*m~4*n*x*x"~ (5*n
)*e~ (m¥log(e) + mxlog(x)) + 35*B¥bxd~3*m~3*n~2*x*x~ (5*n)*e” (m*xlog(e) + m*l
og(x)) + H50*Bxb*d~3*m~2+n"3*x*x~ (5%n) *e~ (m*xlog(e) + mklog(x)) + 24*Bxbxd~3
*m*n”~4*x*x” (5*n) *e” (m*log(e) + m*log(x)) + 3*Bkbxc*d~2+m~5*x*x~ (4#*n)*e” (m*
log(e) + m*log(x)) + B¥a*d™3#m~5*x*x~(4*n)*e” (m*log(e) + m*log(x)) + Axb*d
~3*m~5*xx*x” (4*n) *e” (m*log(e) + m*xlog(x)) + Bxb*d~3*m~5*x*x~(4*n)*e” (m*log(
e) + mxlog(x)) + 33*Bxb*c*d 2*m~4*n*x*x~(4*n)*e” (m*xlog(e) + m*log(x)) + 11
*Bxaxd~3*m~4*n*x*x" (4*n) *e~ (m*log(e) + m*xlog(x)) + 11*A*b*d~3*m~4*n*x*x~ (4
*n) *e” (m*¥log(e) + m*log(x)) + 10%Bxb*d~3*m~4*n*x*x~ (4*n)*e” (m*xlog(e) + m*l
og(x)) + 123*Bxbxc*d~2*m~3*n"2xx*x~ (4*n)*e” (m*log(e) + m*xlog(x)) + 41xB¥ax
d~3*m~3*n"2*x*x” (4*n) *e~ (mxlog(e) + m¥log(x)) + 41*Axb*d~3*m~3*n~2*x*x~ (4%
n)*e” (m*¥log(e) + m*log(x)) + 35*Bxb*d~3*m~3*n~2*x*x" (4*n)*e” (m*log(e) + m*
log(x)) + 183*B¥bkcxd~2+m~2*n~3*x*x” (4*n)*e” (m*log(e) + m¥log(x)) + 61%B*a
*d~3*m~2*n"3*x*x” (4*n) *¥e~ (m*log(e) + m*log(x)) + 61%A*b*d~3*m~2*n~3*x*x~ (4
*n)*e~ (m*log(e) + m*log(x)) + 50*Bxb*d~3*m~2%n~3*x*x~(4*n)*e” (m*log(e) + m
*xlog(x)) + 90*B¥bkckd™2*m*n~4*x*x~ (4*n)*e” (m*¥log(e) + m*log(x)) + 30*Bxaxd
“3*m*n"4*xx*x" (4*n) xe” (m*xlog(e) + m*log(x)) + 30*Axb*d~3*m*n~4*x*x~ (4*n)*e”
(m*log(e) + mxlog(x)) + 24xB*b*d”~3*m*n~4*x*x~(4*n)*e” (m*xlog(e) + m*log(x))
+ 3%Bkb*c~2*d*m”5*x*x” (3*n) *e” (m*xlog(e) + m*log(x)) + 3*Bkaxckd™2xm~5xx*x
~(3*n)*e~ (m*xlog(e) + m¥log(x)) + 3xA*b*cxd™2+m”5*x*x~(3*n)*e” (m*log(e)

N

3.17.  [(ex)™ (a+ bz™) (A + Bz") (c+ dz")® dx
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3.17.9 Mupad [B] (verification not implemented)

Time = 9.83 (sec) , antiderivative size = 1089, normalized size of antiderivative = 5.19

A 3 m
/(ex)m (a+bz™) (A+ Bz") (c+ da")’ dz = %
Pzt (ez)" (Abd+ Bad+3Bbc) (m'+11m°n+4m’® +41m?n’ +33m’n + 6

md + 15min +5m* + 85m3n? + 60m3n + 10m3 + 225 m2 n3 + 255 m2 n? + 90m? n + 10m?2 4 274
cxz®™(ex)" (3Aad*+ Bbc? +3Abcd+3Bacd) (m*+13m3n + 4m? + 59 m?n? + 39 m?

md + 15min + 5m* + 85m3n2 + 60m3n + 10m3 + 225 m2n3 + 255 m2 n2 + 90m? n + 10 m? 4 274
dzz®™ (ex)" (Aad®+3Bbc>+3Abcd+3Bacd) (m*+12mén+4m?+49m?n® + 36n

m5 4+ 15m*n + 5m* +85m3n? + 60m3n + 10m3 + 225 m2 n3 4+ 255 m2 n? + 90m? n + 10 m2 + 274
Zzz"(ex)" (3Aad+ Abc+ Bac) (m* +14m?n+4m? + 71m?n® + 42m?n + 6 m?

md 4+ 15m*n+5m*+85m3n2 4+ 60m3n + 10m?3 + 225m2n3 + 255m2n2 + 90m?2n + 10m?2 + 274
Bbd3z2®" (ex)™ (m* +10m3n +4m3 + 35m2n2 +30m2n + 6m?2 + 50m

mS+15mAn+5mt+85m3n2 +60m3n+ 10m3 4+ 225m2n3 +255m2n2 +90m2n + 10m?2 + 274

_|_

_|_

+

+

inputtint((e*x)‘m*(A + B*x"n)*(a + b*x"n)*(c + d*x"n)~3,x) J

e N

output | (Axa*xc~3*x*(e*xx) m)/(m + 1) + (d™2*x*x” (4*n)*(e*x) “m* (A*b*d + Bxaxd + 3*Bx*
bxc)*(4*m + 11%n + 33*m*n + 82*m*n~2 + 33*m~2%n + 61*m*n~3 + 11*m~3*n + 6%
mn~2 + 4xm~3 + m™4 + 41*%n"2 + 61*n"3 + 30*n"4 + 41*m~2*n"2 + 1))/(5*%m + 15x%
n + 60*m*n + 255*%m*n"2 + 90*m~2*n + 450*m*n~3 + 60*m~3*n + 274*m*n~4 + 15%
m~4*n + 10*m~2 + 10*%m™3 + 5*%m™4 + m™5 + 85*%n"2 + 225*%n"3 + 274*n"4 + 120*n
~5 + 255xm~2%n"2 + 225%m~2*n"3 + 85%m~3*n"2 + 1) + (ckx*x~(2*n)*(e*x) m*(3
*A*axd~"2 + Bxb*c™2 + 3xAxbxc*d + 3*Bxakcxd)*(4*m + 13*n + 39*m*n + 118*m*n
"2 + 39*m”2%n + 107*m*n~3 + 13*m”~3*n + 6*m~2 + 4*m~3 + m™4 + 59%n~"2 + 107*
n~3 + 60*n"4 + 59+%m~2%n"2 + 1))/(5*%m + 15%n + 60*m*n + 255*m*n~2 + 90*m~2*
n + 450*m*n~3 + 60*m~3*%n + 274*m*n"4 + 15%m~4*%n + 10*m~2 + 10*m~3 + 5*%m~4
+ m™5 + 85%n"2 + 225%n"3 + 274*%n"4 + 120*%n"5 + 255*%m~2*n"2 + 225%m~2*n"3 +
85*m~3*%n"2 + 1) + (d*x*x”(3*n)*(e*x) “m* (A*a*xd~2 + 3*Bxbkc”™2 + 3*A*b*cxd +
3*Bka*c*d)*(4*m + 12*n + 36*mkn + 98*m*n~2 + 36*m~2*n + 78*m*n~3 + 12*m”~3
*n + 6*m~2 + 4*m”~3 + m~4 + 49*n"2 + 78*n"3 + 40*n"4 + 49«m~2*n"2 + 1))/(5x%
m + 15*%n + 60*m*n + 255%m*n~2 + 90*m~2*n + 450*m*n~3 + 60*m~3*n + 274*m*n”
4 + 15*%m™4*n + 10*m~2 + 10*m™3 + 5*%m™4 + m~5 + 85*n"2 + 225*%n"3 + 274*n"4
+ 120%n"5 + 255%m~2%n"2 + 225%m~2*n~3 + 85%m~3*n"2 + 1) + (c"2*x*x"n*(e*x)
“m* (3*%A*axd + Axbk*c + Bkaxc)*(4*m + 14*n + 42*xmkn + 142*m*n~2 + 42*m~2*n +
154*m*n~3 + 14*m~3*%n + 6*%m~2 + 4*m~3 + m™4 + 71*%n"2 + 154%n~3 + 120*%n"4 +
71*m~2*n"2 + 1))/(5*%m + 15%n + 60*m*n + 255*m*n~2 + 90*m~2%n + 450*mx*n. ..

3.17.  [(ex)™ (a+ bz™) (A + Bz") (c+ dz")® dx
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3.18 [(ex)™ (A + Bz™) (c + dz")° dx

3.18.1 Optimal result . . . . . . .. . ... . 163l
3.18.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 163
3.18.3 Rubi [A] (verified) . . . . . . ... .. 164
3.18.4 Maple [C] (warning: unable to verify) . . . . . . ... ... ... ... ... . 165
3.18.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ... 166
3.18.6 Sympy [B] (verification not implemented) . . . ... .. ... ... .. ... 167l
3.18.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 168l
3.18.8 Giac [B] (verification not implemented) . . . .. ... ... .. ....... 169
3.18.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 1701

3.18.1 Optimal result

Integrand size = 22, antiderivative size = 137

c(Bc + 3Ad)z' " (ex)™ N 3cd(Bc + Ad)z' T (ex)™
1+m+mn 1+m+2n
d*(3Bc + Ad)z'+3"(ex)™
1+m+3n
Bd3x1+4n(6l‘)m AC3(6.’E)1+m

1+m+4n e(1+m)

/ (ez)™ (A + Bz™) (c + da™)? d

e B

¢~ 2% (3kxA*xd+B*xc) *x~ (1+n) * (e*xx) “m/ (1+m+n) +3*cxd* (A*xd+Bx*c) *x~ (1+2*n) * (e*x) “m/
\ (1+m+2*n) +d" 2% (Axd+3*B*c) *x~ (1+3*n) * (e*xx) “m/ (1+m+3*n) +B*d " 3*x~ (1+4*n) * (e*x
‘ )"m/ (1+m+4*n) +A*c~3* (exx) ~ (1+m) /e/ (1+m) J

output

3.18.2 Mathematica [A] (verified)

Time = 0.22 (sec) , antiderivative size = 106, normalized size of antiderivative = 0.77

Ac® *(Bc+ 3Ad)z™ N 3cd(Bc + Ad)z*"
1+m 1+m+n 1+m+2n
d?>(3Bc + Ad)z®" Bd3zin
1+m+3n 1+m+4n)

/ (e2)™ (A+ Ba™ (c+da™)? da = z(ex)™ (

input | Integrate[(e*x) m*(A + B*x™n)*(c + d*x™n)"3,x]

3.18.  [(ex)™(A+ Bz™) (c+dz")® dx
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Output‘x*(e*x)“m*((A*c“S)/(i +m) + (c"2%(B*c + 3*A*d)*x"n)/(1 + m + n) + (3xcxdx \
\ (Bxc + A*d)*x~(2*%n))/(1 + m + 2%n) + (d"2%(3*Bxc + A*d)*x~(3*n))/(1 + m + \
'3%n) + (B*d"3%x"(4#n))/(1 + m + 4*n)) |

3.18.3 Rubi [A] (verified)

Time = 0.30 (sec) , antiderivative size = 137, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 2, Bumber of rules _ 4 497 Ryles used
integrand size

= {950, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/}anm(A4-Bx%(c+dx%3dx

l 950

/ (2™ (ex)™(3Ad + Bc) + d*z"(ex)™(Ad + 3Bc) + 3cdz®(ex)™(Ad + Be) + Ac*(ex)™ + Bd3z*™(ex)™) dx

| 2009
@a" ! (ex)™(34d + Be) | d’a®"+ (ex)™(Ad + 3Bc) | 3edx® ! (ex)™(Ad + Be)
m+n+1 m+3n+1 m+2n+1
Ac3(ea:)m+1 Bd3in+1 (ew)m
e(m+1) m+4n +1
input LInt [(e*x)"m*(A + B*x"n)*(c + d*x"n)"3,x] J

output‘ (c™2x(Bxc + 3*A*d)*x~ (1 + n)*(exx)"m)/(1 + m + n) + (3*c*xd*(Bxc + A*xd)*x"(
\1 + 2¢n)*(e*x)"m)/(1 + m + 2*n) + (d"2%(3*B*c + Axd)*x~ (1 + 3*n)*(e*x)"m)/
(1 +m+ 3%n) + (B*d"3%x~(1 + 4¥n)*(exx)™m)/(1 + m + 4%n) + (Axc 3% (exx)"(
1+ m)/(ex(1 + m)

.

3.18.  [(ex)™(A+ Bz™) (c+dz")® dx
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3.18.3.1 Defintions of rubi rules used

rule 950‘Int[((e_.)*(x_))“(m_.)*((a_) + (b_)*(x_ )" (@ )) " (p_)*((c) + (d_)*xx_)"(n
‘_))"(q_.), x_Symbol] :> Int[ExpandIntegrand[(e*x) m*(a + b*x"n) p*(c + d*x~
‘n)"q, x], x] /; FreeQ[{a, b, ¢, d, e, m, n}, x] && NeQ[b*c - a*xd, 0] && IGt

\Q[p, 0] &% IGtQ[q, 0]

e

rule 2009tlnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

A >

3.18.4 Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 2.43 (sec) , antiderivative size = 1576, normalized size of antiderivative = 11.50

method result size
risch Expression too large to display | 1576
parallelrisch | Expression too large to display | 2207

input Lint ((e*x) “m* (A+B*x"n) * (c+d*x"n) ~3,x,method=_RETURNVERBOSE)

3.18.

[(ex)™ (A + Bz™) (c + dz™)® da



output
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x* (Bxd~3*m~4* (x"n) “4+63*Bkc*d~2*m*n* (x"n) ~3+114*A*xc*kd”2*mkn"2* (x"n) ~2+57*B

*C™2*¢d*m”~2*%n " 2% (X"n) “2+724B*c”2*d*m” 24n* (x"n) ~2+24*A*xc*kd"2*m” 3*n* (x"n) ~2+1
2% A*c*d"2*m " 3% (x7n) “2+81kA*c”2*¢d*m " 2*n*x " n+57*xAxckd”2*m”2*n" 2% (x"n) “2+36*A
*c*xd~2*xm*n " 3% (x"n) “2+9*B*c”3*x " n*n+4*Bxd~3*m~3* (x"n) “4+6*B*d"3*n"3*(x"n) 4
+4xA*d"3*%m"3* (x"n) “3+24*Bxcxd”2*mkn " 3% (x"n) "3+57*A*xcxd"2*xn" 2% (x"n) "2+10*A*
c”3*m” 3xn+12*%A*c”2xd*m”3*x " n+A*c”3+72%Bxc”2*d*mkn* (x"n) "2+81*xA*xc”2*¢dkm*n*x
“n+36*Bxc”2*d*m*kn " 3% (x"n) “2+156*A*c”2kd*xm*n"2*x " n+78*A*c”2kd*m~2*n"2*x " n+4
*B*c " 3%x " n*m+35%A*xc”3*%n"2+35%A*xc”3*m " 2*n " 2+24*Bxc~2xd* (x"n) ~2*xn+42*B*xc*xd "2
*n~2% (x7n) ~3+3% (x"n) “2%A*cxd " 2+4*A*xc”3*m+10*%A*c"3*n+6%A*d"3*m~ 2% (x"n) ~3+14
*A*d~3*%n~ 2% (x"n) “3+B*c~3*m~4*x n+21*Bkcxd~2+m~3*n* (x~n) ~3+50*A*c~3*%n"3+(x~
n) "3*A*xd"3+3*%Axc”2xd*x " n+6*B*d”"3* (x"n) “4*n+12*Bxc”2xd*m”~ 3% (x"n) "2+36*B*c"2
*d*xn~3* (x"n) "2+A*d"3*m”4* (x"n) “3+50*%A*c”3*m*n"3+84*B*cxd”"2*m*n"2* (x"n) ~3+3
O*xA*c™3*m~2*n+70*Axc”~3*m*n~2+30*A*c” 3*m*n+6*B*c”3*m™2*%x "n+A*c”3*m~4+3*B*c*
d" 2% (x7n) "3+72*A*xc*xd " 2xmxn* (x"n) “2+72*%A*c*kd"2+m " 2*n* (x"n) “2+3*Bkckd " 2*m”4*
(x"n) "3+36*xA*c*d”"2*n"3* (x"n) "2+18*Bxcxd~2*m™ 2% (x"n) ~3+42*B*c*xd~2*m™ 2*n " 2% (
X7n) "3+24%B*c”2*d*m”~3*n* (x"n) ~“2+114%B*c”2*d*m*n"2* (x"n) “2+24*A*xc”3*n"4+4*A
*C™3*m”~3+21*xAxd " 3*km*n* (x"n) “3+63*%Bxckxd”2*xm” 2*n* (x"n) “3+6*A*c”3*m~2+9*Bxc~3
*M~3*n*x " n+27kAkc”2kdkm " 3*kn*x "n+72*xA*xc”2xd*mkn " 3kx " n+21*B*c*d 2% (x"n) ~3*n+
18%Axc”™2kd*m ™ 2*xX "n+78*A*xc~2xd*n"2*x " n+B*d " 3* (Xx"n) “4+26*B*xc~3*n"2*x " n+22*B*
d73*m*n " 2% (x7n) “4+3*A*ckd"2*m™4* (Xx"n) “2+x " n*BxcT3+4*%Bxc "3 m”3*kx"n+72%A*. . .

3.18.5 Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1104 vs. 2(137) = 274.

Time = 0.31 (sec) , antiderivative size = 1104, normalized size of antiderivative = 8.06

/(ez)m (A + Bz") (c+ dz™)® dx = Too large to display

input‘integrate((e*x)‘m*(A+B*x‘n)*(c+d*x‘n)‘3,x, algorithm="fricas")

3.18.  [(ex)™(A+ Bz™) (c+dz")® dx




output
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((Bxd~3+m~4 + 4#B*d"3*m~3 + 6*Bxd~3*m~2 + 4*B*d~3*m + B*xd~3 + 6*(Bkd~3*m +

B*d~3)*n"3 + 11*%(B*d"3#m~2 + 2*B*d"3*m + B*d~3)#*n"2 + 6*(B*d"3*m~3 + 3*B*
d"3*m~2 + 3*%B*d"3*m + B*d~3)*n)*x*x” (4*n)*e” (m*log(e) + m*xlog(x)) + ((3*B*
c*d™2 + A*d"3)*m~4 + 3*B*c*d"2 + A*d"3 + 4*(3*Bkc*d"2 + A*d"3)*m~3 + 8*(3x*
Bkc*d"2 + A*d"3 + (3*Bxcxd"2 + A*d"3)#*m)*n"3 + 6x(3*Bxckxd"2 + A*d"3)*m~2 +

14% (3*Bkc*d™2 + A*d~3 + (3*B*c*d"2 + A*d"3)*m”~2 + 2*x(3*B*xc*xd"2 + A*d"3)x*m
)*n"2 + 4% (3*Bkc*d~2 + A*d"3)*m + 7*(3*Bkc*d~2 + A*d"3 + (3*B*cxd"2 + A*xd"
3)*m~3 + 3*(3*%Bxckd"2 + A*d"3)*m"2 + 3*(3*Bkc*d~2 + A*d”3)*m)*n) *x*x” (3*n)
*e~ (m*¥log(e) + m*log(x)) + 3*((B*c™2*d + A*cxd~2)*m™4 + Bxc™2xd + Axc*d™2
+ 4% (Bxc™2*%d + A*xc*d~2)*m”~3 + 12%(Bxc"2+d + Axc*d"2 + (Bxc™2+d + Axc*xd"2)*
m)*n~3 + 6% (Bxc~2%d + A*c*d~2)*m~2 + 19%(Bxc~2%d + Axc*d"2 + (Bkc™2%d + Ax
cxd~2)*m~2 + 2x(Bkc"2*d + A*xc*kd"2)*m)#*n"2 + 4% (Bkc"2xd + A*cxd"2)*m + 8+ (B
*c"2xd + Axcxd"2 + (B*c"2+d + A*c*d"2)*m”~3 + 3*(B*c"2*d + A*c*d"2)*m"2 + 3
*(Bxc~2%d + Axc*d”2)#*m)*n)*x*x~ (2#n) *e” (m*log(e) + m*xlog(x)) + ((B*c”3 + 3
*A*xc"2xd)*m~4 + Bkc"3 + 3*A*c”2*d + 4x(Bxc”3 + 3kA*c”2*d)*m"3 + 24*(Bxc”3
+ 3*xAxc”2%d + (Bxc”3 + 3xA*c”2xd)*m)*n"3 + 6% (B*xc”3 + 3xA*kc"2xd)*m”2 + 26%
(Bxc™3 + 3*%A*c”2*d + (B*c™3 + 3*A*c”2+d)*m”2 + 2% (B*c~3 + 3xA*xc”2%d)*m)*n"
2 + 4% (Bxc”™3 + 3xA*c”2xd)*m + 9% (Bxc”3 + 3*xA*xc”2xd + (Bxc"3 + 3*kA*c”2*d)*m
"3 + 3% (B*c™3 + 3*kA*cT2+d)*m”2 + 3*x(Bxc~3 + 3kAxc”2+d)*m)*n) *x*x"n*e” (m*lo
g(e) + m*log(x)) + (A*c™3*m™4 + 24*Axc”™3*n"4 + 4*A*c™3*m"3 + 6xA*c™3*m™...

3.18.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 16781 vs. 2(128) = 256.

Time = 5.49 (sec) , antiderivative size = 16781, normalized size of antiderivative = 122.49

/(ez)m (A + Bz") (c+ dz™)® dx = Too large to display

input | integrate ((e*x)*xm* (A+B*x**n) * (c+d*x**n) **3,x)

3.18.  [(ex)™(A+ Bz™) (c+dz")® dx




output
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Piecewise(((A + B)*(c + d)*x3%log(x)/e, Eq(m, -1) & Eq(n, 0)), ((Axc**3xlo
g(x) + 3kAkck*2kdxx¥*n/n + IkAkckdkx2xx*x (2xn)/(2*%n) + Axdx*3xx**(3*n)/(3*
n) + Bkc**3xx*x*n/n + 3*Bkck*x2xd*xx*x*(2*%n)/(2*%n) + Bkxckd*x*2*x**(3*n)/n + B*d
**3*x*k* (4*n) /(4*n)) /e, Eq(m, -1)), (Axc*x3*Piecewise((0**(-4*n - 1)*x, Eq(
e, 0)), (Piecewise((-1/(4*n*(exx)**(4*n)), Ne(n, 0)), (log(e*x), True))/e,
True)) + 3*A*xc**2xd*Piecewise ((—x*x**n*(e*x)**(-4*n - 1)/(3*n), Ne(n, 0))
, (x*x*kxn*(exx)**(—4*n - 1)*log(x), True)) + 3xA*xckd**2*Piecewise ((—x*x**(
2xn)* (e*xx)*x(-4*n - 1)/(2*n), Ne(n, 0)), (x*kx**(2+n)*(exx)**(-4*xn - 1)*log
(x), True)) + A*d**3*Piecewise((—x*x**(3*n)*(e*x)**(-4%n - 1)/n, Ne(n, 0))
» (xxxx*(3*n) * (exx)*x(-4xn - 1)*log(x), True)) + Bxc**3*Piecewise ((-x*x**n
*x(exx)**(-4*%n - 1)/(3*n), Ne(n, 0)), (x*x**n*(e*xx)**(-4*n - 1)*log(x), Tru
e)) + 3xBxck*2xd*Piecewise ((—x*x**(2*%n)* (e*x)**x(-4*n - 1)/(2*n), Ne(n, 0))
, (xxx*x(2xn) * (e*x)**(-4*n - 1)*log(x), True)) + 3*Bkcxd**2*Piecewise((-x*
x**x(3*n) * (e*xx)**(—4#n - 1)/n, Ne(n, 0)), (x*x**x(3*n)*(e*x)**(-4*n - 1)*log
(x), True)) + B*d**3*xkx**(4+n)*(exx)**(-4*n - 1)*log(x), Eq(m, -4*n - 1))
, (Axc*x3*Piecewise((0**(-3*n - 1)*x, Eq(e, 0)), (Piecewise((-1/(3*n*(e*x)
**(3*n)), Ne(n, 0)), (log(exx), True))/e, True)) + 33xAxc**2xd*Piecewise((-
xxx*kxnx (exx)**(-3*xn — 1)/(2*n), Ne(n, 0)), (x*x**n*(exx)**(-3*xn - 1)*log(x
), True)) + 3kAxckd**2*Piecewise ((-x*x**(2%n)*(e*x)**(-3%n - 1)/n, Ne(n, O
)), (xxxx*x(2#n)* (exx)**(=3*xn - 1)*log(x), True)) + A*d**3*x*x**(3*n)*(e...

3.18.7 Maxima [A] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 219, normalized size of antiderivative = 1.60

Bd3 emxe(m log(z)+4 nlog(z)) 3 BCdZemxe(m log(z)+3 nlog(x))

m n n\3
b/@@ (A+ Br") (e+da")" do = m+4n+1 + m+3n+1

Ad36m$€(m log(z)+3 nlog(z))

m+3n+1
3 BC2d6mCL'6(m log(z)+2nlog(x))

m+2n+1
3 Acd26m$6(m log(z)+2nlog(x))

m+2n+1
BC36m.’E€(m log(z)+nlog(z))

m+n+1
3 Ac2dem£1:e(m log(x)+nlog(x)) (6$)m+1 A3

m+n+1 + e(m+1)

e

inputLintegrate((e*x)‘m*(A+B*x‘n)*(c+d*x‘n)‘3,x, algorithm="maxima")

~—

3.18.  [(ex)™(A+ Bz™) (c+dz")® dx



output

input

output
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B*d~3*e m*x*e” (m*xlog(x) + 4*n*log(x))/(m + 4*n + 1) + 3*Bkcxd 2¥e m*x*e” (m
xlog(x) + 3*nxlog(x))/(m + 3*n + 1) + Axd~3*e"mxx*e” (mxlog(x) + 3*nxlog(x)
)/(m + 3*%n + 1) + 3*%Bxc~2xd*e"m*x*e” (m*log(x) + 2*n*log(x))/(m + 2*n + 1)
+ 3*A*xckd"2¥e " m*x*e” (m*xlog(x) + 2*n*log(x))/(m + 2*n + 1) + B*c~3*e mkx*e”
(m*log(x) + n*log(x))/(m + n + 1) + 3*A*c™2*d*e m*x*e” (m*log(x) + n*xlog(x)
)/(m +n + 1) + (exx)"(m + 1)*Axc"3/(ex(m + 1))

3.18.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 7893 vs. 2(137) = 274.

Time = 0.32 (sec) , antiderivative size = 7893, normalized size of antiderivative = 57.61

/(ex)m (A + Bz") (c+ dz™)® dz = Too large to display

‘integrate((e*x)‘m*(A+B*x‘n)*(c+d*x“n)‘3,x, algorithm="giac")

(B*d~3*m~4*x*x~ (4*n) *e~ (m*log(e) + m*log(x)) + 6*B*d~3*m~3*n*x*x~ (4*n)*e” (
m*log(e) + m*xlog(x)) + 11*B*d~3*m~2*n~2*x*x~ (4*n)*e” (m*log(e) + m*log(x))
+ 6*B*d”~3*m*n"3*x*x~ (4*n) *e” (m*xlog(e) + m*log(x)) + 3*Bkckd~2xm~4*x*x~(3*n
)*e” (m*log(e) + m*log(x)) + A*d~3*m~4*x*x~(3*n)*e” (m*log(e) + m*log(x)) +
B*d~3*m~4*x*x~ (3*n) *e~ (m*log(e) + m*log(x)) + 21*Bkcxd 2+m”~3*n*x*x~(3*n)*e
~(m*log(e) + mxlog(x)) + T*A*d~3*m~3*n*x*x~(3*n)*e” (m*log(e) + mxlog(x)) +
6*B*d"3*m~3*n*x*x~ (3*n) *e~ (m*¥log(e) + m*log(x)) + 42*Bkckd™2*m”~2*n~2%x*x"
(3*n) *e”~ (m*log(e) + m*log(x)) + 14%A*d~3*m~2%n"~2*x*x~(3*n)*e” (m*xlog(e) + m
*x1log(x)) + 11xB*d~3*m~2*n"2*x*x"~(3*n)*e” (m*xlog(e) + m*log(x)) + 24*Bxc*xd"2
*m*n~3*x*x~ (3*n) *e~ (m*xlog(e) + m*log(x)) + 8*A*d~3*m*n~3*x*x~ (3*n)*e” (m*lo
g(e) + m*log(x)) + 6*B*d~3*m*n~3*x*x~ (3*n)*e” (m*log(e) + m*log(x)) + 3*B*c
~2xd*m”~4*x*x” (2*n) *e~ (m*log(e) + m¥xlog(x)) + 3*A*xc*d~2+m~4*x*x~(2*n)*e” (m*
log(e) + m¥log(x)) + 3*Bkc*d~2#m~4*x*x~(2*n)*e” (m*log(e) + m*log(x)) + A*d
“3*m~4*xx*x~ (2*n) *e” (m*log(e) + m*log(x)) + Bxd~3*m~4*x*x~(2*n)*e” (m*xlog(e)
+ mxlog(x)) + 24xB*c™2xd*m~3*n*x*x~(2*n)*e” (m*xlog(e) + m*xlog(x)) + 24xA*c
*d"2*m~3*n*x*x” (2*n) *e~ (m¥log(e) + m*log(x)) + 21*B¥cxd™2+m”3*n*x*x~ (2*n)*
e~ (m*xlog(e) + m*log(x)) + 7T*Axd~3*m~3*n*x*x~(2*n)*e” (m*log(e) + m*log(x))
+ 6%B*d”~3*m~3*n*kx*x~ (2*n) *e” (m*xlog(e) + mklog(x)) + B57*Bxc™2*d*m”~2%n~2%x*x
~(2xn)*e” (m*log(e) + m*log(x)) + 57*A*cxd™2+m~2*n~2*x*x~ (2*n)*e” (m*log(e)
+ m*log(x)) + 42*Bkcxd”~2*m~2*n~2*x*x~ (2*n) *e” (m*log(e) + m*log(x)) + 14...

3.18.  [(ex)™(A+ Bz™) (c+dz")® dx
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3.18.9 Mupad [B] (verification not implemented)

Time = 9.29 (sec) , antiderivative size = 563, normalized size of antiderivative = 4.11

Az (ex)™

™ (A+ Bz") (c+dz")’ dop = ———

[ (o A+ Ba (e + dan)! da = 225

Pzxx’" (ex)” (Ad+3Bc) (m3>+Tm?n+3m?+14mn®+14mn+3m+8n3 + 14n? -

mi4+10m3n+4m3+35m2n2+30m2n+6m2+50mn3+70mn2+30mn+4m+24nt+50n
zz(ex)" (3Ad+ Bc) (m*+9m?n+3m? +26mn? + 18mn + 3m + 24n® + 26 n? -

+m4—|—10m3n+4m3+35m2n2+30m2n+6m2+50mn3+70mn2+30mn+4m+24n4+50n
N Bdzzi"(ex)" (m*+6m2n+3m2+11mn2+12mn+3m+6n®+11n2+6n-

m*+10m3n+4m3+35m2n? +30m2n+6m2+50mnd +70mn2+30mn+4m+24n* +50n
3cdzz®" (ex)" (Ad+ Bc) (m® +8m?n+3m?+19mn? + 16 mn + 3m + 12n3 + 19n?

m*+10m3n+4m3+35m2n2+30m2n+6m2+50mnd3+70mn2+30mn+4m-+24nt+50n

_|_

+

inputtint((e*x)‘m*(A + B*x"n)*(c + d*x"n)~3,x)

-/

output | (Axc™3*x*(e*x)™m)/(m + 1) + (d~2*x*x~(3%n)*(e*xx) “m*(A*d + 3*Bkc)*(3*m + 7%
n + 14*m*n + 14*m*n~2 + 7*m~2%n + 3*m™2 + m~3 + 14%n"2 + 8+%n~3 + 1))/ (4*m
+ 10*%n + 30*m*n + 70*m*n~2 + 30*%m~2*n + 50*m*n~3 + 10*m~3*n + 6*m~2 + 4*m”~
3+ m4 + 35%n"2 + 50%n"3 + 24*%n~4 + 35+m~2*n"2 + 1) + (c”2*x*x"n*(e*x) “m*
(3%A*d + B*c)*(3*m + 9*n + 18*m*n + 26#m*n~2 + 9*m~2*n + 3*m~2 + m”~3 + 26%
n~2 + 24*n"3 + 1))/(4*m + 10*n + 30*m*n + 70*m*n~2 + 30*m~2*n + 50*m*n~3 +
10*m~3*%n + 6*%m~2 + 4*%m~3 + m™4 + 35*%n"2 + 50*%n"3 + 24*n"4 + 35*m~2*n"2 +
1) + (B*d"3*x*x” (4#%n)*(exx) “m*(3*m + 6*n + 12*m*n + 11*m*n~2 + 6*m~2*n + 3
*m~2 + m~3 + 11*n"2 + 6*%n"3 + 1))/(4*m + 10*n + 30*m*n + 70*m*n~2 + 30*m~2
*n + 50*m*n~3 + 10*m~3*n + 6*m~2 + 4*m~3 + m™4 + 35%¥n"2 + 50*%n"3 + 24*n"4
+ 36%m~2#%n"2 + 1) + (3*ckd*x*x”(2*n)*(exx) “m* (A*xd + Bxc)*(3*m + 8%n + 16*m
*n + 19%m*n~2 + 8%m~2*n + 3*m~2 + m~3 + 19*n~2 + 12%n~3 + 1))/(4*m + 10%n
+ 30*m*n + 70*m*n~2 + 30*m~2%n + 50*m*n~3 + 10*m~3*%n + 6*%m~2 + 4*m~3 + m~4
+ 35%n"2 + 50%n"3 + 24*n~4 + 35%m~2*%n"2 + 1)

3.18.  [(ex)™(A+ Bz™) (c+dz")® dx
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3.19 f (ex)m(A—i—an)(c—l-dx")?’ dx

a+bz™
3.19.1 Optimalresult . . . . . . . . . . . e ival
3.19.2 Mathematica [A] (verified) . . . . . .. ... .. .. L 172
3.19.3 Rubi [A] (verified) . . . . . ... .. 172
3.19.4 Maple [F] . . . . . . 173
3.19.5 Fricas [F] . . . . . o o o 174
3.19.6 Sympy [C] (verification not implemented) . . ... ... ... ... ...... Ive!
3.19.7 Maxima [F] . . . . . . . 1751
3.19.8 Giac [F] . . . . . . 176
3.19.9 Mupad [F(-1)] . . . . o oo I

3.19.1 Optimal result

Integrand size = 31, antiderivative size = 270

/ (ex)™ (A + Bz") (c + dz™)? p

a + bx" v
_d(a®Bd? + 3b%c(Bc + Ad) — abd(3Bc + Ad)) z' " (ex)™
B B¥(1l+m+n)
d?>(3bBc + Abd — aBd)z't*"(ex)™  Bd3z'*3"(ex)™
b%(1+m+ 2n) b(1+m+ 3n)
(a®Bd? + 3ab*cd(Bc + Ad) — a®bd?(3Bc + Ad) — b3c*(Bc + 3Ad)) (ex)t™™
a bte(1 + m)
(Ab — aB)(bc — ad)®(ex)'*™ Hypergeometric2F1 (1, 1im Limin - bot)
_|_
ab*e(1 +m)

output | d* (a~2*B*d~2+3*b~2*c* (A*d+B*c) —axbxd* (A*d+3*B*c) ) *x~ (1+n) * (e*x) “m/b~3/ (1+m
+n) +d"2* (Axb*d-B*a*xd+3*Bxb*c) *x~ (1+2*n) * (e*xx) “m/b~2/ (1+m+2*n) +B*d~3*x~ (1+3
*n) * (e*xx) “m/b/ (1+m+3%*n) - (a~3*B*d~3+3*a*b~2*c*d* (A*d+B*c) —a~2xb*d ~2% (A*d+3*
B*c) -b~3%c~2% (3*%A*d+B*c) ) * (e*xx) ~ (1+m) /b~4/e/ (1+m) + (A*b-B*a) * (—a*d+b*c) ~3x (
exx)~ (1+m) *hypergeom([1, (1+m)/n], [(1+m+n)/n],-b*x"n/a)/a/b~4/e/(1+m)

3.19. [ leaAtBa)(crde")” gy
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3.19.2 Mathematica [A] (verified)

Time = 0.81 (sec) , antiderivative size = 229, normalized size of antiderivative = 0.85

(ex)™ (A + Bz™) (c + dz™)® p
/ a + bz v

x(em)m (—a3Bd3—3ab2cd(Bc+Ad)+clzibf(3Bc+Ad)+b3c2(Bc+3Ad) + bd(a2Bd2+3bzc(Blc-'-|:;1:—i:;abd(3Bc+Ad))x" + b2d2(3b31c:$
= 5

;
input Integrate[((e*x) m*(A + Bxx"n)*(c + d*x"n)~3)/(a + b*x"n),x]

output | (x*(e*x) “m* ((-(a~3*B+*d~3) - 3*a*b~2xckd*(Bxc + Axd) + a”~2*b*xd~2*(3*Bxc + A
*d) + b~3%c™2x(Bxc + 3*%A*d))/(1 + m) + (b*xd*(a~2%B*d~2 + 3*%b~2*c*(B*c + Ax
d) - axb*d*(3*B*c + A*d))*x™n)/(1 + m + n) + (b"2*%d"2*(3*b*B*c + A*b*d - a
*Bxd)*x~(2*n)) /(1 + m + 2%n) + (b"3*Bxd"3*x~(3*n))/(1 + m + 3*n) + ((-(Axb
) + axB)*(-(b*c) + axd) 3*Hypergeometric2Fi[1, (1 + m)/n, (1 + m + n)/n, -
((b*x"n)/a)])/(ax(1 + m))))/p"4

3.19.3 Rubi [A] (verified)

Time = 0.55 (sec) , antiderivative size = 270, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, Bumber of rules _ 465 Ryles used

integrand size
= {1040, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (ex)™ (A + Bz™) (c+ dxn)3
dx
a + bx™

l 1040

(ex)™ (—a®Bd® + a?bd?(Ad + 3Bc) — 3ab?cd(Ad -
b4

/(&wwmmQﬂBﬂ—awpm+3B@+3Wqu+B@)+

b3

l 2009

3.19. [ (ealMArBa)(crde") g,
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dz" ! (ez)™ (a? Bd® — abd(Ad + 3Bc) + 3b%c(Ad + Bc))

B(m+n+1)
(ex)™+1 (a*Bd’ — a?bd?(Ad + 3Bc) + Bab’cd(Ad + Bo) + b (~*) (34d + Bo)) |
bte(m + 1)
(ex)™*+1(Ab — aB)(bc — ad)? Hypergeometric2F1 (1, mTH, %ﬂﬂa —%) n
abe(m + 1)
d2z2 1 (ex)™(—aBd + Abd + 3bBc) = Bd3z3"t(ex)™
B2(m +2n + 1) b(m + 3n + 1)

input LInt[((e*x)“m*(A + Bx*x"n)*(c + d*x"n)~3)/(a + b*x"n),x]

output | (d*(a~2*xB*xd~2 + 3*b~2*c*(B*c + A*d) - axbxd*(3*B*c + A*d))*x~ (1 + n)*(e*x)
“m)/(b"3*%(1 + m + n)) + (d72*(3*b*Bxc + A*bkd - a*B*d)*x~ (1 + 2*n)*(e*x) m
)/ (b72%(1 + m + 2%n)) + (Bxd~3*x"(1 + 3*n)*(e*x)"m)/(bx(1 + m + 3*n)) - ((
a~3*B*d"3 + 3*axb"2*ckxdk(B*xc + A*d) - a~2xb*d"2x(3*%Bxc + A*d) - b~ 3*c"2x(B
*xC + 3xAxd))*(e*x)~(1 + m))/(b~4xex(1 + m)) + ((A*b - a*B)*(b*c - a*xd) ~3*(
exx)” (1 + m)*Hypergeometric2F1[1, (1 + m)/n, (1 + m + n)/n, -((b*x"n)/a)])
/(axb~4xex(1 + m))

3.19.3.1 Defintions of rubi rules used

e

rule 1040

Int [((g_.)*(x_))"(m_.)*((a_) + (b_)*(x_)" (@ )) (p_.)*((c_) + (d_.)*(x_)"(n
‘_))‘(q_.)*((e_) + (£_)*(x_)"(n_))"(r_.), x_Symbol] :> Int[ExpandIntegrand[
‘(g*x)‘m*(a + b*x"n) “p*(c + d*x"n) gqx(e + f*xx™n)"r, x], x] /; FreeQl{a, b, c
L, d, e, £, g, m, n}, x] & IGtQ[p, -2] && IGtQ[q, 0] && IGtQ[r, O]

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

3.19.4 Maple [F]

/ (ex)™ (A+ Bz™) (c+ dz™)°
dx
a+bzm

input Lint ((e*x) “m* (A+B*x~n) * (c+d*x~n) ~3/ (a+b*x"n) ,x)

-/

output Lint ((e*xx) “m* (A+B*x"n) * (c+d*x"n) ~3/ (a+b*x"n) ,x)

3.19. [ leaAtBa)(crde")” gy
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3.19.5 Fricas [F]

(ex)™ (A + Bz") (c + dz™)? (Bz" + A)(dz™ + ¢)*(ex)™
dx = dx
a + bx™ bz + a

inputLintegrate((e*x)‘m*(A+B*x“n)*(c+d*x“n)‘3/(a+b*x“n),x, algorithm="fricas")

output‘ integral ((B*d~3*x~(4*n) + A*c”™3 + (3*B*c*d~2 + A*d~3)*x~(3*%n) + 3*(B*c~2xd
L + Axc*d"2)*x~(2*%n) + (Bxc~3 + 3*Axc~2*d)*x"n)*(e*x) "m/(b*x"n + a), x)

3.19.6 Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 16.88 (sec) , antiderivative size = 1933, normalized size of antiderivative = 7.16

dxr = Too large to display

/ (ex)™ (A + Bz") (¢ + dz™)®
a+ bz

input Lintegrate ((e*x) **m* (A+B*x**n) * (c+d*x**n) **3/ (a+b*x**n) ,x)

~—

3.19. [ leaAtBa)(crde")” gy




output
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Axaxx(m/n + 1/n)*a**x(-m/n - 1 - 1/n)*ck*3*kex*smkm*x**(m + 1)*lerchphi (b¥x**

nxexp_polar(I*pi)/a, 1, m/n + 1/n)*gamma(m/n + 1/n)/(n**2*gamma(m/n + 1 +
1/n)) + A*ax*(m/n + 1/n)*a**(-m/n - 1 - 1/n)*c**3*ex*m*x**(m + 1)*lerchphi
(b*x**n*exp_polar(I*pi)/a, 1, m/n + 1/n)*gamma(m/n + 1/n)/(n**2*gamma(m/n
+ 1 + 1/n)) + Axax*(-m/n - 4 - 1/n)*a*x*x(m/n + 3 + 1/n)*d**3*e*x*m*m*x**(m +
3*n + 1)*lerchphi (b*x**n*exp_polar(I*pi)/a, 1, m/n + 3 + 1/n)*gamma(m/n +
3 + 1/n)/(n**2*xgamma(m/n + 4 + 1/n)) + 3xA*a*x(-m/n - 4 - 1/n)*a*x*(m/n +
3 + 1/n)*d**3*e*xm*x**(m + 3*n + 1)*lerchphi(b*x**n*exp_polar(I*pi)/a, 1,
m/n + 3 + 1/n)*gamma(m/n + 3 + 1/n)/(n*gamma(m/n + 4 + 1/n)) + Axa**x(-m/n
- 4 - 1/n)*ax*(m/n + 3 + 1/n)*d**3*ke*xxmkx**(m + 3*n + 1)*lerchphi(bxx**nke
xp_polar(I*pi)/a, 1, m/n + 3 + 1/n)*gamma(m/n + 3 + 1/n)/(n**2*gamma(m/n +
4 + 1/n)) + 3*A*xax*(-m/n - 3 - 1/n)*ax*x(m/n + 2 + 1/n)*ckd**2ke*kkxmrmkx** (
m + 2*n + 1)*lerchphi(b*x**n*exp_polar(I*pi)/a, 1, m/n + 2 + 1/n)*gamma(m/
n + 2 + 1/n)/(n**2*xgamma(m/n + 3 + 1/n)) + 6*Axax*x(-m/n - 3 - 1/n)*a*x(m/n
+ 2 + 1/n)*c*xd**2xe*xxm*kx**(m + 2*n + 1)*lerchphi(b*x**n*exp_polar(I*pi)/a
, 1, m/n + 2 + 1/n)*gamma(m/n + 2 + 1/n)/(n*gamma(m/n + 3 + 1/n)) + 3xA*ax
*(-m/n - 3 - 1/n)*a*x*(m/n + 2 + 1/n)*c*d**2*e*x* m*x**(m + 2*%n + 1)*lerchphi
(b*x**n*exp_polar(I*pi)/a, 1, m/n + 2 + 1/n)*gamma(m/n + 2 + 1/n)/(n**2*ga
mma(m/n + 3 + 1/n)) + 3*Axaxx(-m/n - 2 - 1/n)*ax*x(m/n + 1 + 1/n)*c**2*dxex*
*mkm¥x**(m + n + 1)*lerchphi(b*x**n*exp_polar(I*pi)/a, 1, m/n + 1 + 1/n...

3.19.7 Maxima [F]

/ (ex)™ (A + Bz") (c + dz™)? i / (Bz" + A)(dz™ + ¢)*(ex)™ s

a+ bz bx" +a

input  integrate((e*x) “m* (A+B*x"n)*(c+d*x"n) ~3/(a+b*x"n) ,x, algorithm="maxima")

3.19. [ (ealMArBa)(crde") g,




output
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((b~4*c~3*xe”m - 3*a*b~3*c"2*d*e”m + 3*a~2xb~2kckd"2%e"m - a~3*b*d~3*e"m)*A
- (a*b"3*c~3*%e"m - 3*a”~2*b"2%c"2*d*e"m + 3*a~3*xbkckd"2*e"m - a~4*d"3*e"m)
*B) *integrate(x"m/(b"5*x"n + a*b”4), x) + ((m"3 + 3*m™2*(n + 1) + (2*n~2 +
6*n + 3)*m + 2*n~2 + 3%n + 1)*B*b~3*%d"3*e"m*x*e” (m*log(x) + 3*n*log(x)) +
((3*(m~3 + 3*m™2*%(2%n + 1) + 6*n"3 + (11*n"2 + 12%n + 3)*m + 11*n"2 + 6*n
+ 1)*b”"3*c"2*d*e”m - 3*(m"3 + 3*m™2*(2*n + 1) + 6*n"3 + (11*%n"2 + 12*%n +
3)%m + 11*%n"2 + 6*n + 1)*a*b”"2%c*d"2*%e”m + (m~3 + 3*m~2*%(2*n + 1) + 6*n”3
+ (11*%n"2 + 12%n + 3)*m + 11*n"2 + 6*n + 1)*a~2%b*d"3*e"m)*A + ((m~3 + 3*m
~2%(2%n + 1) + 6*n"3 + (11*n"2 + 12*n + 3)*m + 11%n"2 + 64n + 1)*b~3*c"3*e
“m - 3*(m”~3 + 3*m”~2*%(2*%n + 1) + 6+%n"3 + (11*%n"2 + 12%n + 3)*m + 11*n"2 + 6
*n + 1)*a*xb~2xc 2*d*e™m + 3% (m~3 + 3*m~2%(2%n + 1) + 6%n"3 + (11%n"2 + 12x%
n + 3)*m + 11*n"2 + 6*n + 1)*a~2*xb*c*d"2*e™m - (m~3 + 3*m~2*(2*n + 1) + 6%
n~3 + (11*n"2 + 12%n + 3)*m + 11*n"2 + 6*n + 1)*a”3*d"3*e"m)*B)*x*x"m + ((
m~3 + m~2x(4*n + 3) + (3*%n"2 + 8*n + 3)*m + 3*n"2 + 4%n + 1)*A*b"3*d"3*e"m
+ (3*(m"3 + m™2*%(4*n + 3) + (3*n"2 + 8*n + 3)*m + 3*n"2 + 4*n + 1)*b~3*c*
d"2*e™m - (m™3 + m™2*%(4*n + 3) + (3*n"2 + 8%n + 3)*m + 3*n"2 + 4*n + 1)*a*
b~2*%d"3*e"m) *B) *x*e~ (m*¥log(x) + 2*nxlog(x)) + ((3*(m~3 + m™2*(5+n + 3) + (
6*%n"2 + 10*n + 3)*m + 6*n"2 + 5%n + 1)*b"3*c*d"2*e"m - (m"3 + m~2*(5%n + 3
) + (6%n~2 + 10%n + 3)*m + 6%n”~2 + 5%n + 1)*a*b~2*%d"3*e"m)*A + (3*(m~3 + m

~2%(5*n + 3) + (6*%n~2 + 10*%n + 3)*m + 6*n"2 + 5%n + 1)*b~3*c~2*d*e”m - ...

3.19.8 Giac [F]

/ (ex)™ (A + Bz") (c + dz™)? i / (Bz" + A)(dz™ + ¢)*(ex)™ s

a+ bz bx" +a

input‘integrate((e*x)“m*(A+B*x“n)*(c+d*x“n)“3/(a+b*x“n),x, algorithm="giac")

-

outputtintegrate((B*x‘n + A)x(d*x"n + c)"3*(e*x) "m/(b*x"n + a), x)

~—

3.19. [ (ealMArBa)(crde") g,
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3.19.9 Mupad [F(-1)]

Timed out.

(ex)™ (A + Bz") (c + dz™)® (ex)™ (A+ Bz") (c+dz")°
dz = dz
a + bx™ a+bxn

input Lint (((e*x)"m*(A + Bxx"n)*(c + d*x"n)"3)/(a + b*x"n),x)

output Lint (((exx)"m*(A + Bxx"n)*(c + d*x"n)~3)/(a + b*x"n), x)

3.19. <ew>’”<A+ﬂ;>L<c+dm">3 dz
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3.20.1 Optimal result

Integrand size = 31, antiderivative size = 394

(ex)™(A+ Bz") (c+ dgL'")3 dp —
/ (a + bzn)? v
d?(Ab(3bc(1 +m +n) — ad(1 + m + 2n)) — aB(3bc(1 +m + 2n) — ad(1 + m + 3n)))z' " (ex)™
B ab3n(1+m+n)
d3(Ab(1 +m + 2n) — aB(1 +m + 3n))z' 2" (ex)™
ab®>n(1+m+ 2n)
d(Ab(3b%c*(1 + m) — 3abed(1 + m + n) + a®>d?(1 + m + 2n)) — aB(3b?c*(1 + m + n) — 3abed(1 +m -
B abte(l +m)n

(Ab — aB)(ex)t™ (c + da™)?
aben (a + bx™)
_ (be = ad)*(Ab(bc(1 + m — n) — ad(1 +m + 2n)) — aB(be(1 + m) — ad(1 + m + 3n)))(ez)'*™ Hyperg
a’bte(l +m)n

output | -4~ 2% (Axb* (3*%b*c* (1+m+n) -a*d* (1+m+2*n) ) —a*B* (3*b*c* (1+m+2%n) —a*d* (1+m+3*n)
))*x” (1+n) * (e*x) "m/a/b~3/n/ (1+m+n) -d~3* (A*xb* (1+m+2+*n) —a*B* (1+m+3*n) ) *x~ (1+
2#n) * (exx) “m/a/b~2/n/ (1+m+2*n) -d* (A*b* (3*b~2*c”~2* (1+m) -3*a*b*c*d* (1+m+n)+a
~2%d"2* (1+m+2*n) ) —a*B* (3*b~2*c”2* (1+m+n) —3*axbkxckxd* (1+m+2+*n) +a~2*d "~ 2* (1+m+
3*n)) ) *(e*x) " (1+m) /a/b~4/e/ (1+m) /n+ (Axb-B*a) * (exx) ~ (1+m) * (c+d*x"n) “3/a/b/e
/n/ (a+b*x"n) - (~a*d+b*c) ~2* (Axb* (b*c* (1+m-n) —a*d* (1+m+2*n) ) —a*B* (b*xc* (1+m) -
axdx (1+m+3#n)) ) * (e*x) ~ (1+m) *hypergeom([1, (1+m)/n], [(1+m+n)/n],-b*x"n/a)/a
~2/b~4/e/(1+m) /n

N\ J

320. | (“V”(A(:f;wf}(“dm")g' dz
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3.20.2 Mathematica [A] (verified)

Time = 1.06 (sec) , antiderivative size = 217, normalized size of antiderivative = 0.55

/ (ex)™ (A + Bz™) (c + dz™)® i
(a 4 bzn)®
m [ d(3a2Bd?+3b%c(Bet+Ad)—2abd(3Bc+Ad)) | bd?(3bBetAbd—2aBd)s™ | p?Badg? , (be—ad)’(bBet3Abd—daBd) Hyperg
z(ex) ( T+m + 1+m+n 1+m+2n a(l
= n
input [Integrate [((exx)"m*(A + B*x"n)*(c + d*x™n)~3)/(a + b*x"n)~2,x] J

output

(x*(e*x) “m* ((d* (3*a~2*xB*d~2 + 3*b~2*c*(Bxc + Axd) - 2*xa*b*dx(3*Bxc + Axd))
)/ (1 + m) + (b*d~2x(3%b*B*c + A*b*d - 2%a*B*d)*x"n)/(1 + m + n) + (b~2xBxd
~3%x~(2%n))/(1 + m + 2+n) + ((b*c - a*d) 2% (b*B*c + 3*Axb*d - 4*a*B*d)*Hyp
ergeometric2F1[1, (1 + m)/n, (1 + m + n)/n, -((b*x"n)/a)])/(ax(1 + m)) + (
(-(A*b) + axB)*(-(b*c) + axd) 3xHypergeometric2F1[2, (1 + m)/n, (1 + m + n
)/n, -((b*x"n)/a)])/(a"2*(1 + m))))/v"4

3.20.3 Rubi [A] (verified)

Time = 0.98 (sec) , antiderivative size = 376, normalized size of antiderivative = 0.95,
number of steps used = 4, number of rules used = 4, umber of rules _ ( 199 Ryles used

integrand size
= {1064, 25, 1040, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (ez)™ (A + Ba™) (c+da")*
(a + bzn)?
| 1064
(ex)™t1(Ab — aB) (c + dz™)?
aben (a + bz™) B

f (ex)™ (da"+c)? (c(aB(m+1)—Ab(m— Z—T_')_) d(Ab(m+2n+1)— aB(m+3n+1))x")d

l25

320. | (e””V”("‘(:f;Q(C*dm")?' dz
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f (ez)m(da:"+c)2(c(aB(m+1)—Ab(m—n+1))—d(Ab(m+2n+1)—aB(m+3n+1))x")dw
bz"+a +
abn
(ex)™+1(Ab — aB) (c + da™)’

aben (a + bx™)
| 1040

f <d2(aB(3bc(m+2n+1)—ad(m+3n+1))—Ab(3bc(m+n+1)—ad('m+2n+1)))w"(ez)m + d3(aB(m+3n+1)—Ab(m+2n+1))x2" (ex)™ + M
b2 b

(ex)™+1(Ab — aB) (¢ + dz")?
aben (a + bx™)

l 2009

. d(ex)™+1 (Ab(a?d?(m+2n+1)—3abed(m+n+1)+3b2c2(m+1)) —aB(a?d?(m+3n+1)—3abed(m+2n+1)+3b2c? (m+n+1))) _ (ex)™ 1 (be—c

bde(m+1)

(ex)™t1(Ab— aB) (c+ dw”)?’
aben (a + ba™)

input [Int[((e*x)‘m* (A + Bxx™n)*(c + d*x"n)"3)/(a + b*x"n)~2,x] J

output | ((A*b - a*B)*(e*x)~(1 + m)*(c + d*x"n) 3)/(a*xb*e*n*(a + b*x™n)) + (-((d~2*
(A*b* (3%b*c*x(1 + m + n) - a*d*(1 + m + 2*n)) - a*Bx(3*bxc*(1 + m + 2*n) -
axd*(1 + m + 3*n)))*x~ (1 + n)*(e*x)"m)/(b"2*x(1 + m + n))) - d73*x(A - (axB*
(1 +m+ 3*n))/(bx(1 + m + 2%n)))*x~ (1 + 2*n)*(e*x)"m - (d*(A*b*(3*%b~2%c"2
*(1 + m) - 3*xaxbxcxd*(1 + m + n) + a~2*%d"2*(1 + m + 2*n)) - a*xBx(3*b~2*c"2
*(1 + m + n) - 3*a*xbxckd*(1 + m + 2*%n) + a"2%d"2*(1 + m + 3*n)))*(e*x) (1
+ m))/(b”"3%e*x(1 + m)) - ((bxc - axd) 2% (Axb*(b*c*x(1 + m - n) - a*xd*(1 + m
+ 2%n)) - a*xB*(b*c*(1 + m) - a*xd*(1 + m + 3*n)))*(e*x)” (1 + m)*Hypergeomet
ric2F1[1, (1 + m)/n, (1 + m + n)/n, -((b*x"n)/a)])/(a*xb”3*xex(1 + m)))/(a*b

*n)

320. | (“V”("‘(:f;f}(“dm")?' dz
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3.20.3.1 Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int([Fx, x], x]

rule 1040

rule 1064

Int[((g_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"(@_))"(p_.)*((c_) + (d_.)*(x_)"(n
N7 (g_I*((e) + (£_)*(x_)"(n_))"(r_.), x_Symbol] :> Int[ExpandIntegrand[
(g*x) “m*(a + b*x"n) "p*(c + d*x"n) gq*(e + f*x"n)"r, x], x] /; FreeQl[{a, b, c
, d, e, £, g, m, n}, x] && IGtQ[p, -2] && IGtQ[q, 0] && IGtQ[r, O]

/Int[((g_.)*(x_))‘(m_.)*((a_) + (b_)*(x_)" (@ ))"(p_)*((c_) + (d_.)*(x_)"(n_

))7(q_)*((e) + (£_.)*(x_)"(n_)), x_Symbol] :> Simp[(-(b*e - a*xf))*(gxx)~(
m + 1)*(a + bxx™n) " (p + 1)*((c + d*x"n)"q/(axb*g*nx(p + 1))), x] + Simp[1/(
axbxn*x(p + 1)) Int[(g*x) m*(a + b*x"n)"(p + 1)*(c + d*x"n) " (q - 1)*Simp[c
*(bxexn*(p + 1) + (bxe - axf)*(m + 1)) + dx(bkexnx(p + 1) + (bxe - axf)*(m
+ n*q + 1))*x"n, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, g, m, n}, x] && LtQ
[p, -11 && GtQlq, 0] && !(EqQlq, 1] && SimplerQ[b*c - a*d, b*e - a*f])

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul

3.20.4 Maple [F]

/ (e2)" (A+ Ba") (c+dz")”
(a +bzn)?

input Lint ((e*x) “m* (A+B*x~n) * (c+d*x~n) ~3/ (a+b*x"n) ~2,x)

-/

output Lint ((exx) “m* (A+B*x"n) * (c+d*x"n) ~3/ (a+b*x"n) ~2,x)

input

3.20.5 Fricas [F]

/ (ex)™ (A + Bz") (c + dz™)° e / (Bz" + A)(dz™ + ¢)*(ex)™ i
(a + bzn)? (bz" + a)?

p
Lintegrate ((exx) “m* (A+B*x"n) * (c+d*x"n) "3/ (a+b*x"n) "2,x, algorithm="fricas")

-/

320. | (“V”(A(:f;wf}(“dm")g' dz
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Output‘ integral ((Bxd~3#x~ (4*n) + Axc~3 + (3*B*c*d™2 + A*d"3)*x~(3*n) + 3*(B*c~2*d
\ + Axc*xd"2)*x~(2*n) + (Bxc™3 + 3xAxc~2*d)*x"n)*(e*xx) "m/ (b~ 2*x~ (2%n) + 2*a*
‘b*x“n + a~2), x)

3.20.6 Sympy [F(-1)]

Timed out.

m n TL3
/(ex) (A+ Bz™) (c + dx™) dr — Timed out

(a + ban)®

input Lintegrate ((e*xx) **xm* (A+Bxx**n) * (c+d*x**n) **3/ (a+b*x*k*n) **2,x)

output LTimed out

3.20.7 Maxima [F]

dz

/ (ex)™ (A + Bz") (c + dz™)° e / (Bz" + A)(dz™ + ¢)*(ex)™
(a + bzn)? (bz™ 4 a)®

input Lintegrate ((exx) “m* (A+B*x"n) * (c+d*x"n) "3/ (a+b*x"n) "2,x, algorithm="maxima")

m ™) (c+-dz™ 3
3.20. [ (LRI 4o




output

input
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N

((a~3*b*d~3*e"m*(m + 2*n + 1) - 3*a"2*xb"2*c*d"2%e"m*(m + n + 1) - b 4*c 3%
emx(m - n + 1) + 3*a*xb"3*c”2xd*e"m*x(m + 1))*A - (a"4*d"3*e"m*x(m + 3*n + 1
) — 3*a”3*b*c*d"2%e"m*(m + 2*n + 1) + 3*a”~2%b"2*c"2*d*e"m*x(m + n + 1) - a*
b~3%c"3*e"m*(m + 1))*B)*integrate(x"m/(a*b”5*n*x"n + a~2*b~4*n), x) + ((m”
2¥n + (n"2 + 2*n)*m + n~2 + n)*B*a*b~3*d”3*e m*x*e” (m*log(x) + 3*n*log(x))
+ (((m"3 + 3*xm™2*(n + 1) + (2*n"2 + 6%n + 3)*m + 2*n"2 + 3*n + 1)*b~4*c”3
*e¢"m - 3*x(m~3 + 3*m™2%(n + 1) + (2*%n"2 + 6*n + 3)*m + 2*%n"2 + 3*n + 1)*axb
“3%c"2xd*e"m + 3*k(m”"3 + m"2*%(4*n + 3) + 2*n"3 + (5%n"2 + 8%n + 3)*m + 5*%n”
2 + 4%n + 1)*a"2xb"2*ckd"2%e"m - (m~3 + m"™2*(5*%n + 3) + 4#%n"3 + (8*n~2 + 1
O%n + 3)*m + 8%n~2 + 5%n + 1)*a~3%bxd"3*xe"m)*A - ((m~3 + 3*m~2*(n + 1) + (
2*n~2 + 6*%n + 3)*m + 2*n~2 + 3*n + 1)*axb”"3*%c"3xe"m - 3*x(m~3 + m~2*(4*n +
3) + 24n"3 + (5*n"2 + 8*n + 3)*m + 5*n"2 + 4*n + 1)*a”2*xb"2*c”2*d*e"m + 3%
(m~3 + m~2*(5*%n + 3) + 4%n"3 + (8%n"2 + 10*n + 3)*m + 8*n"2 + 5%n + 1)*a”3
*bxcxd"2xe"m - (™3 + 3*m™2%(2*n + 1) + 6*n~3 + (11*%n"2 + 12%n + 3)*m + 11
*n"2 + 6xn + 1)*a~4*d"3*e"m)*B)*x*x™m + ((m~2%n + 2*x(n"2 + n)*m + 2*%n"2 +
n)*Axaxb~3*d"3*e"m + (3*(m~2*n + 2*x(n"2 + n)*m + 2*%n"2 + n)*axb~3kckd"2*e”
m - (m™2*n + (3*n"2 + 2*n)*m + 3*n”~2 + n)*a”2*b"2xd"3*e"m)*B) *x*e” (m*log(x
) + 2xnxlog(x)) + ((3*(m™2*n + 2#%n~3 + (3*n"2 + 2*n)*m + 3*%n~2 + n)*axb~3x
ckd™2%e"m - (m~2*n + 4%n~3 + 2%(2%n"2 + n)*m + 4%n"2 + n)*a~2%b"2*d"3*e"m)
*A + (3%(m™2%n + 2xn"3 + (3*%n"2 + 2*n)*m + 3*n"2 + n)*axb~3*c"2xdxe"m -...

3.20.8 Giac [F]

/ (ex)™ (A + Bz") (c + dz™)? i / (Bz" + A)(dz™ + ¢)*(ex)™ s
(a + bzn)? (bz™ + a)®

integrate ((e*xx) “m* (A+B*x"n)* (c+d*x"n) ~3/ (a+b*x"n) ~2,x, algorithm="giac")

;
integrate((Bxx™n + A)*(d*x"n + c) 3*(e*x)"m/(b*x"n + a)~2, x)

320. | (“V”(A(:f;f}(“d“")?' dz
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3.20.9 Mupad [F(-1)]

Timed out.

/ (ex)™ (A + Bz") (c + dz™)° dp — / (ex)™ (A+ Bz") (c+dz")° i
(a+ ban)” (a+ban)?

input Lint (((e*x)"m*(A + B*x"n)*(c + d*x"n)~3)/(a + b*x"n)"2,x)

output Lint(((e*x)“m*(A + Bxx"n)*(c + d*x"n)"3)/(a + b*x"n)~2, x)

320. | (“V”("‘(jf;wf}(c+d”")3 dz
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3.21.1 Optimal result

Integrand size = 31, antiderivative size = 380

(ex)™ (a + bz™)* (A + Bz™)
dx
c+dz"
b(4a®Bd® — b3c*(Bc — Ad) + 4ab*cd(Bc — Ad) — 6a*bd?(Bc — Ad)) 2t (ex)™

d*(1+m+n)
b*(6a’>Bd? + b’c(Bc — Ad) — 4abd(Bc — Ad)) z'+?"(ex)™
+
d3(1 4+ m+ 2n)
_ b(bBc — Abd — 4aBd)z'**"(ex)™  b*Bx't*(ex)™

d*(14+m+ 3n) d(1+m+4n)
N (a*Bd* + b*c*(Bc — Ad) — 4ab*c®*d(Bc — Ad) + 6a?b*cd?(Bc — Ad) — 4a3bd?(Bc — Ad)) (ex)™™
d®e(1+m)
(bc — ad)*(Bc — Ad)(ez)'*™ Hypergeometric2F1 (1, 14m 1tmin - dz%)
cdde(1+ m)

output | b* (4*xa~3*B*d~3-b"3*c”~2* (~A*d+B*c) +4*a*b”~2xckd* (~A*d+B*c) —6%a”~2xb*xd"2* (-A*d
+B*c) ) *x~ (1+n) * (exx) "m/d~4/ (1+m+n) +b~2* (6*a~2*B*d ~2+b~2*c* (~A*d+B*c) —4*a*b
*d* (—Axd+Bxc) ) *x~ (1+2+*n) * (e*x) “m/d~3/ (1+m+2*n) -b~3* (~A*b*d-4*B*xaxd+Bxb*c) *
x~ (1+3#*n) * (exx) "m/d"2/ (1+m+3*n) +b~4*B*x~ (1+4*n) * (e*x) “m/d/ (1+m+4x*n) +(a~4*B
*d"4+b"4*c” 3% (—A*d+B*c) —4*a*xb~3*c"2xd* (—Axd+B*c) +6*a”2*¥b " 2*c*d "~ 2* (—Axd+B*c
)—4*a”~3xb*d 3% (—A*d+B*c) ) * (exx) " (1+m) /d"5/e/ (1+m) — (—a*d+b*c) ~4* (—A*d+B*c) *
(e*x) ~ (1+m) *hypergeom([1, (1+m)/n], [(1+m+n)/n],-d*x"n/c)/c/d"5/e/(1+m)
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3.21.2 Mathematica [A] (verified)

Time = 1.31 (sec) , antiderivative size = 332, normalized size of antiderivative = 0.87

4
(ex)™ (a + bz™)" (A + Bzx™) p
T
c+ dz»
m [ a*Bd*+b*c3(Be—Ad)+6a2b2cd?(Bc—Ad)+4ab3c2d(— Bet Ad)+4a3bd3 (—Bet+Ad) | bd(4a®Bd3+4ab®cd(Bc—Ad)+b3c? (—Be+
z(ex) Ttm + Thmtn

;
input | Integrate[((e*x) “m*(a + b*x"n) 4*(A + B*x"n))/(c + d*x"n),x]

output | (x* (e*xx) “m* ((a~4*%B*d"4 + b~4*c~3*(Bxc — A*d) + 6xa”2%b"2xc*xd"2*(B*c - Axd)
+ 4xaxb”3*c”2*%d* (—(B*c) + A*d) + 4*a~3*b*d"3*(-(Bxc) + A*d))/(1 + m) + (b
*d*x (4*%a~3*B*d~3 + 4*axb”~2*ckxd*k(Bxc — A*d) + b~3*xc”™2*(-(B*c) + A*d) + 6*a”2
*b*xd~2x (- (Bxc) + A*d))*x™n)/(1 + m + n) + (b"2*d"2*(6*%a”2*%B*d"2 + b~ 2xc*(B
*Cc — Axd) + 4xaxbkdx(-(B*c) + A*d))*x~(2*n))/(1 + m + 2*n) + (b~3*d"3*(-(b
*Bxc) + Axbxd + 4*a*B*d)*x"(3*n))/(1 + m + 3*n) + (b"4%B*d"4*x~(4*n))/(1 +
m + 4xn) - ((b*c - axd) “4*(Bxc - Axd)*Hypergeometric2F1i[1, (1 + m)/n, (1

+m + n)/n, -((d*x"n)/c)])/(cx(1 + m))))/d"5

3.21.3 Rubi [A] (verified)

Time = 0.79 (sec) , antiderivative size = 380, normalized size of antiderivative = 1.00,
_ _ o number of rules _

number of steps used = 2, number of rules used = 2, integrand size 0.065, Rules used

= {1040, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (ez)™ (a + bz™)* (A + Ba")
dx
c+ dx™

l 1040

/ <b2x2"(ex)m (6a®Bd? — 4abd(Bc — Ad) + b’c(Bc — Ad)) N bz"(ex)™ (4a3Bd® — 6a%bd*(Bc — Ad) + 4ab’cd(
a3 d*

l 2009
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v?a2 1 (ex)™ (6a2Bd? — 4abd(Bc — Ad) + b*c(Bc — Ad)) N

d3(m+2n+1)
bz" ! (ex)™ (4a®Bd® — 6abd?(Bc — Ad) + 4ab?cd(Bc — Ad) + b%(—c?) (Bc — Ad)) N
d{(m+n+1)
(ex)™*! (a*Bd* — 4a3bd3(Bc — Ad) + 6a?b*cd?(Bc — Ad) — 4ab3c?d(Bc — Ad) + b*c®(Bc — Ad))
dSe(m+1)

b3z3" 1 (ex)™(—4aBd — Abd + bBc)
d?>(m+3n+1) B
(ex)™*1(bc — ad)*(Bc — Ad) Hypergeometric2F1 (1, 7L mtntl ' deh)  pd gpdntl(ggpym

cdSe(m + 1) dm+4n+1)

-

input LInt [((e*x) "m*(a + b*x"n) "4*x(A + Bxx"n))/(c + d*x"n),x]

| —

output | (b*(4*a~3*xB*xd"3 - b~3*c”2*(B*c - Axd) + 4*xaxb~2kc*d*(B*c - Axd) - 6*xa”~2*bx*
d"2%(B*c - A*d))*x~ (1 + n)*(e*x) ™ m)/(d"4*(1 + m + n)) + (b"2*%(6*a"2%B*d"2

+ b~ 2xck(Bxc — A*d) - 4*xaxbxd*(Bxc - A*d))*x~ (1 + 2*n)*(e*x) " m)/(d"3*(1 +

m + 2%n)) - (b~ 3*%(b*Bxc - Axbkd - 4*a*Bxd)*x~ (1 + 3#*n)*(e*x) m)/(d"2*x(1 +

m + 3*%n)) + (b"4*Bxx~ (1 + 4*n)*(e*x) m)/(d*(1 + m + 4*n)) + ((a~4xBxd"4 +

b~4xc~3*(Bkc - A*d) - 4*axb~3*c”2*d*(Bxc - Axd) + 6%a”2*b”2*c*d"2*(Bxc - A
*d) - 4%a”3%b*d"3%(Bxc - Axd))*(e*xx)~(1 + m))/(d"5*ex(1 + m)) - ((b*c - ax
d)“4x(Bkc - A*d)*(exx)”~ (1 + m)*Hypergeometric2Fi[1, (1 + m)/n, (1 + m + n)
/n, -((d*x"n)/c)])/(c*d"5*ex(1 + m))

3.21.3.1 Defintions of rubi rules used

rule 1040‘Int[((g_.)*(x_))‘(m_-)*((a_) + (b_)*(x_)"(@)) " (p_.)*((c_) + (d_)*(x_)"(n
‘_))“(q_.)*((e_) + (£_)*(x_)"(n_))"(r_.), x_Symbol] :> Int[ExpandIntegrand[
‘(g*x)‘m*(a + b*x"n) “p*(c + d*x"n)"g*(e + f*x"n)"r, x], x] /; FreeQ[{a, b, c

, d, e, £, g, m, n}, x] && IGtQ[p, -2] && IGtQ[q, 0] && IGtQ[r, O]

E——

N

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]
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3.21.4 Maple [F]

dz

/ (ex)™ (a+ bz™)* (A + Bz™)
c+dzn

input Lint ((e*x) “m* (a+b*x"n) “4* (A+B*x"n) / (c+d*x"n) ,x)

output Lint ((e*x) “m* (a+b*x"n) ~4* (A+B*x"n) / (c+d*x"n) ,x)

3.21.5 Fricas [F]

dz

/ (ex)™ (a + bz™)* (A + Bz™) e — / (Bz" + A)(bz" + a)*(ex)™
c+ dx™ dz™ + c

input Lintegrate ((e*x) “m* (a+b*x"n) “4* (A+B*x"n)/(c+d*x"n) ,x, algorithm="fricas")

output‘ integral ((Bxb~4*x~(5%n) + A*a~4 + (4*B*a*b~3 + A*b~4)*x~(4*n) + 2%(3*Bxa"2
\*b‘z + 2%A*xaxb”~3)*x~(3*%n) + 2*x(2*B*a”~3*b + 3*kA*xa~2*xb"2)*x~(2*n) + (Bxa~4 +

\ AxA*a~3%b) *x~n) * (e*x) “m/ (d*x"™n + c), x)

3.21.6 Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 28.35 (sec) , antiderivative size = 2463, normalized size of antiderivative = 6.48

/ (ex)™ (a + bz™)* (A + Bz™)

P dxr = Too large to display

input Lintegrate ((e*x) **m* (a+b*x**n) x*4* (A+B*x**n) / (c+d*x**n) ,x)

321, [ (edetba') (ArBa") gy




output

CHAPTER 3. LISTING OF INTEGRALS

189

Axa*xx4xckx(m/n + 1/n)*ckx(-m/n - 1 - 1/n)*exxmkm*x**(m + 1)*Llerchphi (d*x*x*

nxexp_polar(I*pi)/c, 1, m/n + 1/n)*gamma(m/n + 1/n)/(n**2*gamma(m/n + 1 +
1/n)) + A*ax*4xc**x(m/n + 1/n)*c*x(-m/n - 1 - 1/n)*ex*m*x**(m + 1)*lerchphi
(d*x**n*exp_polar(I*pi)/c, 1, m/n + 1/n)*gamma(m/n + 1/n)/(n**2*gamma(m/n
+ 1 + 1/n)) + 4xAxax*3*b*ckx(-m/n - 2 - 1/n)*ckx*(m/n + 1 + 1/n)*ex*kmkmkx**
(m + n + 1)*lerchphi(d*x**n*exp_polar(I*pi)/c, 1, m/n + 1 + 1/n)*gamma(m/n
+ 1 + 1/n)/(n**2*gamma(m/n + 2 + 1/n)) + 4xA*a*x*3*bkcx*(-m/n - 2 - 1/n)*c
*¥(m/n + 1 + 1/n)*e*x*m*xx**(m + n + 1)*lerchphi(d*x**n*exp_polar(I*pi)/c, 1
, m/n + 1 + 1/n)*gamma(m/n + 1 + 1/n)/(n*gamma(m/n + 2 + 1/n)) + 4*A*a**3x%
b*c**(-m/n - 2 - 1/n)*cx*(m/n + 1 + 1/n)*e**m*x**(m + n + 1)*lerchphi (d*x*
*n*exp_polar(I*pi)/c, 1, m/n + 1 + 1/n)*gamma(m/n + 1 + 1/n)/(n**2*gamma (m
/n + 2 + 1/n)) + 6*Axa*xx2*b¥*2xckx(-m/n - 3 - 1/n)*ckx(m/n + 2 + 1/n)*e**m
*mkx**k(m + 2*n + 1)*lerchphi(d*x**n*exp_polar(I*pi)/c, 1, m/n + 2 + 1/n)*g
amma(m/n + 2 + 1/n)/(n**2*%gamma(m/n + 3 + 1/n)) + 12%Aka*x*2*b**2*c**(-m/n
- 3 - 1/n)*c**x(m/n + 2 + 1/n)*e**m*x**x(m + 2*n + 1)*lerchphi(d*x**n*exp_po
lar(I*pi)/c, 1, m/n + 2 + 1/n)*gamma(m/n + 2 + 1/n)/(n*gamma(m/n + 3 + 1/n
)) + 6kxAxa*x*x2xb*kk2xckkx(-m/n - 3 - 1/n)*cx*x(m/n + 2 + 1/n)*exkmxx*kx(m + 2*n
+ 1)*lerchphi (d*x**n*exp_polar(I*pi)/c, 1, m/n + 2 + 1/n)*gamma(m/n + 2 +
1/n)/ (n**2*gamma (m/n + 3 + 1/n)) + 4*Axa*xb**3xcxx(-m/n - 4 - 1/n)*c**(m/n
+ 3 + 1/n)*ex*m*m*x**(m + 3*n + 1)*lerchphi(d*x**n*exp_polar(I*pi)/c,

3.21.7 Maxima [F]

(ex)™ (a + bz™)* (A + Bz™) (Bz" + A)(bz" + a)*(ex)™
dx = dx
c+ dx™ dz™ +c

input  integrate((e*x) “m*(a+b*x"n) “4* (A+B*x"n)/(c+d*x"n) ,x, algorithm="maxima")
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((b~4*xc~4xd*xe™m - 4*a*b”3*c”3*d"2*xe"m + 6*%a”~2%b"2%c"2*d"3*e”m - 4*a~3xb*cx*
d~4*e™m + a~4*d"5*xe"m)*A - (b~4*c” 5xe"m - 4*axb~3*xc”4xd*xe"m + 6%a”2%b " 2%c”
3xd"2xe"m - 4*a~3*%b*c"2*xd"3*e"m + a~4*c*d~4*e"m)*B)*integrate(x"m/(d"6*x"n
+ cxd”5), x) + ((m™4 + 2*xm~3*%(3*n + 2) + (11*n"2 + 18*%n + 6)*m~2 + 6*n"3
+ 2%(3*%n"3 + 11%n"2 + 9*%n + 2)*m + 11*%n"2 + 6%n + 1)*Bxb~4*d"4*e m*x*e” (m*
log(x) + 4*nxlog(x)) - (((m"4 + 2*m~3*(5*n + 2) + 24*n"4 + (35%n"2 + 30*n
+ 6)*m~2 + 50*%n"3 + 2*x(25*n"3 + 35%n"2 + 15%n + 2)*m + 35*n"2 + 10*n + 1)*
b~4xc"3*d*e™m - 4*(m~4 + 2*xm~3*(5*n + 2) + 24*%n~4 + (35*n"2 + 30*n + 6)*m”
2 + 50*%n~3 + 2%(25%n"3 + 35*%n"2 + 15%n + 2)*m + 35%n"2 + 10*n + 1)*axb~3*c
~2%d"2*%e"m + 6% (m”"4 + 2*m~3*%(5*%n + 2) + 24*n~4 + (35%n"2 + 30*n + 6)*m~2 +
50%n~3 + 2% (25%n"3 + 35%n"2 + 15%n + 2)*m + 35*%n"2 + 10%n + 1)*a”2%b”2xc*
d"3*%e"m - 4*x(m~4 + 24m~3*(5%n + 2) + 24*n~4 + (35*n"2 + 30*n + 6)*m~2 + 50
*n~3 + 2x(25*n~"3 + 35%n"2 + 15%n + 2)*m + 35%n"2 + 10%n + 1)*a~3*bxd"4*e"m
YxA - ((m™4 + 2%m~3*%(5*n + 2) + 24*n~4 + (35%n"2 + 30*n + 6)*m”~2 + 50%n"3
+ 2% (25%n"3 + 35%n"2 + 15%n + 2)*m + 35%n"2 + 10*n + 1)*b~4*c"4*e"m - 4*(m
~4 + 2xm”~3*x(5*%n + 2) + 24%n~4 + (35*n"2 + 30*n + 6)*m~2 + 50*n"3 + 2*(25%n
"3 + 35%n"2 + 15%n + 2)*m + 35%n"2 + 10*n + 1)*a*b~3*xc"3*d*e"m + 6x(m"4 +
2%m~3*(5%n + 2) + 24*n"4 + (35%n"2 + 30*n + 6)*m”~2 + 50*%n"3 + 2% (25%n"3 +
35%n"2 + 15%n + 2)*m + 35*%n"2 + 10*n + 1)*a”~2*b~2%c"2*d"2%e"m - 4x(m~4 + 2
*m~3%(5%n + 2) + 24*n~4 + (35*%n"2 + 30%n + 6)*m~2 + 50%n~3 + 2%(25%n~3 ...

3.21.8 Giac [F]

/ (ex)™ (a + bz™)* (A + Bz™) i / (Bz" + A)(bz" + a)*(ex)™ s

c+ dz™ dz™ + ¢

‘integrate((e*x)“m*(a+b*x“n)“4*(A+B*x‘n)/(c+d*x“n),x, algorithm="giac")

p
Lintegrate((B*x”n + M) x(b*x"n + a) 4*(e*x) "m/(d*x"n + c), x)

~—
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3.21.9 Mupad [F(-1)]

Timed out.

dz

/ (ex)™ (a + bz™)* (A + Bz™) dp — / (ex)™ (A+ Bz") (a+bz")*
c+ dzn ct+dz®

input Lint (((e*x)"m*(A + Bxx"n)*(a + b*x"n)~4)/(c + d*x"n),x)

output Lint (((exx)"m*(A + Bxx"n)*(a + b*x"n)~4)/(c + d*x"n), x)
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3.22.9 Mupad [F(-1)] . . . . . oo

3.22.1 Optimal result

Integrand size = 31, antiderivative size = 272

/ (ex)™ (a + bz™)* (A + Bz™)
dz
c+ dz™
b(3a’Bd? + b*c(Bc — Ad) — 3abd(Bc — Ad)) '+ (ex)™
d*(1+m+n)
_ b*(bBc — Abd — 3aBd)z'**" (ex)™  b°Bz'**"(ex)™
d*(14+m+ 2n) d(14+m+ 3n)
N (a®Bd? — b3c*(Bc — Ad) + 3ab*cd(Bc — Ad) — 3a*bd?(Bc — Ad)) (ex)'t™
d*e(l1+m)
(bc — ad)®(Bc — Ad)(ex)'*™ Hypergeometric2F1 (1, 14m Limin - do%)
_|_
cd*e(1+m)

193

b* (3*a”~2*B*d~2+b~2*c* (—A*d+B*c) —-3*a*xb*d* (~A*d+B*c) ) *x~ (1+n) * (exx) "m/d"3/ (1
+m+n) -b~2* (—A*b*d-3*B*a*xd+B*b*c) *x~ (1+2*n) * (e*x) “m/d~2/ (1+m+2+*n) +b~3*B*x" (
1+3*n) * (e*x) "m/d/ (1+m+3*n) +(a~3*%B*d~3-b~3*c~2% (—A*d+B*c) +3*a*b”~2*c*kd* (-Axd
+B*c) —-3*%a~2xb*d"2* (-A*d+B*c) ) * (e*xx) ~(1+m) /d~4/e/ (1+m) + (—a*d+b*c) ~3* (—A*d+B
*c)* (e*xx)~ (1+4m) *hypergeom([1, (1+m)/n],[(1+m+n)/n],-d*x"n/c)/c/d"4/e/(1+m)
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3.22.2 Mathematica [A] (verified)

Time = 0.85 (sec) , antiderivative size = 231, normalized size of antiderivative = 0.85

(ex)™ (a + bz™)® (A + Bz™) p
/ ¢+ dz» v
m [ a3Bd3+3ab?cd(Bc—Ad)+b3c2(—Be+Ad)+3a2bd?(—Be+Ad) | bd(3a?Bd?+b%c(Bc—Ad)+3abd(—Bc+Ad))a™ | b2d2(—bBc-
ofea)” ( o + i R
= g7

;
input | Integrate[((e*x) “m*(a + b*x™n)“3*(A + B*x™n))/(c + d*x"n),x]

output | (x*(e*x) “m*((a~3*%B*d~3 + 3*axb~2kckd*(Bkxc — A*d) + b~3%c™2%x(-(B*c) + A*d)

+ 3*%a~2%b*d"2%(-(Bxc) + Axd))/(1 + m) + (b*d*(3*%a~2*xBxd~2 + b~ 2%c*(B*c - A
*d) + 3*axb*d*(-(B*c) + A*d))*x™n)/(1 + m + n) + (b"2*xd"2*(-(b*B*c) + Axbx*
d + 3*a*B*d)*x~(2*n))/(1 + m + 2*n) + (b"3*B*d"3*x~(3*n))/(1 + m + 3#%n) +

((bxc - a*xd) ~3*(Bxc - Ax*d)*Hypergeometric2F1i[1, (1 + m)/n, (1 + m + n)/n,

-((d*x"n)/c)]1)/(cx(1 + m))))/d"4

3.22.3 Rubi [A] (verified)

Time = 0.57 (sec) , antiderivative size = 272, normalized size of antiderivative = 1.00,
— _ o number of rules _

number of steps used = 2, number of rules used = 2, integrand size 0.065, Rules used

= {1040, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (ex)™ (a + balc")3 (A+ Bz™) i

c+dz™
| 1040
/ (bm"(ex)m (3a?Bd? — 3abd(Bc — Ad) + b%c(Bc — Ad)) N (ex)™ (a®Bd® — 3a%bd*(Bc — Ad) + 3ab*cd(Bc — .
d3 d4

l 2009
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bxn+1(em)m (3a23d2 _ 3abd(Bc _ Ad) + b2c(Bc . Ad)) .

dB(m+n+1)
(ex)™ (a3Bd3 — 3a?bd?(Bc — Ad) + 3ab?cd(Bc — Ad) + b3(—c?) (Bc — Ad))
die(m +1) -
b2227+1 (ez)™ (—3aBd — Abd + bBc)
d?>(m+2n+1) +
(ex)™*1(bc — ad)®(Bc — Ad) Hypergeometric2F1 (1, 7L mtntl ' deh) 33 gydntl(ggpym
cd*e(m + 1) dim+3n+1)

input LInt [((exx)"m*(a + b*x"n) " 3*x(A + B*x"n))/(c + d*x"n),x]

output | (b*(3*a~2*xB*xd~2 + b~ 2*c*(B*c - A*d) - 3*axbkd*(Bxc - A*d))*x~ (1 + n)*(e*x)
“m)/(d"3*(1 + m + n)) - (b"2*(b*Bxc — Axbxd - 3*a*B*d)*x~ (1 + 2*n)*(e*x) m
)/(@"2%(1 + m + 2%n)) + (b~3*Bxx~(1 + 3*n)*(e*x)"m)/(d*(1 + m + 3*n)) + ((
a~3*B*d"3 - b 3*c”2*(Bxc - Axd) + 3*a*xb”2xckd*(Bxc - Axd) - 3*a”2xbxd"2x(B
xc — A*d))*(exx)~(1 + m))/(d"4*ex(1 + m)) + ((b*xc - a*xd) 3*(Bxc - A*d)*(ex
x)~(1 + m)*Hypergeometric2F1[1, (1 + m)/n, (1 + m + n)/n, -((d*x"n)/c)1)/(
c*d"4*e*x(1 + m))

3.22.3.1 Defintions of rubi rules used

e

rule 1040

Int[((g_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_.)*((c_) + (d_.)*(x_)"(n
‘_))‘(q_.)*((e_) + (£_)*(x_)"(n_))"(r_.), x_Symbol] :> Int[ExpandIntegrand[
‘(g*x)‘m*(a + b*x"n) “p*(c + d*x"n) gqx(e + f*xx™n)"r, x], x] /; FreeQl{a, b, c
L, d, e, £, g, m, n}, x] & IGtQ[p, -2] && IGtQ[q, 0] && IGtQ[r, O]

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

3.22.4 Maple [F]

dzx

/ (ex)™ (a + bz™)® (A + Bz™)
c+dzm

input Lint ((e*x) “m* (a+b*x"n) “3* (A+B*x"n) / (c+d*x"n) ,x)

-/

output Lint ((exx) “m* (at+b*x~n) “3* (A+B*x"n)/(c+d*x"n) ,x)
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3.22.5 Fricas [F]

/ (ex)™ (a + bz")® (A + Bz™) / (Bz" + A)(bz" + a)*(ex)™
dx = dx
c+ dx™ dz™ + c

inputLintegrate((e*x)‘m*(a+b*x“n)“3*(A+B*x”n)/(c+d*x“n),x, algorithm="fricas")

output‘ integral ((B¥b~3*x~(4*n) + A*a~3 + (3*B*a*b~2 + A*b~3)*x~(3*n) + 3*(B*a~2xb
L + A*xaxb~2)*x~(2*n) + (Bxa~3 + 3*A*xa~2*b)*x"n)*(e*x) m/(d*x"n + c), x)

3.22.6 Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 16.64 (sec) , antiderivative size = 1933, normalized size of antiderivative = 7.11

dx = Too large to display

/ (ex)™ (a + bz™)* (A + Bz™)
c+dz"

input Lintegrate ((e*x) **xm* (a+b*xk*n) **3* (A+B*x**n) / (c+d*x**n) ,x)

~—
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Axa*xx3*xckx(m/n + 1/n)*ck*x(-m/n - 1 - 1/n)*exxmkm*x**(m + 1)*Llerchphi (d*x**

nxexp_polar(I*pi)/c, 1, m/n + 1/n)*gamma(m/n + 1/n)/(n**2*gamma(m/n + 1 +
1/n)) + A*ax*3xc**x(m/n + 1/n)*c*x(-m/n - 1 - 1/n)*ex*m*x**(m + 1)*lerchphi
(d*x**n*exp_polar(I*pi)/c, 1, m/n + 1/n)*gamma(m/n + 1/n)/(n**2*gamma(m/n
+ 1 + 1/n)) + 3xAxax*2*bkck*x(-m/n - 2 - 1/n)*ck*(m/n + 1 + 1/n)*ex*kmkmkx**
(m + n + 1)*lerchphi(d*x**n*exp_polar(I*pi)/c, 1, m/n + 1 + 1/n)*gamma(m/n
+ 1 + 1/n)/(n**2*gamma(m/n + 2 + 1/n)) + 3*A*a**2*bkcx*(-m/n - 2 - 1/n)*c
*¥(m/n + 1 + 1/n)*e*x*m*xx**(m + n + 1)*lerchphi(d*x**n*exp_polar(I*pi)/c, 1
, m/n + 1 + 1/n)*gamma(m/n + 1 + 1/n)/(n*gamma(m/n + 2 + 1/n)) + 3kA*ak*2x*
b*c**(-m/n - 2 - 1/n)*cx*(m/n + 1 + 1/n)*e**m*x**(m + n + 1)*lerchphi (d*x*
*n*exp_polar(I*pi)/c, 1, m/n + 1 + 1/n)*gamma(m/n + 1 + 1/n)/(n**2*gamma (m
/n + 2 + 1/n)) + 3*Axaxb**2xcx*(-m/n - 3 - 1/n)*cx*(m/n + 2 + 1/n)*e*x*xm*m*
x*#*x(m + 2*n + 1)*lerchphi(d*x**n*exp_polar(I*pi)/c, 1, m/n + 2 + 1/n)*gamm
a(m/n + 2 + 1/n)/(n**2*gamma(m/n + 3 + 1/n)) + B*Axaxb**2*c**(-m/n - 3 - 1
/n)*cxkx(m/n + 2 + 1/n)*e*x* mxx*x(m + 2*n + 1)*lerchphi(d*x**n*exp_polar (I*p
i)/c, 1, m/n + 2 + 1/n)*gamma(m/n + 2 + 1/n)/(n*xgamma(m/n + 3 + 1/n)) + 3%
Axaxbx*2*c*kx(-m/n - 3 - 1/n)*c*k*(m/n + 2 + 1/n)*ex*m*x**(m + 2*n + 1)*lerc
hphi (d*x**n*exp_polar(I*pi)/c, 1, m/n + 2 + 1/n)*gamma(m/n + 2 + 1/n)/(n**
2%gamma(m/n + 3 + 1/n)) + Axb*x3*ck*(-m/n - 4 - 1/n)*c**x(m/n + 3 + 1/n)*ex
*mkm¥x**(m + 3*%n + 1)*lerchphi(d*x**n*exp_polar(I*pi)/c, 1, m/n + 3 + 1...

3.22.7 Maxima [F]

/ (ex)™ (a + bz")® (A + Bz™) i / (Bz" + A)(bz" + a)*(ex)™ s

c+ dz™ dz™ + ¢

input  integrate((e*x) “m*(a+b*x"n) ~3*(A+B*x"n)/(c+d*x"n) ,x, algorithm="maxima")
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output

input

output

CHAPTER 3. LISTING OF INTEGRALS

197

-((b"3*%c"3*d*e"m - 3*axb~2%c"2*%d"2*e"m + 3*a~2xbxckd"3*ke"m - a”~3*d"4*e"m)*
A - (b"3*%c"4*xe"m - 3*a*xb~2*xc”3*d*e"m + 3*a”~2*bxc”2*d"2*e"m - a"~3*c*d"3*e"m
)*B)*integrate(x"m/(d"5*x"n + c*d"4), x) + ((™3 + 3*m™2*(n + 1) + (2*n"2
+ 6%n + 3)*m + 2#%n"2 + 3%n + 1)*B*b~3*d”"3*e m*x*e” (m*log(x) + 3*n*log(x))
+ (((m~3 + 3*xm™2*%(2*%n + 1) + 6*n"3 + (11*n"2 + 12%n + 3)*m + 11*n"2 + 6%*n
+ 1)*b"3%c"2*%d*e"m - 3*(m~3 + 3*m~2%(2%n + 1) + 6*n"3 + (11*n"2 + 12%n + 3
)xm + 11*n"2 + 6%n + 1)*axb~2xcxd"2*e"m + 3*(m~3 + 3*m~2*(2*n + 1) + 6*n"3
+ (11*%n"2 + 12%n + 3)*m + 11*n"2 + 6%n + 1)*a~2*%b*d"3*e"m)*A - ((m~3 + 3*
m~2*x(2*%n + 1) + 6%n"3 + (11*n”2 + 12%n + 3)*m + 11*n~2 + 6%n + 1)*b~3%c~3*
em - 3%(m~3 + 3*xm™2%(2%n + 1) + 6%n"3 + (11*%n"2 + 12%n + 3)*m + 11%n"2 +
6*n + 1)*a*b~2%xc”2%d*e™m + 3*(m~3 + 3*m~2%(2%n + 1) + 6*n~3 + (11*n"2 + 12
*n + 3)*m + 11*n"2 + 6*n + 1)*a"2xbkc*d"2*xe™m - (m~3 + 3*m™2*x(2%n + 1) + 6
*n~3 + (11*n"2 + 12%n + 3)*m + 11*n"2 + 6*n + 1)*a”~3*d"3*e"m)*B)*x*x"m + (
(n~3 + m™2x(4*n + 3) + (3*%n"2 + 8*n + 3)*m + 3*n"2 + 4%n + 1)*A*xb~3*d"3*e”
m- ((m™3 + m™2%x(4*n + 3) + (3*n"2 + 8*n + 3)*m + 3*n"2 + 4*n + 1)*b~3*xc*xd
“2xe”m - 3*(m”"3 + m™2*%(4%n + 3) + (3*n"2 + 8*n + 3)*m + 3*%n"2 + 4*n + 1)*a
*b~2%d"3*e"m) *B) *x*xe~ (m*¥log(x) + 2*nxlog(x)) - (((m™3 + m~2*(5*n + 3) + (6
*n~2 + 10*n + 3)*m + 6*%n"2 + 5%n + 1)*b"3*ckd"2%e™m - 3*(m~3 + m~2*x(5*n +
3) + (6%n~2 + 10%n + 3)*m + 6*n~2 + 5xn + 1)*a*b"2*%d"3*e"m)*A - ((m~3 + m"
2x(5kn + 3) + (6*n"2 + 10*n + 3)*m + 6*%n”2 + 5*n + 1)*b~3*c”2*d*e"m - 3...

3.22.8 Giac [F]

/ (ex)™ (a + bz")® (A + Bz™) i / (Bz" + A)(bz" + a)*(ex)™ s

c+ dz™ dz™ + ¢

‘integrate((e*x)“m*(a+b*x“n)“3*(A+B*x‘n)/(c+d*x“n),x, algorithm="giac")

p
Lintegrate((B*x”n + M) *x(b*x"n + a) " 3*(e*x) "m/(d*x"n + c), x)

~—
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CHAPTER 3. LISTING OF INTEGRALS 198

3.22.9 Mupad [F(-1)]

Timed out.

dz

/ (ex)™ (a + bz™)® (A + Bz™) dp — / (ex)™ (A+ Bz") (a+bz")®
c+ dzn ct+dz®

input Lint (((e*x)"m*(A + Bxx"n)*(a + b*x"n)"3)/(c + d*x"n),x)

output Lint (((exx)"m*(A + Bxx"n)*(a + b*x"n)~3)/(c + d*x"n), x)

3.22. [ (ed)etba'V(ArBa") gy




CHAPTER 3. LISTING OF INTEGRALS 199
3.93 f (ex)™(a+bz™)%(A+Bz") dr
* c+dz™

3.23.1 Optimalresult . . .. ... ... ... .. 199
3.23.2 Mathematica [A] (verified) . . . . . .. . ... .. L 200
3.23.3 Rubi [A] (verified) . . . . . ... .. 200
3.23.4 Maple [F] . . . . . . o 201]
3.23.5 Fricas [F] . . . . . o o 201]
3.23.6 Sympy [C] (verification not implemented) . . ... ... ... ... ..... 202
3.23.7 Maxima [F] . . . .. . . . . 2021
3.23.8 Giac [F] . . . . . . 203
3.23.9 Mupad [F(-1)] . . . . oo 203

3.23.1 Optimal result

Integrand size = 31, antiderivative size = 187

(ex)™ (a + bz™)* (A + Bz")
/ c+ dz" de
b(bBc — Abd — 2aBd)z* " (ex)™  b?Bzlt¥(ex)™
d?(14+m+mn) d(1+m+2n)
(a23d2 + b*c(Bc — Ad) — 2abd(Bc — Ad)) (ex)'*t™
d3e(1+m)
(bc — ad)?(Bc — Ad)(ex)'*™ Hypergeometric2F1 (1, 14m Limin _ do%)
cd®e(1+m)

output ‘{—b* (-Axb*d-2*B*a*d+B*b*c) *x~ (1+n) * (e*x) "m/d~2/ (1+m+n) +b~2*B*xx~ (1+2*n) * (e*x
\ )"m/d/ (1+m+2#*n)+(a~2*B*d~2+b~2*c* (-A*d+B*c) —-2*a*bxd* (~A*d+B*c) ) * (e*x) ~ (1+m
1)/d~3/e/ (1+m) - (-a*d+b*c) ~2% (-A*d+B*c) * (e¥x) " (1+m) *hypergeom([1, (1+m)/n],[

(1+m+n) /n] ,-d*x"n/c)/c/d"3/e/(1+m)

/|

3.23. f (Cm)m(a"r‘cb_f;bin(A-‘ern) d
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3.23.2 Mathematica [A] (verified)

Time = 0.45 (sec) , antiderivative size = 154, normalized size of antiderivative = 0.82

2
(ex)™ (a + bz™)" (A + Bzx™)
dx
c+ dz»
(ex)™ a?Bd +h?c(Be—Ad)+2abd(~BetAd) | bd(~bBetAbd+2aBd)a™ | 2B’z _ (be—ad)?(Be—Ad) Hypergeometfia“(l’
1+m 1+m+n 1+m+2n c(1+m)
= e

e hY
Integrate[((e*x) “m*(a + b*x"n)"2*(A + B*x"n))/(c + d*x"n),x]

N\ J

input

output} (xx(exx) “m*x ((a"2%B*d~2 + b~ 2kck(Bkc - A*d) + 2*xaxbxdx(-(Bxc) + Axd))/(1 + |
‘m) + (bkdx(-(b¥Bxc) + Axb*d + 2xaxBkd)*x™n)/(1 + m + n) + (b~ 2Bxd™2%x™ (2% |
‘n))/(l + m + 2xn) - ((b*c - axd) 2% (Bxc - A*xd)*Hypergeometric2F1[1, (1 + m ‘
)/n, (1 +m+mn)/n, -((@*x"0)/c)])/(c*(1 + m))))/d"3 |

3.23.3 Rubi [A] (verified)

Time = 0.41 (sec) , antiderivative size = 187, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, Mumber of rules _ ( 65 Ryles used

integrand size
= {1040, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (ex)™ (a + bz™)? (A + Ba™)
dz
c+ dx™

l 1040

/ ((em)m (a?Bd? — 2abd(Bc — Ad) + b*c(Bc — Ad)) N (ex)™(ad — bc)?(Ad — Be) N bz™(ex)™(2aBd + Abd —

d3 d3 (c + dz™) 2
| 2009
(ex)™ ! (a®Bd? — 2abd(Bc — Ad) + b*c(Bc — Ad))
d3e(m +1)
(ex)™*!(bc — ad)?(Bc — Ad) Hypergeometric2F1 (1, ™H mindl - dr%)
cd3e(m + 1)
bzt (ex)™(—2aBd — Abd + bBc) =~ b*Bx?"tl(ex)™
d*(m +n+1) d(m +2n + 1)
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input \ Int [((e*x) "m*(a + b*x"n) 2*(A + B*x"n))/(c + d*x"n),x]

output | - ((b*(b*B*c - A*bxd - 2*a*xB+d)*x~ (1 + n)*(e*x)"m)/(d"2*x(1 + m + n))) + (b~
2+%B*x~ (1 + 2*n)*(exx)"m)/(d*(1 + m + 2%n)) + ((a"2*B*d"2 + b~ 2*c*(B*c - Ax
d) - 2%a*b*d*(B*xc - Axd))*(exx)"(1 + m))/(d"3*ex(1 + m)) - ((bkc - a*xd) 2%
(B¥c - Axd)*(e*x)” (1 + m)+*Hypergeometric2F1[1, (1 + m)/n, (1 + m + n)/n, -
((d*x"n)/c)])/(cxd"3*ex(1 + m))

3.23.3.1 Defintions of rubi rules used

rule 1040‘Int[((g_.)*(x_))‘(m_.)*((a_) + (b_)*(x_)"(@)) " (p_.)*((c_) + (d_)*(x_)"(n
)7(gu)*(Cel) + (£_)*(x_)"(n_))"(r_.), x_Symboll :> Int[ExpandIntegrand[
‘(g*x)‘m*(a + b*x"n) "p*(c + d*x"n)"q*(e + f*x"n)"r, x], x] /; FreeQ[{a, b, c

,d, e, f, g, m, n}, x] && IGtQlp, -2] && IGtQlq, 0] && IGtQ[r, O]

ruk32009LInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

3.23.4 Maple [F]

dx

/ (ex)™ (a+ bz™)? (A + Bz™)
c+dz™

inputLint((e*x)*m*(a+b*x“n)‘2*(A+B*x“n)/(c+d*x“n),x)

output | int ((e*x) “m* (a+b*x™n) 2% (A+Bxx"n)/(c+d*xn) ,x)

3.23.5 Fricas [F]

dz

/ (ex)™ (a + bz™)* (A + Bz™) e — / (Bz" + A)(bz" + a)*(ex)™
c+ dxm dz™ + c

inputLintegrate((e*x)‘m*(a+b*x‘n)“2*(A+B*x‘n)/(c+d*x‘n),x, algorithm="fricas")

output‘ integral ((Bxb~2#x~ (3*n) + A*a”2 + (2*%B*axb + A*b~2)*x”~(2*n) + (B¥a"2 + 2*A
‘*a*b)*x“n)*(e*x)“m/(d*x“n +c), X)
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3.23.6 Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 9.44 (sec) , antiderivative size = 1402, normalized size of antiderivative = 7.50

m n\2 n
/ (ex)™ (a + bz")" (A + Ba") dx = Too large to display

c+dzm

input Lintegrate ((e*xx)**m* (a+b*x**n) **x2* (A+B*x**n) / (c+d*x**n) ,x)

output

p

Axax*2xc*x(m/n + 1/n)*c*x(-m/n - 1 - 1/n)*e*x* m*m*x**(m + 1)*lerchphi (d*xx**
n*exp_polar(I*pi)/c, 1, m/n + 1/n)*gamma(m/n + 1/n)/(n**2*gamma(m/n + 1 +
1/n)) + Axax*2xcx*(m/n + 1/n)*c**x(-m/n - 1 - 1/n)*e**m*x**(m + 1)*lerchphi
(d*x**n*exp_polar(I*pi)/c, 1, m/n + 1/n)*gamma(m/n + 1/n)/(n**2*gamma(m/n
+ 1 + 1/n)) + 2*A*xaxb*cx*x(-m/n - 2 - 1/n)*cx*(m/n + 1 + 1/n)*ex*mkmxx**(m
+ n + 1)*lerchphi(d*x**n*exp_polar(I*pi)/c, 1, m/n + 1 + 1/n)*gamma(m/n +
1 + 1/n)/(n**2*gamma(m/n + 2 + 1/n)) + 2%A*axbxc**(-m/n - 2 - 1/n)*c*x(m/n
+ 1 + 1/n)*ex* mkx**(m + n + 1)*lerchphi(d*x**n*exp_polar(I*pi)/c, 1, m/n
+ 1 + 1/n)*gamma(m/n + 1 + 1/n)/(n*gamma(m/n + 2 + 1/n)) + 2xA*axb*cx*(-m/
n -2 - 1/n)*cx*x(m/n + 1 + 1/n)*ex* m*x**(m + n + 1)*lerchphi(d*x**n*exp_po
lar(I*pi)/c, 1, m/n + 1 + 1/n)*gamma(m/n + 1 + 1/n)/(n**2*gamma(m/n + 2 +
1/n)) + Axb**2xcx*(-m/n - 3 - 1/n)*cx*(m/n + 2 + 1/n)*e*x*m*m*x**(m + 2%n +
1) *lerchphi (d*x**n*exp_polar(I*pi)/c, 1, m/n + 2 + 1/n)*gamma(m/n + 2 + 1
/n) / (nx*2*xgamma(m/n + 3 + 1/n)) + 2kAxb¥*2xc**(-m/n - 3 - 1/n)*c*x(m/n + 2
+ 1/n)*e*xxmkx**(m + 2*n + 1)*lerchphi(d*x**n*exp_polar(I*pi)/c, 1, m/n +
2 + 1/n)*gamma(m/n + 2 + 1/n)/(n*gamma(m/n + 3 + 1/n)) + A*b¥*2xc*x(-m/n -
3 - 1/n)*ck*x(m/n + 2 + 1/n)*e*xmxx*x(m + 2%n + 1)*lerchphi (d*x**n*exp_pol
ar(I*pi)/c, 1, m/n + 2 + 1/n)*gamma(m/n + 2 + 1/n)/(n**2*gamma(m/n + 3 + 1
/n)) + Bxa¥*2xc*x(-m/n - 2 - 1/n)*c**(m/n + 1 + 1/n)*e**m*m*x**(m + n + 1)
*lerchphi (d*x**n*exp_polar(I*pi)/c, 1, m/n + 1 + 1/n)*gamma(m/n + 1 + 1...

-

3.23.7 Maxima [F]

dz

/ (ex)™ (a + bz™)* (A + Bz") dp — / (Bz™ + A)(bz™ + a)*(ex)™
c+dz" dz" +c

inputLintegrate((e*x)‘m*(a+b*x‘n)‘2*(A+B*x‘n)/(c+d*x‘n),x, algorithm="maxima")
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output | ((b~2*c~2*d*e”m - 2%axbkc*d~2*e™m + a~2*d"3*e"m)*A - (b"2*c~3*%e"m - 2*axbx*
c"2xd*e"m + a~2%c*d"2xe"m)*B)*integrate(x"m/(d"4*x"n + c*d"3), x) + ((m"2
+ mkx(n + 2) + n + 1)*B*b~2*%d"2*e"m*x*e” (m*log(x) + 2*n*log(x)) - (((m~2 +
m*x(3*%n + 2) + 2*n"2 + 3*n + 1)*b"2*c*kd*e"m - 2*x(m"2 + m*(3*n + 2) + 2%n~2
+ 3*%n + 1)*a*xb*d"2*e"m)*A - ((m"2 + m*(3*n + 2) + 2*n"2 + 3*n + 1)*b"2%c"2
*e"m - 2*x(m"2 + m*(3*n + 2) + 2#n"2 + 3*n + 1)*a*b*ckxdke™m + (m~2 + m*(3*n

+ 2) + 2#%n72 + 3*n + 1)*a”2+%d"2*e"m)*B)*x*x"m + ((m"2 + 2*m*(n + 1) + 2*n

+ 1)*A*b"2*%d"2%e"m - ((m"2 + 2*m*x(n + 1) + 2*n + 1)*b"2*ckd*e”m - 2*(m~2

+ 2¢m*(n + 1) + 2%n + 1)*axb*d~2%e"m)*B)*x*e” (m*¥log(x) + n*log(x)))/((m"~3

+ 3*xm™2x(n + 1) + (2%n"2 + 6%n + 3)*m + 2*n~2 + 3*n + 1)*d"3)

3.23.8 Giac [F]

dz

/ (ez)™ (a + bz"™)? (A + Bz™) i / (Bz" + A)(bz" + a)*(ex)™
c+ dz dz™ +c

input ‘ integrate ((exx) “m* (a+b*x~n) "2* (A+B*x"n)/(c+d*x"n) ,x, algorithm="giac")

output Lintegrate ((B*x™n + A)*(b*x™n + a)~2*(e*x) m/(d*x™n + c), x)

3.23.9 Mupad [F(-1)]

Timed out.

dz

/ (ex)™ (a + bz™)* (A + Bz™) i — / (ex)™ (A+ Bz") (a+bz")’
¢+ dzn c+dzn

input | int (((e*x) “m*(A + B*x"n)*(a + b*x"n)~2)/(c + d*x"n),x)

N\

output Lint (((e*x)"m*(A + B*x"n)*(a + b*x"n)"2)/(c + d*x"n), x)

3.3, [ (edetba'(ArBa") gy
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3.94 f (ex)™(a+bx™)(A+Bz™) dx

c+dz™
3.24.1 Optimal result . . . . . . . . . . . . .. 2041
3.24.2 Mathematica [A] (verified) . . . . . . . . ... . L 204
3.24.3 Rubi [A] (verified) . . . . ... . . . ...
3244 Maple [F] . . . . . . . 206
3.24.5 Fricas [F] . . . . . . .
3.24.6 Sympy [C] (verification not implemented) . . ... .. ... ... ... ... 200
3.24.7 Maxima [F] . . . . . . 207
3.24.8 Giac [F] . . . . . o 208}
3.24.9 Mupad [F(-1)] . . . . oo 208

3.24.1 Optimal result

Integrand size = 29, antiderivative size = 122

/ (ex)™ (a + bz™) (A + Bz™)
dz
c+dz"
_ bBz'*"(ex)™  (bBc — Abd — aBd)(ex)' ™
~ d(1+m+n) d?e(1+m)
N (bc — ad)(Bc — Ad)(ex)*™™ Hypergeometric2F1 (1, 1™ Ltmtn _ drt)

cd?e(1+m)

output ‘ b*B*x~ (1+n) * (e*x) “m/d/ (1+m+n) - (~A*b*d-B*a*d+B*xb*c) * (e*xx) ~(1+m) /d"2/e/ (1+m)
‘ +(-axd+b*c) * (-A*d+Bxc) * (exx) ~ (1+m) *hypergeom([1, (1+m)/n], [(1+m+n)/n],-d*x
“n/c)/c/d"2/e/(1+m)

3.24.2 Mathematica [A] (verified)

Time = 0.24 (sec) , antiderivative size = 95, normalized size of antiderivative = 0.78

dz

/ (ex)™ (a + bx™) (A + Bz™)
c+dz"

. 1+m 14+m+n dz™
x(ea))m _bBetAbd+aBd n bBdz™ (bc—ad)(Bc—Ad) Hypergeometric2F1 (1,7,7,—’7)
1+m 1+m+n c(1+m)

d2

324, [ Cailereaen) g,
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input ‘ Integrate[((e*x) m*(a + b*x"n)*(A + B*x"n))/(c + d*x"n),x]

output‘/(x*(e*x) “m* ((-(b*Bxc) + Axb*d + a*B*d)/(1 + m) + (b*B*d*x"n)/(1 + m + n) +
‘ ((b*c - a*d)*(Bxc - A*d)*Hypergeometric2F1[1, (1 + m)/n, (1 + m + n)/n, -
\ ((d*x"n)/c)])/(c*x(1 + m))))/d"2

-

3.24.3 Rubi [A] (verified)

Time = 0.30 (sec) , antiderivative size = 122, normalized size of antiderivative = 1.00,
_ _ o number of rules _

number of steps used = 2, number of rules used = 2, integrand size 0.069, Rules used

= {1040, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (ex)™ (a + bz™) (A + Bz™) d

c+ dz™
| 1040
/ (ex)™(ad — bc)(Ad — Bc) + (ex)™(aBd + Abd — bBc) + bBzx"(ex)™ d
d? (¢ + dz™) d? d
| 2009
(ez)™*1(bc — ad)(Bc — Ad) Hypergeometric2F1 (1, 7t mtntl —me")
cd?e(m + 1)
(ex)™*!(—aBd — Abd + bBc) bBx"tl(ex)™
d?e(m+1) dim+n+1)

inputLInt[((e*x)“m*(a + bxx"n)*(A + B*x"n))/(c + d*x"n),x]

output‘ (b*B*x~ (1 + n)*(exx)"m)/(d*(1 + m + n)) - ((b*Bxc - A*b*d - a*xB*xd)*(e*xx) (
‘1 + m))/(d"2*%ex(1 + m)) + ((bxc - a*d)*(B*c - Axd)*(e*x)~ (1 + m)*Hypergeom
‘etric2F1[1, (1 +m)/n, (1 +m + n)/n, -((d@*x"n)/c)])/(c*d"2*e*(1 + m))

324, [ Cailereaen) g,
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3.24.3.1 Defintions of rubi rules used

rule 1040‘Int[((g_.)*(x_))“(m_.)*((a_) + (b_)*(x_)"(@_ )" (p_.)*((c_) + (d_.)*(x_)"(n
‘_))“(q_.)*((e_) + (£_)*(x_)"(n_))"(r_.), x_Symbol] :> Int[ExpandIntegrandl[
‘(g*x)“m*(a + b*x"n) “p*(c + d*x"n) gq*(e + f*x"n)"r, x], x] /; FreeQl[{a, b, c

, d, e, £, g, m, n}, x] && IGtQ[p, -2] && IGtQ[q, 0] && IGtQ[r, O]

e

ruk32009tlnt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

3.24.4 Maple [F]

dz

/ (ex)™ (a+bz™) (A+ Bz™)
c+dz™

input Lint ((e*x) “m* (a+b*x~n) * (A+B*x"n) / (c+d*x"n) ,x)

output Lint ((e*x) “m* (a+b*x~n) * (A+B*x~n) / (c+d*x"n) , x)

3.24.5 Fricas [F]

(ex)™ (a + bz™) (A + Bz™) (Bz"™ + A)(bz™ + a)(ex)™
/ c+ dx™ dw:/ dz™ + c de

inputLintegrate((e*x)‘m*(a+b*x‘n)*(A+B*x“n)/(c+d*x‘n),x, algorithm="fricas")

e

outputtintegral((B*b*x‘(Z*n) + Axa + (B*a + A*b)*x"n)*(e*x) m/(d*x"n + c), x)

~—

3.24.6 Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 4.57 (sec) , antiderivative size = 872, normalized size of antiderivative = 7.15

/ (ez)™ (a+ba™) (A+ Ba™) large to display

c+dz™
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input | integrate ((e*x)**m* (a+bxx**n)* (A+B*x**n) / (c+d*x**n) ,x)

output | Axa*c**(m/n + 1/n)*cx*(-m/n - 1 - 1/n)*ex*km*m*x**(m + 1)*Llerchphi(d*x**n*e
xp_polar(I*pi)/c, 1, m/n + 1/n)*gamma(m/n + 1/n)/(n**2*gamma(m/n + 1 + 1/n
)) + Axaxcxx(m/n + 1/n)*cx*(-m/n - 1 - 1/n)*e**m*kx**x(m + 1)*lerchphi (d*x*x*
n*exp_polar(I*pi)/c, 1, m/n + 1/n)*gamma(m/n + 1/n)/(n**2*gamma(m/n + 1 +
1/n)) + Axb*c**(-m/n - 2 - 1/n)*c**x(m/n + 1 + 1/n)*ex*kmkm*x**(m + n + 1)*1
erchphi (d*x**n*exp_polar(I*pi)/c, 1, m/n + 1 + 1/n)*gamma(m/n + 1 + 1/n)/(
nxx2kgamma(m/n + 2 + 1/n)) + A*b*c*x*(-m/n - 2 - 1/n)*cx*(m/n + 1 + 1/n)*ex*
*mkx**(m + n + 1)*lerchphi(d*x**n*exp_polar(I*pi)/c, 1, m/n + 1 + 1/n)*gam
ma(m/n + 1 + 1/n)/(n*gamma(m/n + 2 + 1/n)) + Asb¥cx*(-m/n - 2 - 1/n)*cx*(m
/n + 1 + 1/n)*ex* m*x*x*(m + n + 1)*lerchphi(d*x**n*exp_polar(I*pi)/c, 1, m/
n + 1 + 1/n)*gamma(m/n + 1 + 1/n)/(n**2*gamma(m/n + 2 + 1/n)) + Bkaxcx*(-m
/n - 2 - 1/n)*ckx(m/n + 1 + 1/n)*ex*m*m*x**x(m + n + 1)*lerchphi(d*x**n*exp
_polar(I*pi)/c, 1, m/n + 1 + 1/n)*gamma(m/n + 1 + 1/n)/(n**2*gamma(m/n + 2
+ 1/n)) + Bxa*c*k*(-m/n - 2 - 1/n)*cx*(m/n + 1 + 1/n)*e**m*x**(m + n + 1)*
lerchphi (d*x**n*exp_polar(I*pi)/c, 1, m/n + 1 + 1/n)*gamma(m/n + 1 + 1/n)/
(n*gamma (m/n + 2 + 1/n)) + B¥a*ck*(-m/n - 2 - 1/n)*cx*(m/n + 1 + 1/n)*e**m
*xxk*x(m + n + 1)*lerchphi(d*x**n*exp_polar(I*pi)/c, 1, m/n + 1 + 1/n)*gamma
(m/n + 1 + 1/n)/(n**2*gamma(m/n + 2 + 1/n)) + Bxbkxckx(-m/n - 3 - 1/n)*c**(
m/n + 2 + 1/n)*ex*km*m*x**(m + 2%n + 1)*lerchphi(d*x**n*exp_polar (I*pi)/c,
1, m/n + 2 + 1/n)*gamma(m/n + 2 + 1/n)/(n**2*gamma(m/n + 3 + 1/n)) + 2%...

3.24.7 Maxima [F]

(ex)™ (a + bz™) (A + Bz™) (Bz"™ + A)(bz™ + a)(ex)™
/ c+dx" de = / de

dz™ + ¢

input‘integrate((e*x)“m*(a+b*x“n)*(A+B*x”n)/(c+d*x“n),x, algorithm="maxima")

output(—((b*c*d*e“m - a*d"2*e"m)*A - (b*c"2xe"m - axc*d*e"m)*B)*integrate(x~m/(d”
\3*x‘n + c*d”2), x) + (Bxb*d*e"m*x(m + 1)*x*e”(m*¥log(x) + n*xlog(x)) + (Axbxd
‘*e‘m*(m +n+ 1) - (b*c*e™m*(m + n + 1) - a*d*e™m*(m + n + 1))*B)*x*x"m)/(
\(m*z +mx(n + 2) +n + 1)*d72)

- @@
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3.24.8 Giac [F|

(ex)™ (a + bz™) (A + Bz™) (Bz"™ + A)(bx™ + a)(ex)™
/ c+ dx™ dx=/ dz™ +c de

input Lintegrate ((exx) “m* (a+b*x"n) * (A+B*x"n) / (c+d*x"n) ,x, algorithm="giac")

outputLintegrate((B*x*n + A)*(b*x™n + a)*(e*x) m/(d*x"n + c), x)

3.24.9 Mupad [F(-1)]

Timed out.

(ex)™ (a + bz™) (A + Bz") (ex)™ (A+ Bz") (a+ba™)
/ c+dz" dx=/ c+dzxm de

input Lint (((exx)"m*(A + Bxx"n)*(a + bxx"n))/(c + d*x"n),x)

output Lint (((exx)"m*(A + Bxx"n)*(a + b*x"n))/(c + d*x"n), x)

324, [ Cailereaen) g,
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3.25 [ lldtBe g,

c+dz™
3.25.1 Optimal result . . . . . . . . . . . . .. 2001
3.25.2 Mathematica [A] (verified) . . . . . .. ... .. .. Lo 209
3.25.3 Rubi [A] (verified) . . . . ... . . . ... 2101
3.25.4 Maple [F] . . . . . . 211
3.25.5 Fricas [F] . . . . . . . e 211
3.25.6 Sympy [C] (verification not implemented) . . ... ... ... . ... ..... 211
3.25.7 Maxima [F] . . . . . .. 212
3.25.8 Giac [F] . . . . . .
3.25.9 Mupad [F(-1)] . . . . . .o 213

3.25.1 Optimal result

Integrand size = 22, antiderivative size = 78

/ (ex)™ (A + Bz") B(ex)t™
dr =
c+ dx™ de(1+m)
(Bc — Ad)(ex)' "™ Hypergeometric2F1 (1, 1£m 1tmtn _ dit)
cde(1 4+ m)

output(B*(e*x)‘(1+m)/d/e/(1+m)—(—A*d+B*c)*(e*x)‘(1+m)*hypergeom([1, (1+m)/n], [(1+
\ m+n) /n] ,-d*x"n/c)/c/d/e/(1+m)

3.25.2 Mathematica [A] (verified)

Time = 0.13 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.73

/ (ex)™ (A + Bzx") s
c+dz"
_ z(ex)™ (Bc+ (—Bc + Ad) Hypergeometric2F1 (1, 4m 1amin )
N cd(1+m)
input LIntegrate [((e*x)"m*(A + B*x"n))/(c + d*x"n),x] J

output‘(x*(e*x)‘m*(B*c + (-(Bxc) + A*d)*Hypergeometric2Fi[1, (1 + m)/n, (1 + m +
‘n)/n, -((d*x"n)/c)1))/(ckd*(1 + m))

3.25. [ (AtBe) gy



input

output

rule 888

rule 959
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3.25.3 Rubi [A] (verified)

Time = 0.21 (sec) , antiderivative size = 78, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ ( 497 Ryles used = {959,
integrand size
838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (ex)™ (A + Bz"™) dx

c+ dx™
| 959
Blez)™! (Be—Ad) [ £ da
de(m +1) d
| 88
B(ex)™  (ex)™(Bc — Ad) Hypergeometric2F1 (1, 7t mintl _ drt)
de(m+1) cde(m + 1)
Int[(Cex) me(A + Brx"m))/(c + dxx"n),x] J

‘(B*(e*x)"(l + m))/(d*e*x(1 + m)) - ((Bkc - A*d)*(e*x)”~(1 + m)*Hypergeometri
Lc2F1[1, (1 +m)/n, (1 +m + n)/n, -((d*x"n)/c)])/(ckdxex(1 + m)) J

3.25.3.1 Defintions of rubi rules used

Int [((c_)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))~(p_), x_Symbol] :> Simp[a”p
*((c*x)"(m + 1)/(cx(m + 1)))*Hypergeometric2F1i[-p, (m + 1)/n, (m + 1)/n + 1
, (-b)*(x"n/a)], x] /; FreeQ[{a, b, ¢, m, n, p}, x] & !'IGtQ[p, 0] && (ILt
Qlp, 01 Il GtQla, 01)

Int[((e_)*(x_))"(m_.)*((a_) + (b_)*(x_)" (@ ))~(p_.)*((c_) + (d_.)*(x_)"(n
_)), x_Symbol] :> Simp[d*(exx)~(m + 1)*((a + b*x™n) " (p + 1)/(b*ex(m + n*x(p
+ 1) + 1))), x] - Simp[(a*d*(m + 1) - bxc*(m + n*(p + 1) + 1))/ (b*(m + n*x(p
+ 1) + 1)) Int[(e*x) "m*x(a + b*x"n)"p, x], x] /; FreeQl[{a, b, c, 4, e, m,
n, p}, x] && NeQ[b*c - a*d, 0] && NeQ[m + nx(p + 1) + 1, 0]

3.25. [ (AtBe) gy
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3.25.4 Maple [F]

(ex)™ (A+ Bz™)
/ dx

c+dzx

input Lint ((exx) “m* (A+B*x"n)/ (c+d*x"n) ,x)

output Lint ((e*x) “m* (A+B*x"n) / (c+d*x"n) ,x)

3.25.5 Fricas [F]

(ex)" (A+Bz") , [ (Bz"+ A) (ex)™
/ dx / dz

c+dz" dz™ + ¢

input Lintegrate ((e*x) “m* (A+B*x"n) / (c+d*x"n) ,x, algorithm="fricas")

outputtintegral((B*x“n + A)*(e*x)"m/(d*x™n + c), X)

3.25.6 Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 1.79 (sec) , antiderivative size = 377, normalized size of antiderivative = 4.83

/ (ex)™ (A + Bzx™)

d
c—l— dz™ v

ACn Acmlmne mme(I)(dx e 1 m+;> r(=+1)
n?l (2 4+1+2)
Acn nC n—l ne xm—i—lq)(dx e 1 m_|__) F(%-F%)

+ 2T (2 +1+ 1)

Bem % R g g (B 1 m 1 4 ) T(2 414 1)
+ n’T (2 42+ 1)

Be %2 neR titnemgmintig (4 1 m 4 1 L) P(2 414 1)
+

nl (2 +2+ 1)
BC———2—;C%+1+ ne xm-l—n—i—lq)(dw el 1 m+1+ )I‘(%+1+%)
n2l (%+2+5)

+

3.25. [ (AtBe) gy
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input‘

integrate ((e*x) *xm* (A+B*x**n) / (c+d*x**n) ,x)

output

Axc¥x(m/n + 1/n)*c**(-m/n - 1 - 1/n)*ex* mkm*x**(m + 1)*lerchphi(d*x**n*exp
_polar(Ixpi)/c, 1, m/n + 1/n)*gamma(m/n + 1/n)/(n**2*xgamma(m/n + 1 + 1/n))
+ Axcxx(m/n + 1/n)*cx*(-m/n - 1 - 1/n)*e*x* m*x**x(m + 1)*lerchphi(d*x**n*ex
p_polar(I*pi)/c, 1, m/n + 1/n)*gamma(m/n + 1/n)/(n**2*gamma(m/n + 1 + 1/n)
) + Bxcx*(-m/n - 2 - 1/n)*c**x(m/n + 1 + 1/n)*ex*m*m*x**x(m + n + 1)*lerchph
i(d*x**n*exp_polar(I*pi)/c, 1, m/n + 1 + 1/n)*gamma(m/n + 1 + 1/n)/(n**2x*g
amma(m/n + 2 + 1/n)) + Bxcx*(-m/n - 2 - 1/n)*cx*(m/n + 1 + 1/n)*e*xxm*x**(m
+ n + 1)*lerchphi(d*x**n*exp_polar(I*pi)/c, 1, m/n + 1 + 1/n)*gamma(m/n +

1 + 1/n)/(n*gamma(m/n + 2 + 1/n)) + B*c**(-m/n - 2 - 1/n)*c**x(m/n + 1 + 1
/n)*ex* m*x*x*(m + n + 1)*lerchphi(d*x**n*exp_polar(I*pi)/c, 1, m/n + 1 + 1/
n)xgamma(m/n + 1 + 1/n)/(n**2*gamma(m/n + 2 + 1/n))

3.25.7 Maxima [F]

(ex)™ (A + Bzx™) _ (Bz™ + A)(ex)™
/ dx / dz

c+dz" dz™ + ¢

p
inputt

integrate ((e*x) “m* (A+B*x"n)/(c+d*x"n) ,x, algorithm="maxima")

| —

output‘

B*e m*x*x"m/(d*(m + 1)) - (B*c*e™m - A*d*e"m)*integrate(x"m/(d"2*x"n + c*d

), x)

1nput[

3.25.8 Giac [F]

(ex)™ (A + Bz™) _ [ (Bz"+ A)(ex)™
/ dz / dz

c+dz" dz™ + ¢

integrate((e*x) “m* (A+B*x"n)/(c+d*x"n) ,x, algorithm="giac")

~—

p
output Lintegrate((B*x"n + A)*(exx)"m/(d*x™n + c), x)

-/

3.25. [ (AtBe) gy
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3.25.9 Mupad [F(-1)]

Timed out.

/(ex)m (A+ Bz™) dzz/(ex) (A+ Bz") i
c+dz™ c+dzn

iIlPUtLint(((e*x)“m*(A + B*x"n))/(c + d*x"n),x)

output Lint (((e*x) "m*(A + B*x"n))/(c + d*x"n), x)

3.25. [ (AtBe) gy
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3.26 [l UBr) g,

(a+bz™)(c+dz™)
3.26.1 Optimal result . . . . . . .. . ... . 214
3.26.2 Mathematica [A] (verified) . . . . . .. . ... .. Lo oo 214
3.26.3 Rubi [A] (verified) . . . . . . ... ... 215
3.26.4 Maple [F] . . . . . . . 210
3.26.5 Fricas [F] . . . . . . . o 210
3.26.6 Sympy [F(-2)] . . . . . e 276l
3.26.7 Maxima [F] . . . . . .. .. 217
3.26.8 Giac [F] . . . . . . e 217
3.26.9 Mupad [F(-1)] . . . . . o o 217

3.26.1 Optimal result

Integrand size = 31, antiderivative size = 127

(ex)™ (A + Bz™) g — (Ab — aB)(ex)'*™ Hypergeometric2F1 (1, 1m 1tmin _ br%)
(a + bz™) (c + dz™) a(bc — ad)e(1 + m)
(Bc — Ad)(ex)'+™ Hypergeometric2F1 (1, 1m limin _ do7)
+ c(bc — ad)e(1 + m)

output‘ (A*b-B*a) * (e*x) ~ (1+m) xhypergeom([1, (1+m)/n], [(1+m+n)/n],-b*x"n/a)/a/(-a*d ‘
| +b%c) /e/ (1+m)+(-Axd+B*c) * (e*x) ~ (1+m) *hypergeom([1, (1+m)/n], [(1+m+n)/n],-d
*x°n/c)/c/(~axd+bkc) /e/ (1+m) |

3.26.2 Mathematica [A] (verified)

Time = 0.26 (sec) , antiderivative size = 102, normalized size of antiderivative = 0.80

(ex)™ (A + Bzx™)
T
(a + bz™) (c + dz™)
_ z(ex)™ ((—Abc + aBc) Hypergeometric2F1 (1, 14m lamin _80) 4 g(— Be + Ad) Hypergeometric2F1 |
B ( bc+ad)(1+m)

~—

input [Integrate [((e*x)"m*(A + B*x"n))/((a + b*x"n)*(c + d*x"n)),x]

(ex)™(A+Bz™)
3.26. f (a+bz™)(c+dz™) dx
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output‘ (x*(e*x) “m* ((- (Axbxc) + a*B*c)*Hypergeometric2F1[1, (1 + m)/n, (1 + m + n)

‘/n, -((b*x"n)/a)] + a*(-(B*c) + Axd)*Hypergeometric2F1i[1, (1 + m)/n, (1 +
‘m + n)/n, -((d*x"n)/c)1))/(axck(-(b*c) + axd)*(1 + m))

3.26.3 Rubi [A] (verified)

Time = 0.31 (sec) , antiderivative size = 127, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 2, Mumber of rules _ ( 65 Ryles used
integrand size

= {1067, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

(ex)™ (A + Bz"™) i
(a + bz™) (c + dz)

l1%7

(ex)™(Ab— aB) (ex)™(Bc — Ad)
/ <(bc “ad)(a+be) | (be—ad) (c+ da:n)) de

l 2009

(ex)™*1(Ab — aB) Hypergeometric2F1 (1, 7t mintl ' bat)
ae(m + 1)(bc — ad)
(ex)™+!(Bc — Ad) Hypergeometric2F1 (1, ™kl mintl ' do?)
ce(m + 1)(bc — ad)

+

e

inputLInt[((e*x)‘m*(A + B*x"n))/((a + b*x"n)*(c + d*x"n)),x]

~—

B
output‘ ((Axb - a*B)*(e*x) (1 + m)*Hypergeometric2F1[1, (1 + m)/n, (1 + m + n)/n,

\—((b*x“n)/a)])/(a*(b*c - a*xd)*ex(1 + m)) + ((Bkc - Axd)*(exx)”~ (1 + m)*Hype
‘rgeometric2F1[1, (1 +m/n, (1 +m+ n)/n, -((d*x"n)/c)])/(c*x(b*c - a*xd)x*e
*(1 + m))

(ex)™(A+Bz™)
3.26. f (a+bz™)(c+dz™) dzx

/|
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3.26.3.1 Defintions of rubi rules used

rule 1067‘Int[(((g_.)*(x_))"(m_.)*((a_) + (b_)*(x_)"(m )" (p)*((e ) + (£_)*(x_)"(n
‘_)))/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Int[ExpandIntegrand[(g+*x) “m*(a
‘+ b*x"n) “p*((e + f*x"n)/(c + d*x"n)), x], x] /; FreeQ[{a, b, c, d, e, £, g,
‘ m, n, p}, x]

p
ruk32009tlnt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

e—

3.26.4 Maple [F]

/ (ex)™ (A+ Bz™) i
(a+bz") (c+dzn)

input Lint ((e*x) “m* (A+B*x"n) / (a+b*x"n) / (c+d*x"n) ,x)

output Lint ((e*x) “m* (A+B*x"n) / (a+b*x"n) / (c+d*x"n) ,x)

3.26.5 Fricas [F]

/ (ex)™ (A + Bzx™) dp — / (Bz™ + A)(ex)™

(a + bz™) (c + dzn) (bz™ + a)(dz™ + ¢)

input Lintegrate ((e*x) “m* (A+B*x"n)/ (a+b*x"n)/(c+d*x"n) ,x, algorithm="fricas")

output Lintegral((B*x‘n + A)x(e*xx) “m/ (b*d*x~(2*%n) + axc + (b*c + a*d)*x™n), x)

3.26.6 Sympy [F(-2)]

Exception generated.

/ (ez)™ (A+ Bz") dr = Exception raised: HeuristicGCDFailed
(a + bz™) (c + dz™)

(ex)™(A+Bz™)
326. {atbz™)(ctda™) dx
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input Lintegrate ((e*x) **m* (A+B*x**n) / (a+b*x**n) / (c+d*x**n) ,x)

outputLException raised: HeuristicGCDFailed >> no luck

3.26.7 Maxima [F]

/ ((ew)m (A+Bz")  _ / ((an + A)(ex)™

a + bz™) (c + dz™) bz™ + a)(dz™ + c)

input Lintegrate ((e*x) “m* (A+B*x"n) / (a+b*x"n) /(c+d*x"n) ,x, algorithm="maxima")

outputtintegrate((B*x”n + A)x(exx)"m/((b*x"n + a)*(d*x™n + c)), x)

3.26.8 Giac [F]

/ ((ex)m (A+ Bz™) dp — / ((Bx” + A)(ex)™

a + bz") (c + dz™) bz™ + a)(dz™ + c)

inputLintegrate((e*x)‘m*(A+B*x‘n)/(a+b*x‘n)/(c+d*x‘n),x, algorithm="giac")

output Lintegrate ((B*x™n + A)*(exx)"m/((b*x"n + a)*(d*x™n + c)), x)

3.26.9 Mupad [F(-1)]

Timed out.

(ex)™ (A + Bz™) B (ex)™(A+ Bz")
/ (a + bz™) (c + dz™) dz = / (a+bz") (c+dzn) dz

inputtint(((e*x)‘m*(A + B*x"n))/((a + b*x"n)*(c + d*x~n)),x)

outputtint(((e*x)“m*(A + B*x"n))/((a + b*x"n)*(c + d*x"n)), x)

(ex)™(A+Bz™)
326. {atbz™)(ctda™) dx
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3.27 f ((ex)m(A—l—Bx”) dx

a+bz™)? (c+dz)
3.27.1 Optimalresult . . .. . ... .. ... ... . e 218
3.27.2 Mathematica [A] (verified) . . . . . . . ... ..o 2T8]
3.27.3 Rubi [A] (verified) . . . . . ... .. 219
3.27.4 Maple [F] . . . . . . e 221]
3.27.5 Fricas [F] . . . . . . o o 221]
3.27.6 Sympy [F(-2)] . . . . o 221]
3.27.7 Maxima [F] . . . . . ... .
3.27.8 Giac [F] . . . . . .
3.27.9 Mupad [F(-1)] . . . . oo 222

3.27.1 Optimal result

Integrand size = 31, antiderivative size = 212

(ex)™ (A + Bz") (Ab — aB)(ex)t™
2 T =
(a + bz™)" (c + dz™) a(bc — ad)en (a + bz™)
N (Ab(ad(1 +m — 2n) — be(1 +m — n)) + aB(be(l + m) — ad(1 + m — n)))(ex)*™ Hypergeometric2F
a?(bc — ad)?e(1 + m)n
d(Bc — Ad)(ex)'+™ Hypergeometric2F1 (1, 1im 1imin _ dov)
c(bc — ad)?e(1 + m)

output ‘ (A*b-B*a) * (e*x) ~ (1+m) /a/ (—a*d+b*c) /e/n/ (a+b*x"n) + (Axb* (a*d* (1+m-2+*n) -b*cx* (
‘ 1+m-n))+a*B* (b*c* (1+m) —a*d* (1+m-n) ) ) * (e*x) ~ (1+m) *hypergeom([1, (1+m)/n], [(
‘ 1+m+n) /n] ,-b*x"n/a)/a~2/(-a*d+b*c) ~2/e/(1+m) /n-d* (-A*d+B*c) * (exx) ~ (1+m) *hy
‘ pergeom([1, (1+m)/n], [(1+m+n)/n],-d*x"n/c)/c/(-a*d+b*c)~2/e/(1+m)

..

3.27.2 Mathematica [A] (verified)

Time = 0.36 (sec) , antiderivative size = 152, normalized size of antiderivative = 0.72

(ex)™ (A + Bzx")
(a + bz™)? (c + dzm)

z(ex)™ (abc(—Bc + Ad) Hypergeometric2F1 (1, &£ 1tmin b)) 4 424(Bec — Ad) Hypergeometrics
a a?c(bec — ad)?(

(ex)™(A+Bz™)
327 f W dCE
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input \ Integrate[((e*x) “m*(A + B*x"n))/((a + b*x"n) 2x(c + d*x"n)),x]

output | - ((x* (exx) “m* (axbxc* (- (B*c) + A*xd)*Hypergeometric2F1[1, (1 + m)/n, (1 + m

+ n)/n, -((b*x"n)/a)] + a~2*d*(Bxc - Ax*d)*Hypergeometric2F1[1, (1 + m)/n,

(1 +m+ n)/n, -((d*x"n)/c)] - (A*b - a*B)*cx(b*xc - a*d)*Hypergeometric2F1
[2, 1 +m)/n, (1 +m + n)/n, -((b*xx"n)/a)]))/(a"2*cx(b*c - a*d)"2*(1 + m)
)

3.27.3 Rubi [A] (verified)

Time = 0.60 (sec) , antiderivative size = 229, normalized size of antiderivative = 1.08,
number of steps used = 4, number of rules used = 4, number of rules _ 0.129, Rules used

integrand size
= {1065, 25, 1067, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

(ex)™ (A + Bz™)
(a + bz™)? (c + da)
l 1065
ex)™(—((Ab—aB)d(m—n+1)x™)+aBc(m+1)—Abc(m—n+1)—aAdn
(ez)™1(Ab — aB) B [ _ (ex)™(=(( )d( (bx)"-}—zz)(dx"(-i-c) ) ( ) ) dae
aen(bc — ad) (a + bx™) an(bc — ad)

l25

ex)™(—((Ab—aB)d(m—n+1)z™)+aBc(m+1)—A(bc(m—n+1)+adn
[ (e (b )dmon o) boBem - AelmontDtedn)) (vt o)
an(bc — ad) aen(bc — ad) (a + bz™)
l 1067

(Ab(ad(m—2n+1)—bec(m—n+1))+aB(be(m+1)—ad(m—n+1)))(ex)™ ad(Ad—Bc)n(ex)™ d
f (bc—ad) (bz™+a) ~ " (ad=bc)(dx" <) z

an(bc — ad)
(ex)™t1(Ab — aB)
aen(bc — ad) (a + bz™)

l 2009

+

(ex)™*! Hypergeometric2F1 (1, mT-i-l , % — %) (Ab(ad(m—2n+1)—be(m—n+1))+aB(be(m+1)—ad(m—n+1))) adn(ex)™ 1 (Bc—Ad)

ae(m+1)(bc—ad) -

an(bc — ad)
(ex)™t1(Ab — aB)
aen(bc — ad) (a + bz™)

(ex)™(A+Bz™)
327 f W dCL'
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input ‘

Int[((e*x) "m*(A + B*x"n))/((a + b*x"n) "2*(c + d*x"n)),x]

output

((A*xb - a*B)*(e*xx)~ (1 + m))/(a*(b*xc - a*xd)*e*n*x(a + b*x"n)) + (((Axb*(axd*
(1 +m - 2*xn) - bkc*(1 + m - n)) + axBx(bxcx(1 + m) - a*d*(1 + m - n)))x*(e
*x)~ (1 + m)*Hypergeometric2F1[1, (1 + m)/n, (1 + m + n)/n, -((b*x"n)/a)])/
(a*x(bxc - axd)*ex(1 + m)) - (a*d*(B*c - Ax*d)*n*(e*x)”~ (1 + m)*Hypergeometri
c2F1[1, (1 + m)/n, (1 + m + n)/n, -((d*x"n)/c)])/(cx(b*c - a*d)*ex(1 + m))
)/ (ax(b*c - a*d)*n)

3.27.3.1 Defintions of rubi rules used

-

rule 25 L

Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int([Fx, x], x]

| —

rule 1065

Int[((g_.)*(x_))"(m_.)*((a_) + (b_)*(x_)"(m_ )" (p_)*((c_) + (d_.)*(x_)"(n_
))~(qL)*((e ) + (£_.)*(x_)"(n_)), x_Symbol] :> Simp[(-(b*e - a*f))*(g*x)~(m
+ Dx*(a + b*xx™n) " (p + D*((c + d*x™n)~(q + 1)/(axg*n*(bxc - axd)*(p + 1)))
, x] + Simp[1/(a*n*(b*c - a*d)*(p + 1)) Int[(g*x) "m*(a + b*x"n) " (p + 1)*(
c + d*x"n) “g*Simp[cx(bxe - a*f)*(m + 1) + e*nx(bxc - a*d)*(p + 1) + d*(bx*e
- axf)*x(m + nx(p + q + 2) + 1)*x"n, x], x], x] /; FreeQ[{a, b, c, d, e, £,
g, m, n, qF, x] && LtQ[p, -1]

rule 1067

-

rule 2009 L

Int[(((g_.)*(x_))"(m_.)*x((a_) + (b_)*(x_)"(n)) " (p_)*((e ) + (£_)*(x_)"(n
I/ e) + (d_)*(x_)"(n_)), x_Symbol] :> Int[ExpandIntegrandl[(g*x) m*(a
+ b*x"n) “p*((e + f*x"n)/(c + d*x™n)), x], x] /; FreeQ[{a, b, c, d, e, £, g,
m, n, p}, x]

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul

| —

(ex)™(A+Bz™)
327 f W dCE
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3.27.4 Maple [F]

/ (ex)™ (A+ B z™)
(a+bz")* (c+dzn)

inputLint((e*x)‘m*(A+B*x‘n)/(a+b*x‘n)‘2/(c+d*x‘n),x)

outputLint((e*x)‘m*(A+B*x‘n)/(a+b*x‘n)‘2/(c+d*x‘n),x)

3.27.5 Fricas [F]

/ (ex)™ (A + Bz™) i — / (Bz" + A)(ex)™
(a + bzn)? (c + dz) (bz" + a)*(dz™ + ¢)

input tintegrate ((e*x) “m* (A+B*x"n) / (a+b*x"n) "2/ (c+d*x"n) ,x, algorithm="fricas")

output‘ integral ((B*x™n + A)*(e*x) m/(b~2*d*x~(3*n) + a~2*%c + (b~2%c + 2¥a*b*d)*x~
‘(2*n) + (2%axb*c + a~2%d)*x"n), x)

3.27.6 Sympy [F(-2)]

Exception generated.

dr = Exception raised: HeuristicGCDFailed

/ (ex)™ (A + Bzx™)
(a + bzn)? (c + dz)

p
input Lintegrate ((e*x) **m* (A+B*x**n) / (a+b*x**n) **2/ (c+d*x**n) ,x)

e—

output LException raised: HeuristicGCDFailed >> mno luck

(ex)™(A+Bz™)
327 f W dCE
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3.27.7 Maxima [F]

/ (ex)™ (A + Bzx™) dp — / (Bz"™ + A)(ex)™
(a + bz)? (¢ + dzm) (bz™ + a)*(dz" + ¢)

inputLintegrate((e*x)‘m*(A+B*x‘n)/(a+b*x‘n)‘2/(c+d*x‘n),x, algorithm="maxima")

output | - (B*a*e™m - Axb*e"m)*x*x"m/(a”~2*b*c*n - a~3*d*n + (a*b™2*c*n - a~2¥b*d*n)*
x"n) - ((b"2*cxe"m*(m - n + 1) - a*bkdxe"m*(m - 2*n + 1))*A + (a”2xd*e m*(
m-n + 1) - akbkcxe"m*(m + 1))*B)*integrate(x"m/(a”2*b"2xc™2*n - 2%a”3*bx*
ckd*n + a~4*xd~2*n + (a*b~3*%c”~2*xn - 2*%a~2*%b"2*ckd*n + a~3*b*d~2*n)*x"n), x)
- (B*cxd*e™m - Axd"2*e"m)*integrate(x"m/(b~2%c”3 - 2%a*bkc”2*d + a~2xc*d”
2 + (b™2%c"2%d - 2*a*b*c*d”2 + a”~2*d"3)*x"n), x)

3.27.8 Giac [F]

/ (ex)™ (A + Bz™) dp — / (Bz™+ A)(ex)™
(a + bz)? (¢ + dzm) (bz™ + a)*(dz" + ¢)

inputLintegrate((e*x)“m*(A+B*x“n)/(a+b*x“n)“2/(c+d*x“n),x, algorithm="giac")

outputtintegrate((B*x“n + A)*x(e*x)"m/((b*x"n + a)~2*%(d*x™n + c)), x)

3.27.9 Mupad [F(-1)]

Timed out.

(ex)™ (A + Bz™) dp — / (ex)™ (A+ Bz™)
(a + bz)? (c + dzn) (a+bzn)? (c+dzn)

inputtint(((e*x)“m*(A + B*xx"n))/((a + b*x"n) "2x(c + d*x"n)),x)

output Lint(((e*x)‘m*(A + B*x"n))/((a + b*x"n)"2*x(c + d*x"n)), x)

—

(ex)™(A+Bz™)
327. [ Tarbe P orde) 0T
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3.28 f ((ex)m(A—l—Bx”) dx

a+bz™)> (c+dz)
3.28.1 Optimalresult . . .. ... ... ... ... . e 223
3.28.2 Mathematica [A] (verified) . . . . . . . ... Lo 2241
3.28.3 Rubi [A] (verified) . . . . . . ... .. 227
3.28.4 Maple [F] . . . . . . o 220
3.28.5 Fricas [F] . . . . . . . o 220
3.28.6 Sympy [F(-2)] . . . . o 227
3.28.7 Maxima [F] . . . . . . . . 227
3.28.8 Giac [F] . . . . . . 228
3.28.9 Mupad [F(-1)] . . . . o 228

3.28.1 Optimal result

Integrand size = 31, antiderivative size = 407

(ex)™ (A + Bz") i — (Ab — aB)(ex)t™
(a + ban)? (c + da) 2a(bc — ad)en (a + bzm)?
L (Ab(ad(1 + m — 4n) — be(1 +m — 2n)) + aB(bc(1 + m) — ad(1 + m — 2n)))(ex) ™™
2a2(bc — ad)?en? (a + bz™)
N (aB(2abcd(1 +m)(1 +m — 2n) — b*2(1 + m)(1 + m — n) — a®d*(1 + m? + m(2 — 3n) — 3n + 2n?))

n d*(Bc — Ad)(ex)™™ Hypergeometric2F1 (1, 1im Limtn - di%)
c(bc — ad)3e(1+m)

output | 1/2* (Axb-B*a) * (e*x) ~ (1+m) /a/ (—a*d+b*c) /e/n/ (a+b*x"n) "2+1/2* (Axb* (axd* (1+m-
4x*n) -b*c* (1+m-2#*n) ) +a*xB*x (bxc* (1+m) —a*d* (1+m-2#*n) ) ) * (exx) ~ (1+m) /a~2/ (—a*d+b
*c)~2/e/n"2/ (a+b*x"n) +1/2* (a*B* (2*a*bkcxd* (1+m) * (1+m-2+n) -b~2*c~2* (1+m) * (1
+m-n)-a~2*d " 2% (1+m~2+m* (2-3*n) -3*n+2*n"2) ) +A*b* (b~ 2%c~ 2% (1+m~2+m* (2-3*n) -3
*n+2xn"2) -2%a*bkxckd* (1+m~2+m* (2-4*n) -4*n+3*n"2) +a~2*d~2* (1+m~2+m* (2-5*n) -5
*n+6*n"2)) ) * (exx) ~ (1+m) *hypergeom([1, (1+m)/n], [(1+m+n)/n],-b*x"n/a)/a~3/(
—a*d+bxc) ~3/e/(1+m) /n~2+d"2* (—~A*d+B*c) * (e*x) ~ (1+m) xhypergeom([1, (1+m)/n],
[(1+m+n) /n] ,-d*x"n/c)/c/(-a*d+b*c) ~3/e/(1+m)

(ex)™(A+Bz™)
3.28. f W dCE
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3.28.2 Mathematica [A] (verified)

Time = 0.52 (sec) , antiderivative size = 199, normalized size of antiderivative = 0.49

(ex)™ (A + Bz™)
(a + bz)® (c + dzn)

bd(—Bc+Ad) Hypergeometric2F1 (1, Ltm ltmin M) d?(Bc—Ad) Hypergeometric2F1 (1, Ltm 1tmdn M) b(be—
x(ex)m n n a + n n c +
a c
(bc — ad)3(1 +

~—

input LIntegrate [((e*x)"m*(A + B*x"n))/((a + b*x"n)~3*(c + d*x"n)),x]

output | (x*(e*x) “m* ((bxd*(-(B*c) + Axd)*Hypergeometric2F1[1, (1 + m)/n, (1 + m + n
)/n, -((b*x"n)/a)])/a + (d"2x(B*c - A*d)*Hypergeometric2F1[1, (1 + m)/n, (
1 +m+ n)/n, -((d*x"n)/c)])/c + (b*x(bxc - axd)*(Bxc - A*d)*Hypergeometric
2F1[2, (1 + m)/n, (1 + m + n)/n, -((bxx"n)/a)])/a"2 + ((Axb - axB)*(b*xc -
axd) “2*Hypergeometric2F1[3, (1 + m)/n, (1 + m + n)/n, -((b*x"n)/a)])/a~3))
/((b*c - axd)~3*(1 + m))

3.28.3 Rubi [A] (verified)
Time = 1.25 (sec) , antiderivative size = 446, normalized size of antiderivative = 1.10,
number of steps used = 5, number of rules used = 5, Bumber of rules _ 167 Ryles used

integrand size
= {1065, 25, 1065, 1067, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

(ex)™ (A + Bz™)
(a + bz™)3 (c + da)
| 1065
_ (ex)™(=((Ab—aB)d(m—2n+1)z™)+aBc(m+1)—Abc(m—2n+1)—2aAdn)
(ex)™ (4b—aB)  J ot dx
2aen(be — ad) (a + bam)? 2an(bc — ad)

| 25

(ex)™(—((Ab—aB)d(m—2n+1)z"™)+aBc(m+1)—A(bc(m—2n+1)+2adn))
f (bz"+a)? (dz"+c) dz (6.’E)m+1 (Ab — aB)
2an(bc — ad) 2aen(be — ad) (a + bzn)?
| 1065

(ex)™(A+Bz™)
3.28. f W dCE
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f (ex)™ (d(Ab(ad(m—4n+1)—bc(m—2n+1))+aB(bc(m+1)—ad(m—2n+1

(ex)™ 1 (Ab(ad(m—4n+1)—bc(m—2n+1))+aB(bc(m+1)—ad(m—2n+1)))
aen(bc—ad)(a+bz™)

2an(bc — ad)
(ex)™t1(Ab — aB)

2aen(bec — ad) (a + bam)?
| 1067

< (—aB (—b2 (1'71—4—1)(‘m—?’L-}—l)cz-&-2(Lbd(1'n-ﬁ—1)(m—21'L-4—1)c—¢7,2d2 (m2+(

(ex)™ 1 (Ab(ad(m—4n+1)—bc(m—2n+1))+aB(bc(m+1)—ad(m—2n+1))) i
aen(bc—ad)(a+bz™)

(ex)™t1(Ab — aB)
2aen(bec — ad) (a + ba™)?

l 2009

n
(e2)™*1 Hypergeometricar1 (1, L mntl bz (4p(a2q2(m?

(ez)m+1(Ab(ad(m—4n+1)—bc(m—2n+1))+a,B(bc(m+1)—ad(m—2n+1))) -
aen(bc—ad)(a+bz™)

(ex)™+1(Ab — aB)
2aen(bec — ad) (a + bam)?

-

inputLInt[((e*x)“m*(A + B*x"n))/((a + b*x™n) " 3*%(c + d*x"n)),x]

-/

output | ((A*b - a*B)*(e*x)~(1 + m))/(2xax(b*c - a*d)*e*n*(a + b*x™n) 2) + (((Axbx(
a*d*(1 + m - 4*n) - bxckx(1 + m - 2*n)) + a*Bx(bxckx(1 + m) - axd*(1 + m - 2
*n)))*(exx)~ (1 + m))/(a*x(bxc - a*d)*e*n*(a + b*x"n)) - (-(((a*B*(2*a*bxc*d
*(1 + m)*(1 +m - 2%n) - b™2%c™2%(1 + m)*(1 + m - n) - a~2%d"2*(1 + m™2 +
m*(2 - 3*n) - 3*n + 2%n"2)) + A*xbx(b"2%c”2*(1 + m~2 + m*x(2 - 3*n) - 3*n +
2xn"2) - 2*axb*cxd*(1 + m™2 + m*x(2 - 4*n) - 4*n + 3*%n"2) + a~2*%d"2*(1 + m”
2 + m*¥(2 - 5*%n) - 5xn + 6*n~2)))*(e*xx)” (1 + m)*Hypergeometric2F1[1, (1 + m
)/n, (1 +m + n)/n, -((b*x"n)/a)])/(a*x(bxc - a*d)*e*x(1 + m))) - (2*xa~2xd"2
*(Bxc — A*d)#*n~2*(e*x)” (1 + m)+*Hypergeometric2F1[1, (1 + m)/n, (1 + m + n)
/n, -((d*x"n)/c)])/(c*(b*c - axd)*ex(1 + m)))/(a*x(b*c - axd)*n))/(2xa*(bxc
- axd)*n)

(ex)™(A+Bz™)
3.28. f W dCL'
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3.28.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 1065 Int[((g_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_)*((c_ ) + (d_.)*(x_)"(n_
))~(q)*((e ) + (£_.)*(x_)"(n_)), x_Symbol] :> Simp[(-(bxe - a*f))*(g*x)~(m
+ Dx*(a + b*xx™n) " (p + D*((c + d*x™n)~(q + 1)/(axg*nx(bxc - axd)*(p + 1)))
, x] + Simp[1/(a*n*(b*c - a*d)*(p + 1)) Int[(g*x) "m*(a + b*x"n) (p + 1)*(
c + d*x"n) “q*Simp[c*(b*e - a*f)*x(m + 1) + e*n*k(b*c - a*xd)*(p + 1) + d*(b*e

- a*f)*(m + nx(p + q + 2) + V*x"n, x], x], x] /; FreeQ[{a, b, c, d, e, £,

g, m, n, qF, x] && LtQ[p, -1]

rule 1067 Int [(((g_.)*(x_)) " (m_.)*((a_) + (b_)*x_)"(_))"(p)*((e ) + (f_)*(x_)"(n
I/ (e) + (d_.)*(x_)"(n_)), x_Symbol] :> Int[ExpandIntegrandl[(g*x) m*(a
+ b*x"n) "p*((e + f*x"n)/(c + d*x"n)), x], x] /; FreeQ[{a, b, c, d, e, £, g,
m, n, p}, x]

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

3.28.4 Maple [F]

/ (ex)™ (A+ B z™)
(a+bz")° (c+ dzn)

-

inputLint((e*x)‘m*(A+B*x“n)/(a+b*x‘n)‘3/(c+d*x“n),X)

-/

outputLint((e*x)‘m*(A+B*x‘n)/(a+b*x“n)“3/(c+d*x‘n),x)

-/

3.28.5 Fricas [F]

/ (ex)™ (A + Bz™) dp — / (Bz™ + A)(ex)™
(a + bzn)® (c + dz) (bz" + a)®(dz™ + ¢)

inputtintegrate((e*x)‘m*(A+B*x‘n)/(a+b*x‘n)‘3/(c+d*x‘n),x, algorithm="fricas")

(ex)™(A+Bz™)
3.28. f W dCE
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output‘integral((B*x“n + A)*(e*x) "m/(b~3*d*x~(4*n) + a~3xc + (b~ 3*c + 3*kaxb~2*d)*
Lx“(S*n) + 3x(a*b”2%c + a~2*b*d)*x~(2*n) + (3*%a"2%b*c + a~3*d)*x"n), x)

3.28.6 Sympy [F(-2)]

Exception generated.

/ (e2) (13 + Ba") dzr = Exception raised: HeuristicGCDFailed
(a + bz™)” (c + dzn)

input | integrate ((e*x)**m* (A+B*x**n) / (a+b*x**n)**3/ (c+d*x**n) ,x)

N

output | Exception raised: HeuristicGCDFailed >> no luck

N\

3.28.7 Maxima [F]

/ (ex)™ (A + Bz™) dp — / (Bz™ + A)(ex)™
(a + bzn)® (c + dz) (bz" + a)®(dz™ + ¢)

e

inputLintegrate((e*x)‘m*(A+B*x‘n)/(a+b*x‘n)‘3/(c+d*x‘n),x, algorithm="maxima")

~—

~

output | -(((m~2 - m*x(3*n - 2) + 2%n"2 - 3*n + 1)*b"3*%c"2%e™m - 2*%(m~2 - 2*m*(2*n -
1) + 3*n"2 - 4%n + 1)*a*xb"2*ckxd*e™m + (m"2 - m*(5%n - 2) + 6*n"2 - 5%n +
1)*a~2+%b*d"2%e"m)*A - ((m~2 - m*(n - 2) - n + 1)*a*b™2xc™2%e™m - 2*(m~2 -
2xmx(n - 1) - 2%n + 1)*a"2xb*ckd*e™m + (m™2 - m*(3*n - 2) + 2*n~2 - 3*n +
1) *a~3*d"2*e"m) *B) *integrate (-1/2*x"m/ (a"3*%b~3*c~3*n"2 - 3*a~4*b~2xc”2*d*n
~2 + 3%a”~5*b*c*xd"2#%n"2 - a~6*d"3*n"2 + (a"2%b"4*c”3#%n"2 - 3*a”3*b~3*kc 2*d*
n~2 + 3*%a~4xb"2*c*xd"2*n"2 - a~5xb*d~3*n"2)*x"n), x) - (B*c*d"2%e”m - A*d"3
xe"m)*integrate (-x"m/(b"3*c™4 - 3*a*b~2*c”"3*d + 3*a~2*%bxc"2*xd"2 - a~3*c*d”
3 + (b™3*%c"3*%d - 3*a*b”~2*c"2*%d"2 + 3*a~2*b*c*kd"3 - a"3*d"4)*x"n), x) - 1/2
*(((axb™2xcxe™m*(m — 3*n + 1) - a~2xbxd*e"m*(m - 5%n + 1))*A - (a~2xbxc*xe”
m¥(m - n + 1) - a”3*xd*e"m*(m - 3*n + 1))*B)*x*x™m + ((b"3*c*e"m*(m - 2*n +
1) - a*b”"2*d*e"m*(m — 4%n + 1))*A + (a~2*b*d*e"m*(m — 2%n + 1) - axb™2*cx*
e"m*(m + 1))*B)*x*e” (m*xlog(x) + n*xlog(x)))/(a~4xb~2*c~2*n"2 - 2%a~5xbxc*dx*
n"2 + a"6xd"2%n"2 + (a"2*%b"4*xcT2*xn"2 - 2%a”3*b " 3*c*d*n"2 + a~4*xb~2*d"2*n"2
)*x~(2%n) + 2%(a~3%b~3%c"2*n"2 - 2%a~4xb~2xcxd*n~2 + a~5xbxd~2*n"2)*x"n)

(ex)™(A+Bz™)
3.28. f W dCL'
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3.28.8 Giac [F]

/ (ex)™ (A + Bzx™) dp — / (Bz"™ + A)(ex)™
(a + bz)® (¢ + dam) (bz™ + a)®(dz" + ¢)

input Lintegrate ((e*x) “m* (A+B*x"n) / (a+b*x"n) "3/ (c+d*x"n) ,x, algorithm="giac")

output Lintegrate ((B*x"n + A)*(e*xx) m/((b*x™n + a)~3*(d*x"n + c)), x)

3.28.9 Mupad [F(-1)]

Timed out.

(ex)™ (A + Bz™) g — / (ex)™(A+ Bz")
(a + bz™)® (c + dzm) (a+bz")° (c+dzn)

inputtint(((e*x)"m*(A + B*x"n))/((a + b*x"n)"3*(c + d*x"n)),x)

output Lint (((exx)"m*(A + B*x"n))/((a + b*x"n) "3*(c + d*x"n)), x)

(ex)™(A+Bz™)
3.28. f W dCE
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3.99 [ (ex)™(a+bz™)*(A+Bz") 4.

(c+dzm)?
3.29.1 Optimalresult . . . . . . .. . ... .. 229
3.29.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL 230
3.29.3 Rubi [A] (verified) . . . . . ... . 230
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3.29.9 Mupad [F(-1)] . . . . o 235

3.29.1 Optimal result

Integrand size = 31, antiderivative size = 386

(ex)™ (a + bz™)® (A + Bz™) dp —
/ (c + dan)? v

b?(3ad(Ad(1 +m +n) — Be(1+m + 2n)) — be(Ad(1 + m + 2n) — Be(1 +m + 3n)))z' T (ex)™

B cd3n(l4+m+n)
b*(Ad(1 4+ m + 2n) — Be(1 +m + 3n))zt 2" (ex)™
cd*n(1+m + 2n)
b(3a*d*(Ad(1 + m) — Be(1 +m + n)) — 3abed(Ad(1 + m + n) — Be(l + m + 2n)) + b*>c*(Ad(1 +m -
cdte(l +m)n

_ (Bc— Ad)(ex)*™ (a + bz™)?
cden (c + dz™)
N (bc — ad)*(ad(Bc(1 +m) — Ad(1 +m — n)) + be(Ad(1 + m + 2n) — Be(1 +m + 3n)))(ex) ™ Hyper
cdte(l1 +m)n

output | -b~2* (3*a*xd* (A*xd* (1+m+n) -B*c* (1+m+2*n) ) ~b*c* (A*xd* (1+m+2*n) -Bxc* (1+m+3%*n) ) )
*x~ (1+n) * (exx) "m/c/d"3/n/ (1+m+n) -b~3* (Axd* (1+m+2*n) -B*c* (1+m+3*n) ) *x~ (1+2*
n)*(e*xx) "m/c/d"2/n/ (1+m+2*n) —b* (3*a~2*d~2* (A*d* (1+m) -B*c* (1+m+n) ) —3*a*b*c*
d* (Axd* (1+m+n) -B*c* (1+m+2*n) ) +b~2%c 2% (A*d* (1+m+2*n) —-Bxc* (1+m+3*n) ) ) * (e*x)
~(1+m)/c/d"~4/e/ (1+m) /n- (-A*d+B*c) * (exx) ~ (1+m) * (a+b*x"n) “3/c/d/e/n/ (c+d*x"n
)+ (—axd+b*c) ~2* (a*xd* (Bkc* (1+m) —A*d* (1+m-n) ) +b*c* (A*xd* (1+m+2*n) -Bxc* (1+m+3*
n)))*(exx)~ (1+m)*hypergeom([1, (1+m)/n], [(1+m+n)/n],-d*x"n/c)/c~2/d"4/e/(1
+m)/n

N\ J

3.99. f (em)m(a(—}c-im‘;)S(A—}-Bm”) dz
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3.29.2 Mathematica [A] (verified)

Time = 1.13 (sec) , antiderivative size = 220, normalized size of antiderivative = 0.57

/ (ex)™ (a + bz™)® (A + Bz™) i
(¢ + dzn)?
m [ b(3a2Bd?+b%c(3Bc—2Ad)+3abd(—2Bc+Ad)) b2d(—2bBc+Abd+3aBd)z™ | b3 Bd2z2" (be—ad)?(4bBc—3 Abd—aBd) H;
z(ex) ( T+m + T+m+n T+m+2n
= 7
input {Integrate [((exx)"m*(a + b*x"n)~3*(A + B*x™n))/(c + d*x"n)~2,x] J

output | (x* (e*x) “m* ((b*(3*%a~2%B*d~2 + b~ 2xc*x(3*Bxc — 2%A*d) + 3*axbxd*(-2%xBxc + A*
d)))/ (1 + m) + (b~2*%d*x(-2%b*B*c + A*b*d + 3*a*B*d)*x"n)/(1 + m + n) + (b~3
*B*d~2+x~(2*n))/(1 + m + 2xn) - ((b*c - axd) ~2*(4*b*B*c - 3*A*bxd - axB*d)
*Hypergeometric2F1[1, (1 + m)/n, (1 + m + n)/n, -((d*x™n)/c)1)/(c*(1 + m))
+ ((b*c - axd) " 3*(Bxc - Axd)x*Hypergeometric2F1[2, (1 + m)/n, (1 + m + n)/
n, -((d*x"n)/c)1)/(c™2*x(1 + m))))/d"4

3.29.3 Rubi [A] (verified)

Time = 0.99 (sec) , antiderivative size = 368, normalized size of antiderivative = 0.95,
number of steps used = 4, number of rules used = 4, umber of rules _ ( 199 Ryles used

integrand size
= {1064, 25, 1040, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (ex)™ (a + bz™)® (A + Bwn)
(c+ dzm)?

l 1064

f (ex)™ (bz™+a)?(a(Be(m+1)—Ad(m— ;l—l;ll) b(Ad(m+2n+1)— Bc(m+3n+1))x”)d

cdn
(ex)™ ! (a4 be™)3 (Bc — Ad)
cden (c + dz™)

| 25

3.99. f (em)m(a(—}c-im‘;):(A—}-Bm”) dz
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f (ex)™ (bz™+a)?(a(Bec(m+1)—Ad(m—n+1))—b(Ad(m+2n+1)— Bc(m+3n+1))z")d
dz™+c

cdn
(ex)™t1 (a + bz™)? (Bc — Ad)
cden (c + dz™)

l'1040

f <b2(bc(Ad(m+2n+1)—Bc(m+3n+1))—3ad(Ad(m+n+1)—Bc(m+2n+1)))w"(ew)m +
d2

b3(Bc(m+3n+1)—Ad(m+2n+1))z2" (ex)™ + M
d

(ex)™! (a + bz™)3 (Bc — Ad)
cden (¢ + dz™)

l 2009

b(ex)™+1 (3a2d?(Ad(m+1)—Bc(m+n+1))—3abed(Ad(m+n+1)—Bc(m+2n+1))+b2c?(Ad(m+2n+1)— Be(m+3n+1))) b2z (ex)™ (3a
- d3e(m+1) -

(ex)™ ! (a4 be™)3 (Bc — Ad)
cden (c + dz™)

input [Int [((exx)"m*(a + b*x"n) " 3*x(A + B*x"n))/(c + d*x"n)~2,x] J

output | - (((Bxc - A*d)*(e*x)~ (1 + m)*(a + b*x"n)"3)/(ckd*e*n*(c + d*x"n))) + (-((b
~2x (3*a*d*(A*xd*(1 + m + n) - Bxc*x(1 + m + 2*n)) - bxcx(A*d*(1 + m + 2*n) -
Bxcx(1 + m + 3*n)))*x~ (1 + n)*(exx)"m)/(d"2*%(1 + m + n))) - b"3*%(A - (B*c
*(1 +m + 3*n))/(d*(1 + m + 2*n)))*x~ (1 + 2*n)*(e*xx)"m — (b*(3*a~2*d~2x(A*
d*x(1 + m) - Bxcx(1 + m + n)) - 3%axbkckd*(A*d*(1 + m + n) - Bxc*x(1 + m + 2
*n)) + b~2%c”2x(A*d*(1 + m + 2%n) - B*cx(1 + m + 3#n)))*(e*xx)"(1 + m))/(d”
3¥e*x(1 + m)) + ((bxc - a*xd) "2*(a*d*(B*c*(1 + m) — A*d*(1 + m - n)) + bxcx(
Axd*x(1 + m + 2%n) - Bxcx(1 + m + 3*n)))*(e*x) (1 + m)*Hypergeometric2F1[1,
(1+m)/n, 1 +m+ n)/n, -((d*x"n)/c)])/(c*d"3*e*x(1 + m)))/(c*d*n)

3.99. f (e:c)m(a(—}c-im;v):(A—}-Bm”) dz
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3.29.3.1 Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int([Fx, x], x]

rule 1040

rule 1064

Int[((g_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"(@_))"(p_.)*((c_) + (d_.)*(x_)"(n
N7 (g_I*((e) + (£_)*(x_)"(n_))"(r_.), x_Symbol] :> Int[ExpandIntegrand[
(g*x) “m*(a + b*x"n) "p*(c + d*x"n) gq*(e + f*x"n)"r, x], x] /; FreeQl[{a, b, c
, d, e, £, g, m, n}, x] && IGtQ[p, -2] && IGtQ[q, 0] && IGtQ[r, O]

/Int[((g_.)*(x_))‘(m_.)*((a_) + (b_)*(x_)" (@ ))"(p_)*((c_) + (d_.)*(x_)"(n_

))7(q_)*((e) + (£_.)*(x_)"(n_)), x_Symbol] :> Simp[(-(b*e - a*xf))*(gxx)~(
m + 1)*(a + bxx™n) " (p + 1)*((c + d*x"n)"q/(axb*g*nx(p + 1))), x] + Simp[1/(
axbxn*x(p + 1)) Int[(g*x) m*(a + b*x"n)"(p + 1)*(c + d*x"n) " (q - 1)*Simp[c
*(bxexn*(p + 1) + (bxe - axf)*(m + 1)) + dx(bkexnx(p + 1) + (bxe - axf)*(m
+ n*q + 1))*x"n, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, g, m, n}, x] && LtQ
[p, -11 && GtQlq, 0] && !(EqQlq, 1] && SimplerQ[b*c - a*d, b*e - a*f])

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul

3.29.4 Maple [F]

/ (ex)™ (a+bz")® (A + Bm”)dx
(c+dzn)?

input Lint((e*x) “m* (a+b*x~n) ~3% (A+B*x"n) / (c+d*x"n) ~2,x)

-/

output Lint ((e*x) “m* (a+b*x"n) ~3* (A+B*x"n) / (c+d*x"n) ~2,x)

input

3.29.5 Fricas [F]

/ (ex)™ (a + bz™)® (A + Bz") . / (Bz" + A)(bz" + a)*(ex)™ i
(c + dan)? (dz" + c)?

B
Lintegrate ((e*xx) “m* (atb*x"n) “3* (A+B*x"n)/(c+d*x"n) "2,x, algorithm="fricas")

-/

3.99. f (em)m(a(—}c-im‘;)S(A—}-Bm”) dz
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Output‘ integral ((Bxb~3*x~ (4*n) + Axa~3 + (3*B*axb~2 + A*b~3)*x~(3%n) + 3*(B*a~2*Db
\ + Axaxb~2)*x~(2*n) + (Bxa~3 + 3xA*xa~2xb)*x"n)*(e*x) "m/(d"2*x~ (2%n) + 2*c*
‘d*x"n + ¢c72), %)

3.29.6 Sympy [F(-1)]

Timed out.

m n)3 n
/(ew) (a+bz")" (A+ Bz )dgg:Timed out

(¢ + dam)?

input Lintegrate ((e*x) **m* (a+b*xk*n) **3% (A+B*x**n) / (c+d*x**n) **2,x)

output LTimed out

3.29.7 Maxima [F]

dz

/ (ex)™ (a + bz")® (A + Bz™) e / (Bz" + A)(bz" + a)*(ex)™
(¢ + dzn)? (dz™ + c)®

input Lintegrate ((exx) “m* (at+b*x"n) “3* (A+B*x"n)/(c+d*x"n) "2,x, algorithm="maxima")

m(q+br™ 3 s
3.29. [ (COMleHTILIEB) gy




output

input
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N

((b~3*%c™3*d*e"m*(m + 2*n + 1) - 3*a*b~2*c~2*%d"2%e"m*(m + n + 1) - a~3*d"4x*
emx(m - n + 1) + 3*%a~2*b*c*xd"3*e"m*x(m + 1))*A - (b"3*c"4*e"m*x(m + 3*n + 1
) — 3*%axb”"2*c"3*d*e"m*(m + 2*n + 1) + 3*a”~2%b*c"2*%d"2*e"m*(m + n + 1) - a”
3*xcxd"3*%e"m*x(m + 1))*B)*integrate(x"m/(c*d~5*n*x"n + c~2*d"4#*n), x) + ((m~
2¥n + (n72 + 2*n)*m + n~2 + n)*B*b~3*c*d”3*e"m*x*e” (m*log(x) + 3*n*log(x))
- (((m~3 + m™2%(5*n + 3) + 4*n~3 + (8*n~2 + 10*n + 3)*m + 8*n~2 + 5*%n + 1
)*b"3*c"3*d*e"m - 3*x(m"3 + m"2*(4*n + 3) + 2*n"3 + (5*n"2 + 8%n + 3)*m + 5
*n~2 + 4*n + 1)*a*xb”"2%c”2*%d"2*%e"m + 3*(m”~3 + 3*m~2*%(n + 1) + (2*n"2 + 6*n
+ 3)*m + 2*n~2 + 3%n + 1)*a~2%b*c*d"3*e™m - (m~3 + 3*m™2*x(n + 1) + (2*n~2
+ 6%n + 3)*m + 2*%n"2 + 3*n + 1)*a~3*xd"4*xe"m)*A - ((m~3 + 3*m~2*(2%n + 1) +
6*n~3 + (11*%n"2 + 12*n + 3)*m + 11*n"2 + 6*n + 1)*b~3*c”4*e”™m - 3*(m~3 +
m~2%(5%n + 3) + 4*%n~3 + (8*n"2 + 10*n + 3)*m + 8*n~2 + 5%n + 1)*axb~2*c” 3%
d*e™m + 3*(m~3 + m~2*%(4*n + 3) + 2*n"3 + (5%n"2 + 8*n + 3)*m + 5*%n"2 + 4%n
+ 1)*a”2%b*c"2*d"2*%e"m - (m~3 + 3*m™2*%(n + 1) + (2%n"2 + 6%n + 3)*m + 2#*n
2 + 3*%n + 1)*a"3*cxd"3*e"m)*B)*x*x™m + ((m~2%n + 2*x(n"2 + n)*m + 2*%n"2 +
n)*Axb~3*kc*d"3*e"m - ((m~2*n + (3*n"2 + 2*n)*m + 3*n"2 + n)*b"3*kc"2*d"2*e”
m - 3*(m~2*n + 2*x(n"2 + n)*m + 2*n~2 + n)*a*xb~2*kc*kd"3*e”m)*B) *x*e” (m*¥log(x
) + 2xnxlog(x)) - (((m™2*n + 4*n~3 + 2*(2*%n"2 + n)*m + 4*n~2 + n)*b~3*c™2*
d~2%e"m - 3*(m~2%n + 2*n~3 + (3*%*n"2 + 2%n)*m + 3*n"2 + n)*a*b~2%c*d"3*e"m)
*A - ((m~2*n + 6*n~3 + (5*n"2 + 2*n)*m + 5*%n"2 + n)*b~3*c 3*xd*xe™m - 3*(...

3.29.8 Giac [F]

[ (atbe")’ (A+Ba") | /(B$"+A)(b$"+a)3(ex)m i
(c + dam)® (dz" + ¢)’

integrate ((e*xx) “m* (a+b*x"n) ~3* (A+B*x"n)/(c+d*x"n) ~2,x, algorithm="giac")

;
integrate((Bxx™n + A)*(b*x"n + a)~3*(e*x) m/(d*x"n + c)~2, x)

3.99. f (em)m(a(—}c-im;c):(A—}-Bm”) dz
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3.29.9 Mupad [F(-1)]

Timed out.

/ (ex)™ (a + bz™)® (A + Bx") / (ex)™ (A+ Bz") (a+bz")® i
(c+dzm)* (c+dzn)’

input Lint (((e*x)"m*(A + B*x"n)*(a + b*x™n)"3)/(c + d*x"n)~2,x)

output Lint(((e*x)“m*(A + Bxx"n)*(a + b*x"n)"3)/(c + d*x"n)~2, x)

3.99. f (ez)m(a(—}c-im‘;)S(A—}-Bm”) dz
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3.30 [ (ex)™(a+ba™)*(A+Bz") 4.

(c+dzm)?
3.30.1 Optimal result . . . . .. .. . ... .. 236
3.30.2 Mathematica [A] (verified) . . . . . .. ... ... oo 237
3.30.3 Rubi [A] (verified) . . . . . . ... .. 237
3.30.4 Maple [F] . . . . . o o 239
3.30.5 Fricas [F] . . . . . o o o 239
3.30.6 Sympy [F] . . . . . 240
3.30.7 Maxima [F] . . . . . ... 2400
3.30.8 Giac [F] . . . . o 2400
3.30.9 Mupad [F(-1)] . . . . o o 247]

3.30.1 Optimal result

Integrand size = 31, antiderivative size = 267

(¢ + dzn)? cd®n(l+m+n)
_ b(2ad(Ad(1 +m) — Be(1 +m +n)) — be(Ad(1 +m +n) — Be(1 +m + 2n))) (ex) ™
cd3e(l+m)n

/ (ex)™ (a + bz™)* (A + Bz") dr— — b2 (Ad(1 +m +n) — Be(l +m + 2n))z! " (ex)™

_ (Bc— Ad)(ex)*™ (a + bz™)?
cden (¢ + dxn)
_ (bc — ad)(ad(Bc(1 + m) — Ad(1 + m —n)) 4+ be(Ad(1 + m +n) — Be(l+m + 2n)))(ex)*™ Hyperge
Ad3e(1+m)n

output | -b~2* (Axd* (1+m+n) -Bxc* (1+m+2*n) ) *x~ (1+n) * (e*x) "m/c/d~2/n/ (1+m+n) -b* (2*ax*xdx*
(A*d* (1+m) -B*c* (1+m+n) ) -b*c* (A*d* (1+m+n) -Bxc* (1+m+2*n) ) ) * (e*x) ~(1+m) /c/d"3
/e/ (1+4m) /n— (-A*d+B*c) * (exx) ~ (1+m) * (a+b*x"n) "2/c/d/e/n/ (c+d*x"n) - (~a*xd+b*c)
* (axd* (Bxc* (1+m) —A*d* (1+m-n) ) +b*c* (A*d* (1+m+n) -B*c* (1+m+2*n) ) ) * (e*x) ~ (1+m)
xhypergeom([1, (1+m)/n], [(1+m+n)/n],-d*x"n/c)/c"2/d"3/e/(1+m)/n

3.30. f (em)m(a(—}c-im;w)n(A—}-Bm”) dz
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3.30.2 Mathematica [A] (verified)

Time = 0.52 (sec) , antiderivative size = 161, normalized size of antiderivative = 0.60

(ex)™ (a + bz™)® (A + Bz™)
5 dx
(c+dzm)
( )m b(—2bBc+Abd+2aBd) n b2 Bda™ (be—ad)(3bBc—2Abd—aBd) Hypergeometric2F1 (LH—Tm,W,_me) _ (bc—ad)?(B
Z\€x 1+m 1+m+n c(1+m)

d3

input LIntegrate [((e*x)"m*(a + b*x"n) 2*%(A + B*x"n))/(c + d*x"n)"2,x]

output

(x*(e*x) “m* ((b*x (-2%b*B*c + A*b*d + 2*a*Bxd))/(1 + m) + (b"2*B*d*x"n)/(1 +
m + n) + ((b*c - axd)*(3*b*Bxc - 2*Axbxd - a*B*d)*Hypergeometric2F1[1, (1
+m)/n, (1 +m + n)/n, -((d*x"n)/c)])/(cx(1 + m)) - ((bxc - axd) ~2*(Bxc -
Axd) *Hypergeometric2F1[2, (1 + m)/n, (1 + m + n)/n, -((d*x"n)/c)])/(c"2*(1
+ m))))/d"3

3.30.3 Rubi [A] (verified)

Time = 0.69 (sec) , antiderivative size = 263, normalized size of antiderivative = 0.99,
number of steps used = 4, number of rules used = 4, umber of rules _ ( 199 Ryles used

integrand size
= {1064, 25, 1040, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ (ex)™ (a + bz")? (A + Ba:")
(c+ dzm)?

l 1064

f _ (ex)m(bx"+a)(a(Bc(m+1)—Ad(m—g-i—nl_’)_)—b(Ad(m+n+1)—Bc(m+2n+1))xn) da

cdn
(ex)™ 1 (a + be™)? (Bc — Ad)
cden (c + dz™)

| 25

f (ex)™(bz"+a)(a(Bec(m+1)—Ad(m—n+1))—b(Ad(m+n+1)— Bc(m+2n+1))x")d
dz™+c

cdn
(ex)™ ! (a + be™)? (Bc — Ad)
cden (c + dz™)

3.30. f (em)m(a(—}c-im‘;)n(A—}-Bm”) dz
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l 1040

f (b2(Bc(m+2n-|—1)—Ad(m+n+1))x"(ex)m + b(be(Ad(m~+n+1)—Be(m+2n+1))—2ad(Ad(m+1)—Be(m+n+1))) (ex)™ + (bc—ad)(—ad(B
d a2

cdn
(ex)™t1 (a + bz™)? (Bc — Ad)
cden (c + dz™)

l'2009

(ex)™ 1! (bc—ad) Hypergeometric2F1 (1 , mT'H , %”'H ,— #) (ad(Bc(m+1)—Ad(m—n+1))+be(Ad(m+n+1)—Be(m+2n+1))) blex)™ 1 (
cd?e(m+1) -

cdn
(ex)™ 1 (a + bz™)? (Bc — Ad)
cden (c + dz™)

~—

input LInt [((e*x)"m*x(a + b*x"n) 2*x(A + B*x"n))/(c + d*x"n)~2,x]

output | -(((B*c - A*d)*(e*x)~(1 + m)*(a + b*x"n)"2)/(cxd*e*n*(c + d*x™n))) + (-((b
~2%(A*d*(1 + m + n) - Bxc*(1 + m + 2%n))*x~ (1 + n)*(e*x)"m)/(d*(1 + m + n)
)) - (b*(2*a*d*(A*d*(1 + m) - B*c*(1 + m + n)) - bxcx(A*d*(1 + m + n) - B*
c¥(1 + m + 2%n)))*(exx)~(1 + m))/(d"2%e*x(1 + m)) - ((bkc - axd)*(a*xd*(Bkc*
(1 +m) - A*d*(1 + m - n)) + b¥xc*(A*d*(1 + m + n) - Bxcx(1 + m + 2*n)))*(e
*x) ~(1 + m)*Hypergeometric2Fi[1, (1 + m)/n, (1 + m + n)/n, -((d*x"n)/c)]1)/
(c*d"2*xex(1 + m)))/(c*xd*n)

3.30.3.1 Defintions of rubi rules used

rule

;
Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 1040‘Int[((g_.)*(x_))‘(m_.)*((a_) + (b_)*(x_)"(@_ )" (p_.)*x((c_) + (d_)*(x_)"(n ‘
‘_))“(q_.)*((e_) + (f_)*(x_)"(_))"(r_.), x_Symbol] :> Int[ExpandIntegrandl[
‘(g*x)”m*(a + b*x"n) "p*(c + d*x"n)"q*(e + f*x"n)"r, x], x] /; FreeQ[{a, b, c

,d, e, £, g, m, n}, x] & IGtQlp, -2] && IGtQlq, 0] && IGtQ[r, 0] |

3.30. f (em)m(a(—}c-im‘;)n(A—}-Bm”) dz
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rule 1064 Int[((g_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"(m_)) " (p_)*((c_) + (d_.)*(x_)"(n_
N7 (g_d)*((e ) + (£_.)*(x_)"(n_)), x_Symbol] :> Simp[(-(bxe - a*f))*(gxx)~(
m + 1)*(a + bxx"n) " (p + 1)*x((c + d*x"n)"q/(axb*g*nx(p + 1))), x] + Simp[1/(
axb*xn*(p + 1)) Int[(g*x)"m*(a + b*x"n)~(p + 1)*(c + d*x"n) " (q - 1)*Simplc
*(bxexnx(p + 1) + (b*e - axf)*x(m + 1)) + d*(b*exnx(p + 1) + (bxe - a*f)*(m
+ nxq + 1))*x"n, x], x], x] /; FreeQ[{a, b, c, d, e, £, g, m, n}, x] && LtQ
[p, -1] && GtQLg, 0] && !'(EqQlg, 1] && SimplerQ[bxc - a*d, bkxe - a*f])

ruka?OOQLInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

3.30.4 Maple [F]

/ (ex)™ (a+bz")* (A + an)dx
(c+dan)’

inputLint((e*x)‘m*(a+b*x“n)“2*(A+B*x‘n)/(c+d*x“n)“2,x)

output Lint((e*x) ~m* (a+b%x~n) ~2% (A+B*x~n) / (c+d*x~n) ~2,x)

3.30.5 Fricas [F]

/ (ex)™ (a + bz™)* (A + Bx”) / (Bz" + A)(bz" + a)?(ex)™ .
(c+ d:c") (dan + c)2

inputLintegrate((e*x)“m*(a+b*x“n)“2*(A+B*x“n)/(c+d*x“n)“2,x, algorithm="fricas")

output‘integral((B*b“Q*x‘(S*n) + A*xa”2 + (2#B*a*b + A*b~2)*x~(2*n) + (B*a~2 + 2*A
‘*a*b)*x"n)*(e*x)"m/(d"2*x’“(2*n) + 2%cxd*x"n + c~2), x)

3.30. f (em)m(a(—}c-im;w)n(A—}-Bm”) dz
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3.30.6 Sympy [F]

/(ex)m (a + bz™)? (A + Bz") /(ex (A+Bm)(a+bz")
(c + dzn)? (c + dan)?

inputLintegrate((e*x)**m*(a+b*x**n)**2*(A+B*x**n)/(c+d*x**n)**2,x)

~—

output LIntegral((e*x)**m*(A + Bkxxkn)x(a + bkxkkn)*k2/(c + dkxkkn)**2, x) J

3.30.7 Maxima [F]

/ (ez)™ (a + bz"™)? (A + Bz™) i / (Bz" + A)(bz" + a)*(ex)™ s
(¢ + dzn)? (dz™ + c)®
inputLintegrate((e*x)‘m*(a+b*x‘n)“2*(A+B*x“n)/(c+d*x‘n)“2,x, algorithm="maxima") J

output | - ((b~2*xc"2xd*e"m*(m + n + 1) + a”2*xd"3*e"m*x(m - n + 1) - 2*axbxcxd™2*%e mx*(
m+ 1))*A - (b"2*%c"3*e"m*(m + 2%n + 1) - 2*axbkc 2*d*e™m*(m + n + 1) + a”2
xc*d"2*e"m*x(m + 1))*B)*integrate(x"m/(c*xd~4*n*x"n + c~2*d"3*n), x) + ((m*n
+ n)*B*b~2*c*d~2*e " m*x*e” (m*xlog(x) + 2*n*log(x)) + (((m~2 + 2*m*x(n + 1) +
n"2 + 2xn + 1)*b"2*%c"24d*e"m - 2*%(m~2 + mx(n + 2) + n + 1)*akxbkcxd"2%e"m

+ (™2 + m¥(n + 2) + n + 1)*a"2xd"3*e"m)*A - ((m~2 + m*x(3*n + 2) + 2*n~2 +
3*n + 1)*b”2%c”3%e"m - 2*(m~2 + 2*xmx(n + 1) + n”2 + 2%n + 1)*axbkc"2xd*e”
m+ (™2 + mx(n + 2) + n + 1)*a”"2xc*d"2%e"m)*B)*x*x"m + ((m*n + n~2 + n)*A
*b"2xc*d"2%e"m - ((m*n + 2*n"2 + n)*b~2*c”2*d*e"m - 2*(m*n + n~2 + n)*axb*
c*d~2*e"m) #B) *x*e” (m*log(x) + n*log(x)))/((m~2*n + (n™2 + 2*n)*m + n"2 + n
Yxcxd"4*x™n + (m™2%n + (n”2 + 2*n)*m + n”~2 + n)*c”2*d"3)

3.30.8 Giac [F]

dz

/ (ex)™ (a + bz™)* (A + Bz") . / (Bz" + A)(bz™ + a)*(ex)™
(c + dan)? (dz" + c)?

.
input  integrate((e*x) “m* (a+b*x"n) ~2* (A+B*x"n)/(c+d*x"n) ~2,x, algorithm="giac")

N

outputtintegrate((B*x”n + A)x(b*x"n + a) 2*x(e*x)"m/(d*x"n + c)~2, x) J

3.30. f (em)m(a(—}c-im;w)n(A—}-Bm”) dz
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3.30.9 Mupad [F(-1)]

Timed out.

/ (ex)™ (a + bz™)* (A + Bx") / (ex)™ (A+ Bz") (a+bz")’ i
(c+dzm)* (c+dzn)’

inputLint(((e*x)‘m*(A + Bxx"n)*(a + b*x"n)"2)/(c + d*x"n)~2,x)

output Lint(((e*x)“m*(A + B*x™n)*(a + b*x"n)"2)/(c + d*x"n)"2, x)

3.30. f (ez)m(a(—}c-im;w)n(A—}-Bm”) dz
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3.31 f (ex)™(a+bx™)(A+Bz™) dx

(c+dam)?
3.31.1 Optimalresult . . .. ... ... . .. ... . e 247
3.31.2 Mathematica [A] (verified) . . . . . . . ... .. Lo 2421
3.31.3 Rubi [A] (verified) . . . . .. ... .. 243
3.31.4 Maple [F] . . . . o o o 245
3.31.5 Fricas [F] . . . . . o o o 245
3.31.6 Sympy [C] (verification not implemented) . . ... ... ... ... ..... 245
3.31.7 Maxima [F] . . . . . ... 246
3.31.8 Giac [F] . . . o o e 247
3.31.9 Mupad [F(-1)] . . . o o 247

3.31.1 Optimal result

Integrand size = 29, antiderivative size = 178

/(ex (a+bz™) (A + Bz™) i
(¢ + dzn)?
_ _B(ad(1+m) —be(1+m+n))(e z)'*™  (bc — ad)(ex)'*™ (A + Bz")
cd?e(1 +m)n cden (c + dzn)

Ad(be(1 +m) — ad(1 +m —n)) + Be(ad(1 +m) — be(1 +m +n)))(ex) ™ Hypergeometric2F1 (1, -
+
c2d?e(1 +m)n

output ‘ -B* (axd* (1+m) -bxc* (1+m+n) ) * (exx) ~ (1+m) /c/d"2/e/ (1+m) /n- (-axd+b*c) * (exx) ~ (1 ‘
‘ +m) * (A+B*x"n)/c/d/e/n/ (c+d*x"n)+(A*d* (bxc* (1+m) —a*xd* (1+m-n) ) +B*c* (a*d* (1+m ‘
‘ )-b*c*(1+m+n)) ) * (exx) ~ (1+m) *hypergeom([1, (1+m)/n], [(1+m+n)/n],-d*x"n/c)/c ‘
~2/d"2/e/(1+m)/n |

3.31.2 Mathematica [A] (verified)

Time = 0.27 (sec) , antiderivative size = 110, normalized size of antiderivative = 0.62

/ (ex)™ (a + bz™) (A + Bz™)
5 dz
(c+dzn)
_ z(ex)™ (bBE® 4 ¢(—2bBc + Abd + aBd) Hypergeometric2F1 (1, &2 L=mdn _&0) 4 (be — od)(Bc — A
B c2d?(1 +m)

331. [ (em>”(“jf§’;ggé+Bz ) da
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input ‘ Integrate[((e*x) “m*(a + b*x"n)*(A + Bxx"n))/(c + d*x"n)"~2,x] ‘

p

output‘ (x* (exx) “m* (bxB*c™2 + c*(-2*%b*Bxc + A*bxd + a*Bxd)*Hypergeometric2F1[1, (1
‘ +m)/n, (1 +m + n)/n, -((d*x"n)/c)] + (b*c - a*d)*(Bxc - A*d)*Hypergeome
‘tric2F1[2, 1 +m/n, 1 +m+ n)/n, -((d*x"n)/c)]))/(c”2%d"2*%(1 + m))

-

3.31.3 Rubi [A] (verified)

Time = 0.42 (sec) , antiderivative size = 180, normalized size of antiderivative = 1.01,
number of steps used = 4, number of rules used = 4, Bumber of rules _ 3¢ Ryles uged

integrand size
= {1064, 25, 959, 888}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (ex)™ (a + bz™) (A + Bz™) d

(c+ dzm)?
l 1064
~ f _ (ea:)m(A(bc(m-i—l)—ad(m—”':li)n)_i__cB(ad(m'f‘l)—bc(m+n+1))wn) dz _ (ex)m-i-l (bC _ ad) (A + B.’En)
cdn cden (c + dz™)

| 25

f (ea:)m(A(bc(m+1)—Uld(m—n':‘i;)n);cB(ad(m‘f'l)—bc(m+"+1))mn)dl. B (ea:)m+1(bc _ (I,d) (A + B.’L‘n)
cdn cden (c + dz™)
l 959

(ad(Bc(mA+1)— Ad(m—n+1))+bc(Ad(m+1)—Be(m+n+1))) [ ‘gzﬁ)::dx _ B(ea)™* (ad(m-+1)—be(m-n+1))
d de(m+1)

cdn
(ex)™+1(bc — ad) (A + Bz™)
cden (c + dz™)

l 888

(ex)™+! Hypergeometric2F1 (1, mTH , %"4'1 ,— %) (ad(Bce(m+1)—Ad(m—n+1))+bc(Ad(m+1)—Be(m+n+1))) B(ex)™ 1 (ad(m+1)—be(
cde(m+1) o de(m+1)

cdn
(ex)™+1(bc — ad) (A + Bz™)
cden (c + dz™)

331. [ (e“”)’”(‘z;”j;g()ﬁm") dz
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input‘Int[((e*x)“m*(a + b*x"n)*(A + B*x"n))/(c + d*x"n)"2,x]

output | -(((b*c - a*d)*(e*x)~(1 + m)*(A + Bxx"n))/(c*kd*exn*(c + d*x"n))) + (-((B*(
axd*(1 + m) - bxcx(1 + m + n))*(e*x)"(1 + m))/(d*e*x(1 + m))) + ((axd*(B*cx
(1 +m) - A*d*(1 + m - n)) + bkcx(A*d*(1 + m) - B*c*x(1 + m + n)))*x(e*x)~(1
+ m)*Hypergeometric2F1[1, (1 + m)/n, (1 + m + n)/n, -((d*x"n)/c)])/(c*xd*e
*(1 + m)))/(cxd*n)

3.31.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

r1116888‘Int[((C_.)*(X_))”(m_.)*((a_) + (b_)*(x_)"(n.))"(p_), x_Symbol] :> Simp[a”p

‘*((c*x)“(m + 1)/(cx(m + 1)))*Hypergeometric2F1i[-p, (m + 1)/n, (m + 1)/n + 1
, (-b)*(x"n/a)], x] /; FreeQ[{a, b, ¢, m, n, p}, x] & !'IGtQlp, 0] && (ILt
Qlp, 01 |1 GtQla, 01)

rule 959 Int[((e_.)*(x_)) " (m_.)*((a_) + (b_)*(x_)"(m_)) (p_.)*((c_) + (d_.)*x(x_)"(n
_)), x_Symbol] :> Simp[d*(exx)~(m + 1)*((a + b*x"n) " (p + 1)/(bxex(m + n*(p

+ 1) +1))), x] - Simp[(a*d*(m + 1) - bxcx(m + nx(p + 1) + 1))/(bx(m + nx(p
+ 1) + 1)) Int[(e*x) "m*(a + b*x™n)"p, x], x] /; FreeQ[{a, b, c, d, e, m,
n, p}, x] && NeQ[b*c - a*d, 0] && NeQ[m + nx(p + 1) + 1, 0]

rule 1064 Int[((g_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(@))~(p_)*((c_) + (d_.)*(x_)"(n_
D)~ (q_.)*((e ) + (£_.)*(x_)"(n_)), x_Symbol] :> Simp[(-(b*e - a*f))*(g*x)~(
m+ 1)*(a + b*xx™n)~(p + 1)*((c + d*x"n)"q/(axb*g*n*(p + 1))), x] + Simp[1/(
axbxn*(p + 1)) Int[(g*x) m*(a + b*x"n)"(p + 1)*(c + d*x"n)~(q - 1)*Simp[c
*(bxexnx(p + 1) + (b*e - axf)x(m + 1)) + d*(b*exn*(p + 1) + (bxe - a*f)*(m
+ nxq + 1))*x™n, x], x], x] /; FreeQ[{a, b, c, d, e, £, g, m, n}, x] && LtQ
[p, -1] && GtQLg, 0] && !'(EqQlg, 1] && SimplerQ[bxc - a*d, bkxe - a*f])

331. [ (e“”)’”(‘zjfj;g(;;”“") dz
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3.31.4 Maple [F]

dz

/ (ex)™ (a+bz™) (A+ Bz")
(c+dazn)’

p
input Lint ((e*x) “m* (a+b*x~n) * (A+B*x~n) / (c+d*x"n) ~2,x)

- >

outputLint((e*x)‘m*(a+b*x“n)*(A+B*x‘n)/(c+d*x‘n)‘2,x)

3.31.5 Fricas [F]

dz

/ (ex)™ (a + bz™) (A + Bz™) dp — / (Bz™ + A)(bz™ + a)(ex)™
(c + dan)? (dz" + c)?

p
inputtintegrate((e*x)‘m*(a+b*x‘n)*(A+B*x‘n)/(c+d*x‘n)“2,x, algorithm="fricas")

A J

p
output \ integral ((Bxbxx~(2*n) + A*a + (B*a + A*b)*x"n)*(e*x) m/(d"2%x~(2%n) + 2%cx*
‘d*x“n + ¢c72), x)

\ ]

3.31.6 Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 25.68 (sec) , antiderivative size = 5176, normalized size of antiderivative = 29.08

/ (ex)™ (a + bx™) (A + Bz")

dz = Too large to displa;
(c+ davn)2 & Py

input Lintegrate ((exx) **xm* (a+b*x**n) * (A+B*xx**n) / (c+d*x*k*n) **2,x)

331. [ <e”>”(‘zjf§’;gg’3+3“"> dz




output
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Axax(-cxcx*(m/n + 1/n)*c*x(-m/n - 2 - 1/n)*e*xm*xm**2*x**x(m + 1)*lerchphi(d

*xx*kxnkxexp_polar(I*pi)/c, 1, m/n + 1/n)*gamma(m/n + 1/n)/(c*n**3*gamma (m/n
+ 1 + 1/n) + d*n**3*x**nxgamma(m/n + 1 + 1/n)) + cxc**(m/n + 1/n)*c**x(-m/n
- 2 - 1/n)*ex*m*m*n*x**(m + 1)*lerchphi(d*x**n*exp_polar(I*pi)/c, 1, m/n
+ 1/n)*gamma(m/n + 1/n)/(c*n**3*xgamma(m/n + 1 + 1/n) + d*n**3*x**n*gamma (m
/n+ 1+ 1/n)) + c*c**x(m/n + 1/n)*cx*(-m/n - 2 - 1/n)*ex* mkmkn*x**(m + 1)=*
gamma(m/n + 1/n)/(c*n**3*gamma(m/n + 1 + 1/n) + d*n**3*x**nkgamma(m/n + 1
+ 1/n)) - 2*xcxcx*(m/n + 1/n)*c**x(-m/n - 2 - 1/n)*e**m*m*x**(m + 1)*lerchph
i(d*x**nxexp_polar(I*pi)/c, 1, m/n + 1/n)*gamma(m/n + 1/n)/(c*n**3*gamma (m
/n + 1 + 1/n) + d*nxx3*x**n*xgamma(m/n + 1 + 1/n)) + cxckx(m/n + 1/n)*c**(-
m/n - 2 - 1/n)*e¥x*km*n*x**(m + 1)*lerchphi(d*x**n*exp_polar(I*pi)/c, 1, m/n
+ 1/n)*gamma(m/n + 1/n)/(c*n**3*gamma(m/n + 1 + 1/n) + d*n¥*3xx**n*xgamma (
m/n + 1 + 1/n)) + cxckx(m/n + 1/n)*c*x*x(-m/n - 2 - 1/n)*e*x* m*n*x*x*(m + 1)*g
amma(m/n + 1/n)/(c*n**3*%gamma(m/n + 1 + 1/n) + d*n**3*x**nkgamma(m/n + 1 +
1/n)) - c*cx*(m/n + 1/n)*c**(-m/n - 2 - 1/n)*ex*m*x**(m + 1)*lerchphi(d*x
x*n*exp_polar(I*pi)/c, 1, m/n + 1/n)*gamma(m/n + 1/n)/(c*n**3*gamma(m/n +
1 + 1/n) + d*n**3*x**n*gamma(m/n + 1 + 1/n)) - c**x(m/n + 1/n)*c**x(-m/n - 2
- 1/n)*dxe**m*m**2*x**n*x** (m + 1)*lerchphi(d*x**n*exp_polar(I*pi)/c, 1,
m/n + 1/n)*gamma(m/n + 1/n)/(c*n¥*3*gamma(m/n + 1 + 1/n) + d¥n**3*x**n*gam
ma(m/n + 1 + 1/n)) + c*x*(m/n + 1/n)*c**(-m/n - 2 - 1/n)*d*ex*xmim n*x**n. ..

3.31.7 Maxima [F]

/ (ex)™ (a + bz™) (A + Bz™) dp — / (Bz™ + A)(bz™ + a)(ex)™ i
(¢ + dzn)? (dz™ + ¢)?

-

inputLintegrate((e*x)‘m*(a+b*x‘n)*(A+B*x“n)/(c+d*x‘n)“2,x, algorithm="maxima")

output

-((a*d™2*%e"m*(m - n + 1) - b*cxd*e"m*(m + 1))*A + (bxc"2*e"m*(m + n + 1) -
axckd*e"m*(m + 1))*B)*integrate(x"m/(c*d"~3*n*x"n + c~2*%d"2*n), x) + (B*b*
cxd*e m*n*x*e” (mxlog(x) + n*log(x)) - ((b*ckdx*e"m*(m + 1) - a*d"2%e"mx(m +
1))*A - (bxc™2%e"m*(m + n + 1) - akxckxd*e m*(m + 1))*B)*x*x"m)/((m*n + n)*
cxd"3*x"n + (m*n + n)*c”~2*d~2)

~—

331. [ (“V”(‘z;”g’;()’;”“") dz
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3.31.8 Giac [F]

/ (ex)™ (a + bz™) (A + Bz™) dp — / (Bz"™ + A)(bx™ + a)(ex)™ iz
(¢ + dzn)? (dz™ + c)®

input Lintegrate ((e*x) “m* (a+b*x"n) * (A+B*x"n) / (c+d*x"n) "2,x, algorithm="giac")

output Lintegrate ((B*x"n + A)*(b*x™n + a)*(exx) m/(d*x™n + c)~2, x)

3.31.9 Mupad [F(-1)]

Timed out.

/ (ex)™ (a + bz™) (A + Bz™) dp — / (ex)™ (A+ Bz") (a+bz™) i
(¢ + dzn)? (c+dzn)?

input Lint(((e*x)“m*(A + Bx*x"n)*(a + b*x"n))/(c + d*x"n)"2,x)

outputtint(((e*x)*m*(A + B*x"n)*(a + b*x"n))/(c + d*x"n)"2, x)

331. [ <e”>”<‘zjf§’;gg;‘+3”"> dz
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3.32  [leldBd) g,

(c+dzm)?
3.32.1 Optimalresult . . .. ... ... ... .. . 248
3.32.2 Mathematica [A] (verified) . . . . . . . ... ..o Lo 248]
3.32.3 Rubi [A] (verified) . . . . . ... . 249
3.324 Maple [F] . . . . . o o 250
3.32.5 Fricas [F] . . . . . o o o 250
3.32.6 Sympy [C] (verification not implemented) . . ... ... ... ... ...... 251]
3.32.7 Maxima [F] . . . . . . . 251]
3.32.8 Giac [F] . . . . o 252
3.329 Mupad [F(-1)] . . . . oo 252

3.32.1 Optimal result

Integrand size = 22, antiderivative size = 107

/ (ex)™ (A + B;x ) i
(c+dzm)
_ (Bc— Ad)(ex)'+™
cden (c + dzn)
N (Bc(1 4+ m) — Ad(1 + m — n))(ex)*™ Hypergeometric2F1 (1, 1fm Ltmin _ dot)
c2de(1 +m)n

output ‘ - (-A*d+B*c) *(e*x) " (1+m) /c/d/e/n/ (c+d*x"n) +(B*c* (1+m) -A*d* (1+m-n) ) * (e*x) ~ (1 ‘
+m)*hypergeom([1, (1+m)/n], [(1+m+n)/n],-d*x"n/c)/c~2/d/e/(1+m)/n |

3.32.2 Mathematica [A] (verified)

Time = 0.14 (sec) , antiderivative size = 83, normalized size of antiderivative = 0.78

(ex)™ (A+ Bz")
/ dz

(c+ dan)?
_ z(ex)™ (BcHypergeometric2F1 (1, 14m Limin _di7) 4 (— Be 4 Ad) Hypergeometric2F1 (2, 1, 1
B c2d(1+m)
input LIntegrate [((exx)"m*x(A + B*x"n))/(c + d*x"n)~2,x] J

3.32. [ EAET do
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output‘ (x* (exx) “m* (BxcxHypergeometric2F1[1, (1 + m)/n, (1 + m + n)/n, -((d*x"n)/c
‘)] + (-(B*c) + Axd)*Hypergeometric2F1[2, (1 + m)/n, (1 + m + n)/n, -((d*x~
10)/€)1))/(c™24d*(1 + m))

3.32.3 Rubi [A] (verified)

Time = 0.23 (sec) , antiderivative size = 107, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 2, Bumber of rules _ 4 497 Ryles used
integrand size
— {957, 888}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (ex)™ (A + Bz™) .
(¢ + dzm)?
| 957
(Be(m +1) — Ad(m —n +1)) [ ,g;zﬁ’;dx (ex)™ 1 (Bc — Ad)
cdn ~ cden(c+ dzn)
| 888

(ex)™+1(Be(m + 1) — Ad(m — n + 1)) Hypergeometric2F1 (1, ™k mintl ' dot)
c2de(m + 1)n
(ex)™ 1 (Bc — Ad)
cden (c + dz™)

inputLInt[((e*x)“m*(A + Bxx~n))/(c + d*x~n)"2,x]

( N

-(((B*c - Axd)*(exx)~(1 + m))/(c*d*e*n*(c + d*x"n))) + ((B*c*(1 + m) - A*xd
‘*(1 + m - n))*(e*xx)”" (1 + m)*Hypergeometric2F1[1, (1 + m)/n, (1 + m + n)/n,
- ~((a*x"n)/c)1)/(c"2*d*e* (1 + m)*n) )

output

3.32. [ EAET do




rule 888

rule 957
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3.32.3.1 Defintions of rubi rules used

Int[((c_)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"(n_.))"(p_), x_Symbol] :> Simp[a”p
*((c*x)"(m + 1)/(cx(m + 1)))*Hypergeometric2F1[-p, (m + 1)/n, (m + 1)/n + 1
, (-b)*(x"n/a)], x] /; FreeQ[{a, b, ¢, m, n, p}, x] & !'IGtQlp, 0] && (ILt
Qlp, 0] |l GtQ[a, 01)

Int[((e_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_.)*((c_) + (d_.)*(x_)"(n
_)), x_Symbol] :> Simp[(-(b*c - a*d))*(e*x)"(m + 1)*((a + b*xx™n)~(p + 1)/(a
*b*exn*(p + 1))), x] - Simp[(a*d*(m + 1) - bxc*(m + n*x(p + 1) + 1))/(axb*nx*
(p + 1)) Intl[(exx)"m*(a + b*x"n)~(p + 1), x]1, x] /; FreeQl{a, b, c, d, e,
m, n}, x] && NeQ[bxc - axd, 0] && LtQ[p, -1] && (( !IntegerQlp + 1/2] && N
eQlp, -5/41) || !RationalQ[m] || (IGtQ[n, 0] && ILtQ[p + 1/2, 0] && LeQ[-1
, m, (-n)*(p + 1)1))

3.32.4 Maple [F]

/ (ex)™ (A + an)dm
(c+dazn)’

input Lint ((e*x) “m* (A+B*x~n)/ (c+d*x~n)~2,x)

p
output Lint ((e*x) “m* (A+B*x"n) / (c+d*x"n) ~2,x)

~—

3.32.5 Fricas [F]

/ (ex)™ (A + Bz™) dp — / (Bz™ + A)(ex)™
(c + dzn)? (dz" + c)?

input Lintegrate ((e*x) “m* (A+B*x"n) / (c+d*x"n) "2,x, algorithm="fricas")

output Lintegral( (B*xx™n + A)*(e*xx) m/(d"2*x~(2*%n) + 2%c*d*x"n + c~2), x)

A

3.32. [ EAET do
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3.32.6 Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 8.80 (sec) , antiderivative size = 2382, normalized size of antiderivative = 22.26

dx = Too large to display

/ (ex)™ (A+ Bz")

(¢ + dzn)?

input | integrate ((e*x)**m* (A+Bxx**n) / (c+d*x**n) **2,x)

N

output | A*(-cxc**(m/n + 1/n)*cx*(-m/n - 2 - 1/n)*ex*m*m**2*x**(m + 1)*lerchphi(d*x
*xnkexp_polar(I*pi)/c, 1, m/n + 1/n)*gamma(m/n + 1/n)/(c*n**3*gamma(m/n +
1 + 1/n) + d*n**x3*x**n*gamma(m/n + 1 + 1/n)) + c*c*k*x(m/n + 1/n)*ck*(-m/n -
2 - 1/n)*e*x*m*m*n*x**(m + 1)*lerchphi(d*x**n*exp_polar(I*pi)/c, 1, m/n +
1/n)*gamma (m/n + 1/n)/(c*n**3*gamma(m/n + 1 + 1/n) + d*n¥*3*x**n*xgamma(m/n
+ 1+ 1/n)) + ckcx*(m/n + 1/n)*c**(-m/n - 2 - 1/n)*e*s*msm*n*x**(m + 1)*ga
mma(m/n + 1/n)/(c*n**3*gamma(m/n + 1 + 1/n) + d*nx*3*x*x*nkxgamma(m/n + 1 +
1/n)) - 2%c*cx*(m/n + 1/n)*cx*x(-m/n - 2 - 1/n)*e**m*m*x**(m + 1)*lerchphi/(
d*x**n*exp_polar(I*pi)/c, 1, m/n + 1/n)*gamma(m/n + 1/n)/(c*n**3*gamma(m/n
+ 1 + 1/n) + d¥n**3xx**n*gamma(m/n + 1 + 1/n)) + ckcx*(m/n + 1/n)*c**(-m/
n - 2 - 1/n)*ex*m*n*x**(m + 1)*lerchphi(d*x**n*exp_polar(I*pi)/c, 1, m/n +
1/n)*gamma(m/n + 1/n)/(c*n**3*gamma(m/n + 1 + 1/n) + d*n**3*x**n*gamma (m/
n+ 1+ 1/n)) + cxckx(m/n + 1/n)*c**x(-m/n - 2 - 1/n)*ex* mknxx**(m + 1)*gam
ma(m/n + 1/n)/(c*n**3*gamma(m/n + 1 + 1/n) + d*n**3*x**nkgamma(m/n + 1 + 1
/n)) - cxck*(m/n + 1/n)*c**(-m/n - 2 - 1/n)*ex*m*x**(m + 1)*lerchphi (d*xx**
n*exp_polar(I*pi)/c, 1, m/n + 1/n)*gamma(m/n + 1/n)/(c*n**3*xgamma(m/n + 1
+ 1/n) + d*n**3*kxx*nkgamma(m/n + 1 + 1/n)) - c**(m/n + 1/n)*cx*(-m/n - 2 -
1/n) *d*e*x*mim*k*2*kx**n*kx**(m + 1)*lerchphi(d*x**n*exp_polar(I*pi)/c, 1, m/
n + 1/n)*gamma(m/n + 1/n)/(c*n**3*xgamma(m/n + 1 + 1/n) + d*n**3*x**n*gamma
(m/n + 1 + 1/n)) + cx*(m/n + 1/n)*c*x*(-m/n - 2 - 1/n)*d*exkmm n*x*k*n*x. ..

3.32.7 Maxima [F]

/ (ex)™ (A + Bz™) dp — / (Bz™ + A)(ex)™
(¢ + dzn)? (dz" + c)?

input Lintegrate ((e*x) “m* (A+B*x"n) /(c+d*x"n) "2,x, algorithm="maxima")

—

3.32. [ EAET do
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output‘ -(Bxc*e™m - Axd*e”m)*x*x"m/(c*d"2*n*x"n + c"2*d*n) - (Axd*e"m*(m - n + 1)
‘- Bxc*e"mx(m + 1))*integrate(x"m/(c*xd"2*n*x"n + c~2*d*n), x)

3.32.8 Giac [F]

/ (ex)™ (A + Bz™) dp — / (Bz"™ + A)(ex)™ i
(¢ + dzn)? (dz™ + ¢)®

input Lintegrate ((e*x) “m* (A+B*x"n) / (c+d*x"n) "2,x, algorithm="giac")

output Lintegrate ((B*x™n + A)*(exx)"m/(d*x™n + c)72, x)

3.32.9 Mupad [F(-1)]

Timed out.

/ (ex)™ (A + Bzx™) dp — / (ex)™(A+ Bz") i
(¢ + dan)? (c+dzn)’

inputtint(((e*x)*m*(A + B*x"n))/(c + d*x"n)"2,x)

output Lint (((exx)"m*(A + Bxx"n))/(c + d*x"n)~2, x)

3.32. [ EAET do
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3.33 f ((ex)m(A—l—Bx”)2 dx

a+bx™)(c+dx™)
3.33.1 Optimalresult . . ... ... ... .. ... .. 253
3.33.2 Mathematica [A] (verified) . . . . . . . ... ..o 2531
3.33.3 Rubi [A] (verified) . . . . . . ... .. 254
3.334 Maple [F] . . . . . o o 250
3.33.5 Fricas [F] . . . . . . o o 250
3.33.6 Sympy [F(-2)] . . . . o 250
3.33.7 Maxima [F] . . . . . ... 257
3.33.8 Giac [F] . . . . . 257
3.33.9 Mupad [F(-1)] . . . . . o 257

3.33.1 Optimal result

Integrand size = 31, antiderivative size = 211

(ex)™ (A + Bz")
/ (a + bz™) (c + dan)®
(Bc — Ad)(ex)*™ b(Ab — aB)(ex)"*™ Hypergeometric2F1 (1, 14m 1tmin _ ba%)
- c(bc — ad)en (c + dz™) a(bc — ad)?e(1+m)
(be(Ad(1+m — 2n) — Be(1 +m —n)) + ad(Be(1 +m) — Ad(1 + m — n)))(ex)'*™ Hypergeometric2
c2(bc — ad)?e(1 + m)n

+

output ‘ (-A*d+Bxc) * (exx) ~(1+m) /c/ (-a*d+b*xc) /e/n/ (c+d*x"n) +b* (Axb-B*a) * (e*xx) ~ (1+m) * ‘
'hypergeom([1, (1+m)/n], [(1+m+n)/n],-b*x"n/a)/a/(-axd+bkc)~2/e/(1+m)+(bxcx( |
‘ Axd* (1+m-2%n) -B*c* (1+m-n) ) +a*d* (Bxc* (1+m) —A*d* (1+m-n) ) ) * (e*x) ~ (1+m) *hyperg ‘
\ eom([1, (1+m)/n],[(1+m+n)/n],-d*x"n/c)/c 2/ (-axd+b*c) 2/e/(1+m)/n \

3.33.2 Mathematica [A] (verified)

Time = 0.38 (sec) , antiderivative size = 150, normalized size of antiderivative = 0.71

(ex)™ (A + Bz")
(a + bz™) (c + dan)®
z(ex)™ (b(Ab — aB)c? Hypergeometric2F1 (1, &£ 1tmin 0% 4 q(— Ap + qB)cd Hypergeometric2F ]
- ac?(bc — ad)?(1 1

(ex)™(A+Bz™)
3.33. f W dCE
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input\ Integrate[((e*x) m*(A + B*x™n))/((a + b*x"n)*(c + d*x"n)~2),x] \

output‘f(x*(e*x)"m*(b*(A*b - axB)*c~2+Hypergeometric2F1[1, (1 + m)/n, (1 + m + n)/
‘n, -((b*x"n)/a)] + a*(-(Axb) + a*B)*cxd*Hypergeometric2F1[1, (1 + m)/n, (1
‘ +m + n)/n, -((d*x"n)/c)] + a*x(bxc - a*xd)*(B*c - Axd)*Hypergeometric2F1[2
L, (1 +m)/n, (1 +m+ n)/n, -((d@*x"n)/c)]))/(a*xc”2*(bxc - a*xd)"2*(1 + m))

|

3.33.3 Rubi [A] (verified)

Time = 0.59 (sec) , antiderivative size = 231, normalized size of antiderivative = 1.09,
number of steps used = 4, number of rules used = 4, Bumber of rules _ 5 199 Ryles used

integrand size
= {1065, 25, 1067, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

(ex)™ (A + Bz™)
(a + bz") (¢ + dzn)?
| 1065
ex)" (b(Bc—Ad)(m—n+1)z"+a(Bc(m+1)—Ad(m—n+1))—Abcn
[ _ (ex)™ (b( )( (b)x"+a)((dx£t+c)) ( ) ) dac (ez)™+(Be — Ad)
en(be — ad) cen(bc — ad) (¢ + dz™)

l25

ex)™ (b(Bc—Ad)(m—n+1)z"+aBc(m+1)—aAd(m—n+1)—Aben
(cay™i(Be— Ady [ OB Aot o Bl ) —addononl)=tben) g,

cen(bc — ad) (¢ + dz™) en(be — ad)
| 1067

(ex)™+1(Bc — Ad)

cen(bc — ad) (c + dz™)
f ((—bc(Ad(m—2n+1)—Bc(m—n—i—l))—ad(Bc(m—H)—Ad(m—'n,—i-l)))(e:c)m _ b(Ab—aB)cn(ez)m> dx
(be—ad)(dzm+-c) (be—ad) (bz™+a)

en(be — ad)
| 2009

(ex)™+1(Bc — Ad)
cen(bc — ad) (¢ + dz™)
ben(ex)™ 1 (Ab—aB) Hypergeometric2F1 (1,7"77Ll , %M ,— %) (ex)™*1 Hypergeometric2F1 (l,mTle , %T”Ll — #) (ad(Bc(m+1)—A

ae(m+1)(bc—ad) ce(m+1)(bc—ad)
en(be — ad)

(ex)™(A+Bz™)
3.33. f W dCL'
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input ‘

Int[((e*x) "m*(A + B*x"n))/((a + b*x"n)*(c + d*x"n)"2),x]

output

((Bxc - Axd)*(e*x)~(1 + m))/(c*(b*c - axd)*exn*(c + d*x"n)) - (-((b*(Axb -
a*B) *xc*n* (e*x) " (1 + m)*Hypergeometric2Fi[1, (1 + m)/n, (1 + m + n)/n, -((
b*x"n)/a)])/(ax(bxc - a*d)*ex(1 + m))) - ((bkc*(A*d*(1 + m - 2*n) - Bxc*(1
+m - n)) + akdk(Bkckx(1 + m) - Axd*(1 + m - n)))*(e*x)” (1 + m)*Hypergeome
tric2F1[1, (1 + m)/n, (1 + m + n)/n, -((d*x"n)/c)])/(cx(b*xc - a*xd)*ex(1 +
m)))/(cx(bxc - a*d)*n)

3.33.3.1 Defintions of rubi rules used

-

rule 25 L

Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int([Fx, x], x]

| —

rule 1065

Int[((g_.)*(x_))"(m_.)*((a_) + (b_)*(x_)"(m_ )" (p_)*((c_) + (d_.)*(x_)"(n_
))~(qL)*((e ) + (£_.)*(x_)"(n_)), x_Symbol] :> Simp[(-(b*e - a*f))*(g*x)~(m
+ Dx*(a + b*xx™n) " (p + D*((c + d*x™n)~(q + 1)/(axg*n*(bxc - axd)*(p + 1)))
, x] + Simp[1/(a*n*(b*c - a*d)*(p + 1)) Int[(g*x) "m*(a + b*x"n) " (p + 1)*(
c + d*x"n) “g*Simp[cx(bxe - a*f)*(m + 1) + e*nx(bxc - a*d)*(p + 1) + d*(bx*e
- axf)*x(m + nx(p + q + 2) + 1)*x"n, x], x], x] /; FreeQ[{a, b, c, d, e, £,
g, m, n, qF, x] && LtQ[p, -1]

rule 1067

-

rule 2009 L

Int[(((g_.)*(x_))"(m_.)*x((a_) + (b_)*(x_)"(n)) " (p_)*((e ) + (£_)*(x_)"(n
I/ e) + (d_)*(x_)"(n_)), x_Symbol] :> Int[ExpandIntegrandl[(g*x) m*(a
+ b*x"n) “p*((e + f*x"n)/(c + d*x™n)), x], x] /; FreeQ[{a, b, c, d, e, £, g,
m, n, p}, x]

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul

| —

(ex)™(A+Bz™)
3.33. f W dCE
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3.33.4 Maple [F]

/ (ex)™ (A+ B z™)
(a+bz") (c+dzn)’

inputLint((e*x)‘m*(A+B*x“n)/(a+b*x‘n)/(c+d*x‘n)“2,x)

outputLint((e*x)‘m*(A+B*x“n)/(a+b*x‘n)/(c+d*x‘n)*2,x)

3.33.5 Fricas [F]

/ (ex)™ (A + Bzx™) i — / (Bz" + A)(ex)™ I
(a + bz™) (¢ + dzn)® (bz" + a)(dz" + c)?

inputtintegrate((e*x)‘m*(A+B*x‘n)/(a+b*x‘n)/(c+d*x‘n)“2,x, algorithm="fricas")

output‘ integral ((B*x"n + A)*(exx) "m/(b*d~2*x~(3*n) + a*xc™2 + (2%bkcxd + a*d~2)*x"
‘(2*n) + (b*c™2 + 2%axc*d)*x~n), x)

3.33.6 Sympy [F(-2)]

Exception generated.

dr = Exception raised: HeuristicGCDFailed

/ (ex)™ (A + Bzx™)
(a + bz™) (c + dzn)®

p
input Lintegrate ((e*xx) **xm* (A+B*x**n) / (a+b*x**n) / (c+d*x*k*n) **2,x)

e—

output LException raised: HeuristicGCDFailed >> mno luck

(ex)™(A+Bz™)
3.33. f W dCE
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3.33.7 Maxima [F]

/ (ex)™ (A + Bz™) dp — / (Bz™ + A)(ex)™ i
(a + bz") (c + dan)® (bz™ + a)(dz™ + ¢)?

input Lintegrate ((e*x) “m* (A+B*x"n) / (a+b*x"n) / (c+d*x"n) “2,x, algorithm="maxima")

output | (Bxcxe™m - Axd*e”m)*x*x"m/(b*c~3%n - axc”2*d*n + (bxc™2*d*n - a*ckd™2*n)*x
“n) - ((a*d™2*e"m*(m - n + 1) - bkckd*e™m*(m - 2*n + 1))*A + (b*c™2*xe"m*(m
- n + 1) - akcxdxe"m*(m + 1))*B)*integrate(x"m/(b~2*c"4*n - 2*axb*c”3*d*n
+ a”2*%c”2%d"2*n + (b~2%c"3*d*n - 2*axb*c”2*d"2*n + a~2*c*d~3#*n)*x"n), x)
- (B*a*b*e™m - A*b~2%e"m)*integrate(x"m/(axb~2%c”2 - 2%a”2*bxc*d + a~3%d"2
+ (b73%c™2 - 2xaxb~2*ckd + a~2*%b*d"2)*x"n), x)

3.33.8 Giac [F]

/ (ex)™ (A + Bz™) dp — / (Bz™+ A)(ex)™ i
(a + bz™) (c + dzn)® (bz™ + a)(dz + ¢)*

inputLintegrate((e*x)“m*(A+B*x“n)/(a+b*x“n)/(c+d*x“n)“2,x, algorithm="giac")

outputtintegrate((B*x“n + A)*(e*xx)"m/((b*x"n + a)*(d*x™n + c)~2), x)

3.33.9 Mupad [F(-1)]

Timed out.

(ex)™ (A + Bz™) dp — / (ex)™ (A+ Bz™)
(a + bz") (c + dan)® (a+ban) (c+dan)?

inputtint(((e*x)“m*(A + B*x"n))/((a + b*x"n)*(c + d*x"n)~2),x)

output Lint(((e*x)‘m*(A + Bxx™n))/((a + b*x™n)*(c + d*x"n)~2), x)

—

(ex)™(A+Bz™)
3.33. f W dCE
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3.34 f : (ex)™(A+Bzx") . dx

a+bz™)? (c+dz)
3.34.1 Optimalresult . . .. ... ... . .. ... . e 258
3.34.2 Mathematica [A] (verified) . . . . . . ... . .. Lo 2591
3.34.3 Rubi [A] (verified) . . . . . ... .. 259
3.344 Maple [F] . . . . o o 261]
3.34.5 Fricas [F] . . . . . o o o 261]
3.34.6 Sympy [F(-2)] . . . . o 262
3.34.7 Maxima [F] . . . . . ... . 262
3.34.8 Giac [F] . . . . o 263
3.34.9 Mupad [F(-1)] . . . . oo 263

3.34.1 Optimal result

Integrand size = 31, antiderivative size = 315

(ex)™ (A + Bz")
/ (a + bz™)? (¢ + dz)?
_ d(Abc — 2aBc+ aAd)(ex)'t™ (Ab — aB)(ex)t™
ac(bc — ad)?en (c + dz™) a(bc — ad)en (a + bz™) (¢ + dzn)
b(aB(bc(1 +m) — ad(1 +m — 2n)) + Ab(ad(1l +m — 3n) — be(1 + m — n)))(ex)' ™™ Hypergeometric
+ a?(bc — ad)3e(1 +m)n
d(bc(Ad(1+m — 3n) — Be(1 +m — 2n)) + ad(Bc(1 + m) — Ad(1 + m — n)))(ex)' ™™ Hypergeometr:
B 2(bc — ad)3e(1+m)n

output | d* (Axa*xd+A*xb*xc-2*Bxa*xc)* (e*xx) ~(1+m) /a/c/ (-a*d+b*c) “2/e/n/ (c+d*x"n)+ (Axb-Bx*
a)*(exx) ~(1+m)/a/ (-a*d+b*c)/e/n/ (at+tb*x"n)/(c+d*x"n)+b* (a*B* (b*c* (1+m) -a*dx*
(1+m-2%n) ) +A*b* (a*d* (1+m-3*n) -bxc* (1+m-n) ) ) * (e*x) ~ (1+m) *hypergeom([1, (1+m
)/n], [(1+m+n) /n] ,-b*x"n/a)/a~2/(-axd+bxc) ~3/e/ (1+m) /n-d* (bxc* (A*d* (1+m-3*n
) =B*c* (1+m-2*n) ) +axd* (B*c* (1+m) -A*d* (1+m-n) ) ) * (exx) ~ (1+m) *hypergeom([1, (1
+m) /n], [(1+m+n) /n] ,~d*x"n/c)/c~2/ (-a*xd+b*c) ~3/e/(1+m) /n

(ex)™(A+Bz"™)
334 f W diL'



input LIntegrate[((e*x)‘m*(A + B*x"n))/((a + b*x"n)"2x(c + d*x"n)~2),x]

output
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3.34.2 Mathematica [A] (verified)

Time = 0.57 (sec) , antiderivative size = 209, normalized size of antiderivative = 0.66

(ex)™ (A+ Bz")
(a + bz")? (c + dam)?
( )m (b(bBc—QAbd+a,Bd) Hypergeometric2F1 (1, HTm ,W"TJF" ,— %) d(bBc—2Abd+aBd) Hypergeometric2F1 (1, 1+Tm R W ,—d
Ir\exr —
a c

(bc — a

~—

(x* (e*x) “m* ((b* (b*B*c - 2*A*b*d + a*Bxd)*Hypergeometric2F1[1, (1 + m)/n, (
1 +m+ n)/n, -((bxx"n)/a)])/a - (d*(bxB*c - 2*Axb*d + a*Bxd)*Hypergeometr
ic2F1[1, (1 + m)/n, (1 + m + n)/n, -((d*x"n)/c)])/c + (bx(-(A*b) + a*B)*(-
(b*c) + axd)*Hypergeometric2F1[2, (1 + m)/n, (1 + m + n)/n, -((b*x"n)/a)])
/a~2 - (dx(bxc - a*d)*(B*c - Axd)*Hypergeometric2F1[2, (1 + m)/n, (1 + m +
n)/n, -((d*x"n)/c)1)/c”2))/((bxc - axd)"3*(1 + m))

3.34.3 Rubi [A] (verified)

Time = 0.98 (sec) , antiderivative size = 343, normalized size of antiderivative = 1.09,
number of steps used = 5, number of rules used = 5, Bumber of rules _ 167 Ryles used

integrand size
= {1065, 25, 1065, 1067, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (ex)™ (A + Bz™) iz
(a + ba™)? (c + dzm)?

| 1065
(ex)™(—((Ab—aB)d(m—2n+1)z")+aBc(m+1)—Abc(m—n+1)—aAdn)
(ex)™*!(Ab — aB) - (be"+a)(da™+c)’ do
aen(bc — ad) (a + bx™) (c + da™) an(bc — ad)

| 25

(ex)™(—((Ab—aB)d(m—2n+1)z")+aBc(m+1)—A(bc(m—n+1)+adn))
/ o a) (@ 1) da (ez)™1(Ab — aB)

an(bc — ad) + aen(bc — ad) (a + bx™) (c + dx™)
| 1065

(ex)™(A+Bz"™)
334 f W diL'
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(ex)™ (n (ch(bc+ad) (m+1)—A (b2 (m—n+1)c2 +2abdnc+a2d2 (m—n+1)) ) —bd(Abc—2aBc+aAd) (m—n+1)nzn>
(62" +a) (dz"+<) dz  d(ex)™+1(aAd—2aBc+Abc)
cn(bc—ad) ce(bc—ad)(c+dz™)

an(bc — ad)
(ex)™+1(Ab — aB)
aen(bc — ad) (a + bz™) (c + dz™)

l1%7

_|_

f(bc(aB(bc(m+1)—ad(m—2n+1))+Ab(ud(m—3n+1)—bc(m—n+1)))n(ez)m +ad(—bc(Ad(m—?ﬂH—l)—Bc(m—2n+1))—ad(Bc(m+1)—Ad(m—n+1)))n(ez)m >d$
(bc—ad)(bz™+a) (bc—ad)(dz™+c)

cn(bc—ad)

an(bc — ad)
(ex)™+1(Ab — aB)
aen(bc — ad) (a + bz™) (c + dz™)

l 2009

bcn(ez)m+1 Hypergeometric2F1 (1 , mT—H s W ,— #) (Ab(ad(m—3n+1)—bc(m—n+1))+aB(bc(m+1)—ad(m—2n+1))) adn(ez)m+1 Hypergeometric2F1 (1,
ae(m+1)(bc—ad) B

cn(bc—ad)

an(bc — ad)
(ex)™t1(Ab — aB)
aen(bc — ad) (a + bz™) (c + dz™)

input‘ Int[((e*x) "m*(A + B*x"n))/((a + b*x"n) "2*(c + d*x"n)~2),x] ‘

output | ((Axb - a*B)*(e*x)~(1 + m))/(ax(b*c - axd)*exn*(a + b*x"n)*(c + d*x"n)) +
((d*(Axbxc — 2*a*Bxc + a*A*d)*(exx)~(1 + m))/(c*(b*c - a*d)*ex(c + d*x"n))
+ ((bxc*(axBx(b*cx(1 + m) - axd*(1 + m - 2*n)) + Axb*(axd*(1 + m - 3*n) -
b*c*(1 + m - n)))*n*(exx) (1 + m)*Hypergeometric2F1[1, (1 + m)/n, (1 + m
+ n)/n, -((b*x"n)/a)])/(a*x(b*c - axd)*ex(1 + m)) - (a*d*(bkck(A*d*(1 + m -
3%n) - Bkc*(1 + m - 2*%n)) + a*d*(Bkcx(1 + m) — A*d*(1 + m - n)))*n*x(e*xx)”
(1 + m)*Hypergeometric2Fi[1, (1 + m)/n, (1 + m + n)/n, -((d*x"n)/c)])/(c*(
bxc - a*d)*ex(1 + m)))/(cx(bxc - a*d)*n))/(ax(b*c - a*d)*n)

(ex)™(A+Bz"™)
334 f W diL'
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3.34.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 1065 Int[((g_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_)*((c_ ) + (d_.)*(x_)"(n_
))~(q)*((e ) + (£_.)*(x_)"(n_)), x_Symbol] :> Simp[(-(bxe - a*f))*(g*x)~(m
+ Dx*(a + b*xx™n) " (p + D*((c + d*x™n)~(q + 1)/(axg*nx(bxc - axd)*(p + 1)))
, x] + Simp[1/(a*n*(b*c - a*d)*(p + 1)) Int[(g*x) "m*(a + b*x"n) (p + 1)*(
c + d*x"n) “q*Simp[c*(b*e - a*f)*x(m + 1) + e*n*k(b*c - a*xd)*(p + 1) + d*(b*e

- a*f)*(m + nx(p + q + 2) + V*x"n, x], x], x] /; FreeQ[{a, b, c, d, e, £,

g, m, n, qF, x] && LtQ[p, -1]

rule 1067 Int [(((g_.)*(x_)) " (m_.)*((a_) + (b_)*x_)"(_))"(p)*((e ) + (f_)*(x_)"(n
I/ (e) + (d_.)*(x_)"(n_)), x_Symbol] :> Int[ExpandIntegrandl[(g*x) m*(a
+ b*x"n) "p*((e + f*x"n)/(c + d*x"n)), x], x] /; FreeQ[{a, b, c, d, e, £, g,
m, n, p}, x]

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

3.34.4 Maple [F]

/ (ex)™ (A+ B z™) i
(a+bz") (c+ dan)?

-

inputLint((e*x)‘m*(A+B*x‘n)/(a+b*x‘n)‘2/(c+d*x‘n)‘2,x)

-/

outputLint((e*x)‘m*(A+B*x‘n)/(a+b*x“n)‘2/(c+d*x‘n)“2,x)

-/

3.34.5 Fricas [F]

(ex)™ (A + Bz™) dp — / (Bz™ + A)(ex)™
(a + bzn)? (c + dzn)? (bz" + a)*(dz™ + ¢)°

inputtintegrate((e*x)‘m*(A+B*x‘n)/(a+b*x‘n)‘2/(c+d*x‘n)‘2,x, algorithm="fricas")

(ex)™(A+Bz"™)
334 f W diL'
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output‘integral((B*x“n + A)*(e*x)"m/ (b~2%d"2*x~ (4*n) + a~2xc”2 + 2*(b"2*c*d + axb
\*d‘2)*x“(3*n) + (b™2%c”2 + 4xaxbxckd + a~2%d"2)*x~(2*n) + 2x(a*b*c”2 + a~2
‘*c*d)*x‘n), X)

3.34.6 Sympy [F(-2)]

Exception generated.

5 dr = Exception raised: HeuristicGCDFailed

/ (ex)™ (A + Bz™)
(a + bz)? (¢ + dzm)

input ‘ integrate ((e*x) **m* (A+B*x**n) / (a+b*x**n) **2/ (c+d*x**n) **2,Xx)

p
outputLException raised: HeuristicGCDFailed >> no luck

|

3.34.7 Maxima [F]

(ex)™ (A + Bz™) _ / (Bz™ + A)(ex)™
(a + bz")? (¢ + dam)? (bz™ + a)*(dz™ + ¢)?

.
input  integrate((e*x) “m* (A+B*x"n)/(a+b*x"n) ~2/(c+d*x"n) "2,x, algorithm="maxima")

output | ((b"3*c*xe"m*(m - n + 1) - a*b™2*kd*e"m*(m - 3*n + 1))*A + (a"2xb*d*e"m*(m -
2xn + 1) - a*b"2xc*e"mk(m + 1))*B)*integrate(-x"m/(a"2*%b"3*c~3%n - 3xa”3x
b~2xc~2xd*n + 3*a”~4*b*c*d"2*n - a~5*d"3*n + (a*b”4*c”3*n - 3*xa~2xb~3*kc”2*d
*n + 3*%a~3*%b~2*%cxd~2*n - a~4*b*d"3*n)*x"n), x) - ((axd"3*e"m*(m - n + 1) -
bxcxd"2*e"m*(m - 3*n + 1))*A + (bxc™2kd*e™m*(m - 2%n + 1) - axcxd™2*e mx*(
m + 1))#*B)*integrate(-x"m/(b~3*c~5*n - 3*a*xb~2%c~4*d*n + 3*a~2*b*c~3*d”2*n
- a”3%c"2*d"3*n + (b~3*c™4*d*n - 3*a*b~2*xc"3*%d"2*n + 3*a~2xb*c~2*d"3*n -
a~3xcxd~4#*n) *x"n), x) + (((b™2*%c"2%e"m + a~2*d"2*xe"m)*A - (axb*c™2*%e”m + a
“2%ckdke m) *B) *x*x"m - (2*Bkaxbxckxd*e"m - (b~ 2*ckdke"m + axbkxd”2%e"m)*A)*x
*xe” (m¥log(x) + n*log(x)))/(a~2xb~2xc”~4*n - 2%a”~3*bxc”~3*d*n + a~4*c~2*d"2*n
+ (axb™3%c”3*d*n - 2%a~2%b"2%c"2xd"2%n + a~3%bkxcxd~3%n)*x~(2%n) + (axb~3x
cT4xn - a~2xb"2kc " 3*d*n - a~3*b*c”2*%d"2*n + a~4*c*d"3*n)*x"n)

(ex)™(A+Bz"™)
334 f W diL'
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3.34.8 Giac [F]

(ex)™ (A + Bz™) dp — / (Bz™ + A)(ex)™
(a + bz")? (¢ + dam)? (bz™ + a)*(dz" + ¢)?

input Lintegrate ((exx) “m* (A+B*x"n) / (a+b*x"n) "2/ (c+d*x"n) "2,x, algorithm="giac")

outputtintegrate((B*x“n + A)*(exx)"m/((b*x"n + a)~2*(d*x"n + ¢)72), x)

3.34.9 Mupad [F(-1)]

Timed out.

/ (ex)™ (A + Bz™) dp — / (ex)™ (A+ Bz")
(a + bz™)? (c + dan)? (a+bz") (c+ dan)?

inputtint(((e*x)‘m*(A + B*x"n))/((a + b*x"n) " 2*x(c + d*x"n)~2),x)

output Lint(((e*x)"m*(A + B*x"n))/((a + b*x"n) "2x(c + d*x"n)~2), x)

(ex)™(A+Bz"™)
334 f W dx
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3.35 f : (ex)™(A+Bzx") . dx

a+bz™)> (c+dz)
3.35.1 Optimalresult . . . ... ... . . ... . ... 264
3.35.2 Mathematica [A] (verified) . . . . . . . ... .. Lo 2651
3.35.3 Rubi [A] (verified) . . . . ... .. . ... 260
3.35.4 Maple [F] . . . . . .
3.35.,5 Fricas [F] . . . . . . o o 268
3.35.6 Sympy [F(-1)] . . . . o o 2691
3.35.7 Maxima [F] . . ... .. .. .. 269
3.35.8 Giac [F] . . . . . o
3.35.9 Mupad [F(-1)] . . . . . oo 271]

3.35.1 Optimal result

Integrand size = 31, antiderivative size = 567

/ (ex)™ (A + Bz")

(a + bz™)? (¢ + dzn)?

d(aBc(be(1+m) — ad(l + m — 6n)) + A(abed(1 + m — 6n) — b?c*(1 + m — 2n) — 2a*d?n)) (ex)™™
2a2c(bc — ad)3en? (c + dz™)

(Ab — aB)(ex)™
2a(bc — ad)en (a + bz")* (c + dz")
+ (aB(bc(1 +m) — ad(1 +m — 3n)) + Ab(ad(1 + m — 5n) — be(1 + m — 2n)))(ex) ™
2a2(bc — ad)?en? (a + ba™) (c + dz)
+b(aB(2abcd(1 +m)(1+m —3n) — b*2(1 +m)(1 + m — n) — a®d*(1 + m*> + m(2 — 5n) — 5n + 6n?))

+d2(bc(Ad(1 +m — 4n) — Be(1 +m — 3n)) + ad(Bc(1 + m) — Ad(1 + m — n)))(ex)*™ Hypergeomet:
c?(bc — ad)*e(1 +m)n

(ex)™(A+Bz"™)
3.35. f W diL'
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output | 1/2*xd* (a*B*c* (b*c* (1+m) —a*d* (1+m-6%*n) ) +A* (a*b*ckd* (1+m-6%n) -b~2%c~ 2% (1+m-2
*n)-2*xa~2xd~2*n) ) * (e*xx) ~(1+m) /a~2/c/ (-axd+b*c) “3/e/n"2/ (c+d*x"n) +1/2* (Axb-
Bxa)* (e*x) " (1+m) /a/ (-a*d+b*c) /e/n/ (a+b*x"n) "2/ (c+d*x"n) +1/2* (a*B* (b*xc* (1+m
)—axd* (1+m-3*n) ) +A*b* (a*d* (1+m-5*n) -b*c* (1+m-2+*n) ) ) * (exx) ~(1+m) /a~2/ (-a*xd+
bxc)~2/e/n"2/(a+b*x"n) / (c+d*x"n)+1/2*b* (a*B* (2*a*b*c*d* (1+m) * (1+m—-3*n) -b~2
*c™ 2% (1+m) * (1+m-n) —a~2*d"2* (1+m~2+m* (2-5*%n) -5*n+6*n"2) ) +A*b* (b~ 2*xc~2* (1+m~
2+m* (2-3#%n) -3*n+2*n"2) —2kaxb*c*d* (1+m~2+m* (2-5*n) -5*n+4*n~2) +a~2*d~2* (1+m~
2+m* (2-7*n) -7*n+12+n"2)) ) * (e*x) ~ (1+m) *hypergeom([1, (1+m)/n], [(1+m+n)/n],-
b*x~n/a)/a"~3/(-a*d+b*c) ~4/e/(1+m) /n~2+d"2* (bxc* (A*d* (1+m-4*n) -B*c* (1+m-3*n
) ) +a*d* (Bkc* (1+m) ~A*d* (1+m-n) ) ) * (e*x) ~ (1+m) *hypergeom([1, (1+m)/n], [(1+m+n
)/n] ,-d*x"n/c)/c~2/(-a*d+bxc) “4/e/(1+m)/n

3.35.2 Mathematica [A] (verified)

Time = 0.97 (sec) , antiderivative size = 270, normalized size of antiderivative = 0.48

(ex)™ (A+ Bz")
3 2
(a + bz™)” (c + dz™)
. n .
w(ez)™ (_bd(2bBc—3Abd+aBd) Hypergeometric2F1(1,14m Limin _be™ ) N d?(2bBe—3 Abd-+aBd) Hypergeometric2F1 (1,14 147
a Cc

-

input LIntegrate [((e*x)"m*x(A + B*x"n))/((a + b*x"n)"3*(c + d*x"n)~2),x]

~—

output | (x* (exx) “m* (- ((b*d* (2*%b*Bxc - 3*Axbxd + a*B*d)*Hypergeometric2F1[1, (1 + m
)/n, (1 + m + n)/n, -((b*x"n)/a)])/a) + (d72%(2*b*B*c - 3*Axb*d + axB*d)*H
ypergeometric2F1[1, (1 + m)/n, (1 + m + n)/n, -((d*x"n)/c)])/c + (b*(b*c -
axd) * (b*Bxc - 2%A*bxd + a*B*d)*Hypergeometric2F1[2, (1 + m)/n, (1 + m + n
)/n, -((b*x"n)/a)])/a"2 + (d"2*(bxc - a*xd)*(B*c - Axd)*Hypergeometric2F1[2
» (1 +m)/n, (1 +m + n)/n, -((d*x"n)/c)])/c”2 + (b*(A*b - a*B)*(b*c - axd
) “2*Hypergeometric2F1[3, (1 + m)/n, (1 + m + n)/n, -((b*x™n)/a)])/a"3))/((
bxc - axd)~4*(1 + m))

(ex)™(A+Bz"™)
3.35. f W diL'
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3.35.3 Rubi [A] (verified)

Time = 1.97 (sec) , antiderivative size = 615, normalized size of antiderivative = 1.08,

number of steps used = 7, number of rules used = 7, number of rules _ 0.226, Rules used
integrand size

= {1065, 25, 1065, 1065, 25, 1067, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (ex)™ (A + Bz"™) e
(a + bzn)? (c + dam)?

l 1065

(ex)™+1(Ab — aB)
2aen(bc — ad) (a + bz")? (c + dz")
f __(ex)™(=((Ab—aB)d(m—3n+1)z™)+aBc(m+1)—Abc(m—2n+1)—2aAdn) dx
(bz"+a)? (dzm+c)?
2an(bc — ad)

l 25

f (ex)™(—((Ab—aB)d(m—3n+1)z")+aBc(m+1)—A(bc(m—2n+1)+2adn)) dx
(bz"+a)? (dz"+c)?

2an(bc — ad)
(ex)™+1(Ab — aB)

2aen(be — ad) (a + bz™)? (¢ + da™)
| 1065

+

(ex)™ (d(aB(bc(m+1)—ad(m—3n+1))+Ab(ad(m—5n+1)—bc(m—2n+1
(ex)™ 1 (Ab(ad(m—5n+1)—bc(m—2n+1))+aB(bc(m+1)—ad(m—3n+1))) J
aen(bc—ad)(a+bz™)(c+dz™)

2an(bc — ad)
(ex)™+1(Ab — aB)
2aen(bc — ad) (a + bz")? (c + dzn)

l 1065

(ex)™ (n (ch(m+1) (—b2 (m—n+1)c2+abd(m—5n+l)c—2a2d2n) +.

s

(ex)™+1(Ab(ad(m—5n+1)—bc(m—2n+1))+aB(bc(m+1)—ad(m—3n+1)))
aen(bc—ad)(a+bz™)(c+dz™)

(ex)™+1(Ab — aB)
2aen(bc — ad) (a + bz")? (c + dzn)

| 25

(ex)™(A+Bz"™)
3.35. f W diL'
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(ex)™ (n (ch(m+1) (—b2 (m—n+1)c2+abd(m—5n+1)c—2a2 dzn) +.

(ex)™*!(Ab(ad(m—5n+1)—bc(m—2n+1))+aB(bc(m+1)—ad(m—3n+1)))
aen(bc—ad)(a+bz™)(c+dz™)

(ex)™t1(Ab — aB)
2aen(bc — ad) (a + bz")? (c + dzn)

l 1067

I < ben (aB (—b2 (m+1)(m—n+1)c2+2abd(m+1)(m—3n+1)c—a2d2 (m

(ex)™ 1 (Ab(ad(m—5n+1)—bc(m—2n+1))+aB(bc(m+1)—ad(m—3n+1))) _
aen(bc—ad)(a+bz™)(c+dz™)

(ex)™t1(Ab — aB)
2aen(be — ad) (a + bz")? (c + dz™)

l 2009

n
bcn(ew)m+1 Hypergeometric2F1 (1, mTH s %’H'l — sz ) (Ab (a2d2 (

(ex)™ 1 (Ab(ad(m—5n+1)—bc(m—2n+1))+aB(bc(m+1)—ad(m—3n+1))) _
aen(bc—ad)(a+bz™)(c+dz™)

(ex)™t1(Ab — aB)
2aen(bc — ad) (a + bz")? (c + dzn)

-

inputLInt[((e*x)“m*(A + B*x"n))/((a + b*x"n) "3*(c + d*x"n)~2),x]

| —

output | ((A*b - a*B)*(e*x)~(1 + m))/(2*ax(b*c - a*d)*e*n*(a + b*x™n) 2*(c + d*x"n)
) + (((a*Bx(b*c*(1 + m) - a*xd*(1 + m - 3*n)) + Axb*(axd*(1 + m - 5%n) - b*
ck¥(1 + m - 2%n)))*x(exx)~(1 + m))/(a*x(bxc - a*d)*exn*(a + b*x"n)*(c + d*x"n
)) - (-((d*(axBxc*(b*c*x(1 + m) - a*xd*(1 + m - 6%n)) + A*(axbxcxd*(1 + m -

6*%n) - b™2*%c”2*x(1 + m - 2%n) - 2*a~2*%d"2*n))*(exx) " (1 + m))/(c*(b*c - axd)
xex(c + d*x"n))) - ((bxc*n*(a*Bk(2%a*xb*c*d*(1 + m)*(1 + m - 3*%n) - b~2%c™2
*(1 +m)*(1 +m - n) - a”2%d"2*%(1 + m™2 + m*(2 - 5%n) - 5%n + 6%n"2)) + Ax*
b*(b™2*%c™2*(1 + m™2 + m*(2 - 3%n) - 3%n + 24#n"2) - 2kaxbkc*kd*(1 + m~2 + m*
(2 - 5%n) - 5%*n + 4#n"2) + a"2%d"2*x(1 + m”"2 + m*(2 - 7*n) - 7*n + 12%n"2))
)*(exx)~ (1 + m)*Hypergeometric2F1i[1, (1 + m)/n, (1 + m + n)/n, -((b*x"n)/a
)1)/(ax(b*c - a*d)*e*(1 + m)) + (2*xa~2*d"2*(b*c*(A*d*(1 + m - 4*n) — Bkcx*(
1 +m - 3%n)) + a*xd*(B*c*(1 + m) - Axd*(1 + m - n)))*n"2*(exx) " (1 + m)*Hyp
ergeometric2F1[1, (1 + m)/n, (1 + m + n)/n, -((d*x"n)/c)])/(cx(b*c - a*d)=*
ex(1 + m)))/(cx(bxc - axd)#*n))/(ax(b*c - a*d)*n))/(2*a*(bxc - axd)*n)

(ex)™(A+Bz"™)
3.35. f W diL'
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3.35.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 1065 Int[((g_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_)*((c_ ) + (d_.)*(x_)"(n_
))~(q)*((e ) + (£_.)*(x_)"(n_)), x_Symbol] :> Simp[(-(bxe - a*f))*(g*x)~(m
+ Dx*(a + b*xx™n) " (p + D*((c + d*x™n)~(q + 1)/(axg*nx(bxc - axd)*(p + 1)))
, x] + Simp[1/(a*n*(b*c - a*d)*(p + 1)) Int[(g*x) "m*(a + b*x"n) (p + 1)*(
c + d*x"n) “q*Simp[c*(b*e - a*f)*x(m + 1) + e*n*k(b*c - a*xd)*(p + 1) + d*(b*e

- a*f)*(m + nx(p + q + 2) + V*x"n, x], x], x] /; FreeQ[{a, b, c, d, e, £,

g, m, n, qF, x] && LtQ[p, -1]

rule 1067 Int [(((g_.)*(x_)) " (m_.)*((a_) + (b_)*x_)"(_))"(p)*((e ) + (f_)*(x_)"(n
I/ (e) + (d_.)*(x_)"(n_)), x_Symbol] :> Int[ExpandIntegrandl[(g*x) m*(a
+ b*x"n) "p*((e + f*x"n)/(c + d*x"n)), x], x] /; FreeQ[{a, b, c, d, e, £, g,
m, n, p}, x]

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

3.35.4 Maple [F]

/ (ex)™ (A+ B z™) i
(a+bz")° (c+ dan)?

-

inputLint((e*x)‘m*(A+B*x‘n)/(a+b*x‘n)‘3/(c+d*x‘n)‘2,x)

-/

output Lint ((e*x) “m* (A+B*x~n) / (a+b*x"n) ~3/ (c+d*x"n) ~2,x)

-/

3.35.5 Fricas [F]

(ex)™ (A + Bz™) dp — / (Bz™ + A)(ex)™
(a + bzn)® (c + dzn)? (bz" + a)®(dz™ + ¢)®

inputtintegrate((e*x)‘m*(A+B*x‘n)/(a+b*x‘n)‘3/(c+d*x‘n)‘2,x, algorithm="fricas")

(ex)™(A+Bz"™)
3.35. f W diL'
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output‘integral((B*x“n + A)*(exx) "m/(b~3*d"2xx~(5*%n) + a~3xc”2 + (2%b~3*c*kd + 3*a
\*b‘2*d“2)*x‘(4*n) + (b73%c™2 + 6*axb~2xcxd + 3*a”~2%b*d"2)*x~(3*n) + (3*axb
\‘2*c‘2 + 6*%a~2*bxckd + a~3*%d"2)*x”(2*%n) + (3*%a"2xb*c~2 + 2*a~3*c*d)*x"n),

»

3.35.6 Sympy [F(-1)]

Timed out.

5 dz = Timed out

/ (ex)™ (A + Bz™)
(a + bz)® (c + dz)

input Lintegrate ((e*x) **m* (A+Bxx**n) / (a+b*x**n) **3/ (c+d*x**n) **2,x)

output LTimed out

3.35.7 Maxima [F]

(ex)™ (A + Bz™) dp — / (Bz™ + A)(ex)™
(a + bzn)® (c + dzn)? (bz" + a)®(dz™ + ¢)®

p
input tintegrate ((e*x) “m* (A+B*x"n) / (a+b*x"n) "3/ (c+d*x"n) "2,x, algorithm="maxima")

e—

(ex)™(A+Bz"™)
3.35. f W diL'
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(((m~2 - m*x(3*%n - 2) + 2%n"2 - 3%n + 1)*b"4*c™2*xe™m - 2*x(m"2 - m*(5*n - 2)
+ 4*n~2 - 5%n + 1)*a*b~3*ckd*e™m + (m"2 - m*(7*n - 2) + 12*%n"2 - 7#n + 1)
*a"2%b"2*%d"2%e"m)*A - ((mM™2 - m*(n - 2) - n + 1)*a*xb~3*c"2*%e"m - 2*(m~2 -
m*(3*%n - 2) - 3*n + 1)*a"2*%b"2*c*d*e"m + (m~2 - m*x(5*n - 2) + 6*n"2 - 5%n
+ 1)*a~3%b*d~2*e"m)*B) *integrate (1/2*x"m/ (a~3*¥b~4*c~4*n"2 - 4*a~4*b~3*c~3*
d*n~2 + 6*a”5*b"2*%c”2xd"2*n"2 - 4*a”6*b*c*d"3*n"2 + a~7*d"4*n"2 + (a~2*b”5
*C~4*n"2 - 4%a”~3*b~4*c”3*d*n"2 + 6*a~4*b"3*c"2%d"2*n"2 - 4*a~5xb~2*c*xd"3*n
2 + a"6xb*xd"4*n"2)*x"n), x) - ((a*d"4*xe"m*(m - n + 1) - b*cxd"3*e"m*x(m -
4xn + 1))*A + (bxc™2%d"2*e"m*(m - 3*n + 1) - a*xckd"3*e"m*(m + 1))*B)*integ
rate(x"m/ (b~4*c”6*n - 4*axb~3*%c 5xd*n + 6%a~2%b"2*c”"4*xd"2*n - 4*a”~3xbxc 3%
d"3*n + a”4*c”2*%d"4*n + (b~4*c”5*xd*n - 4*axb”3*c"4*d"2*n + 6*%a”~2%b"2%c"3*d
~3%n - 4*a~3%b*c~2xd"4*n + a~4*xc*d"5*n)*x"n), x) - 1/2%(((axb~3*c”3*e"m*(m
- 3%n + 1) - a"2xb"2*c”"2*d*e"m*(m - 7*n + 1) + 2*a~4*d"3*e"m*n)*A - (a"2x*
b~2*%c"3%e"m*(m - n + 1) - a"3*bxc”2*d*e"m*x(m - 5*%n + 1) + 2%a~4*xc*d"2*e m*
n)*B) *x*x™m + ((b"4*c™2*d*e"m*(m - 2*n + 1) - a*b”3*c*d"2*e"m*(m — 6*n + 1
) + 2%a”2+%b"2*xd"3*e"m*n) *A + (a"2*b"2*xckd"2*e"m*(m - 6%n + 1) - axb " 3xc”2*
dxe"m*(m + 1))*B)*x*xe” (m*¥log(x) + 2*nxlog(x)) + ((b"4*c”3*e"m*(m - 2%n + 1
) - a”2*b"2*cxd"2*e"mk(m - 7*n + 1) + 3*a*b”3*c”2*d*e"m*n + 4*a~3*xb*d"3*e”
m*n)*A + (a"3*b*c*d"2*e"m*(m - 9*n + 1) - a*b"3*c”3*e"mx(m + 1) - 3*a”2*b”
2%c”~2%d*e"m*n) *B) *x*e” (m*¥log(x) + n*log(x)))/(a~4*b~3xc"5*n"2 - 3*a~b*b...

3.35.8 Giac [F]

(ex)™ (A + Bzx™) dp — / (Bz" + A)(ex)™ .
(a + bzn)® (¢ + dam)? (bz™ + a)*(dz™ + ¢)°

-

Lintegrate((e*x)‘m*(A+B*x‘n)/(a+b*x‘n)‘3/(c+d*x‘n)‘2,x, algorithm="giac")

~—

integrate((B*x™n + A)*(exx) m/((b*x"n + a)~3*(d*x™n + ¢)~2), x)

N

(ex)™(A+Bz"™)
3.35. f W diL'
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3.35.9 Mupad [F(-1)]

Timed out.

/ (ex)™ (A + Bz™) d — / (ex)™ (A+ Bz") i
(a + bz™)® (c + dan)? (a+bz")? (c+ dan)?

-

inputtint(((e*x)“m*(A + Bxx"n))/((a + b*x"n) "3*x(c + d*x"n)~2),x)

-/

outputtint(((e*x)“m*(A + Bxx"n))/((a + b*x"n) "3*x(c + d*x"n)~2), x)

(ex)™(A+Bz"™)
3.35. f W dx
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3.36 f (ex)™(a+bz™)%(A+Bz") d

(c+dzm)’ T
3.36.1 Optimalresult . . . ... .. . ... .. .. 272
3.36.2 Mathematica [A] (verified) . . . . . .. ... .. ... Lo oL 273
3.36.3 Rubi [A] (verified) . . . .. ... ... 273
3.36.4 Maple [F] . . . . . o o 2776
3.36.5 Fricas [F] . . . . . . o 276
3.36.6 Sympy [F(-1)] . . . . o 276l
3.36.7 Maxima [F] . . . . . .. . 27T
3.36.8 Giac [F] . . . . . o 27T
3.36.9 Mupad [F(-1)] . . . . oo 278

3.36.1 Optimal result

Integrand size = 31, antiderivative size = 322

/ (ex)™ (a + bz™)* (A + Bz") i
(c + dan)®
b(ad(1 +m) — be(1 +m +n))(Ad(1 +m) — Be(1 +m + 2n))(ex)t™
B 2c2d3e(1 + m)n?
_ (Bc— Ad)(ex)*™ (a + bz™)?

2cden (c + dzn)?
_ (bc —ad) (ex)'™™ (a(Bc(1 +m) — Ad(1 +m — 2n)) — b(Ad(1 + m) — Be(1 +m + 2n))z")
2c2d%en? (c + dz™)
N (ad(Bc(1+m) — Ad(1+m — 2n))(be(1 +m) — ad(1 + m — n)) — be(ad(l +m) — be(1 + m + n)) (A

2c3d3e(1 + m)n?

output | 1/2*b* (a*xd* (1+m) -b*c* (1+m+n) ) * (A*d* (1+m) -Bxc* (1+m+2*n) ) * (e*x) ~ (1+m) /c~2/d"
3/e/(1+m) /n~2-1/2*% (-A*d+B*c) * (exx) ~ (1+m) * (a+b*x"n) “2/c/d/e/n/(c+d*x"n) "2-1
/2% (—a*d+b*c) * (e*x) ~ (1+m) * (a* (Bxc* (1+m) —A*d* (1+m-2%n) ) ~b* (A*d* (1+m) -B*c* (1
+m+2*n) ) *x"n)/c"2/d"2/e/n"2/ (c+d*x"n) +1/2* (a*xd* (Bxc* (1+m) —A*d* (1+m-2#n) ) * (
bxcx (1+m) —a*d* (1+m-n) ) -b*c* (a*xd* (1+m) —b*c* (1+m+n) ) * (A*d* (1+m) -B*c* (1+m+2*n
)))*(e*x)~ (1+m) *hypergeom([1, (1+m)/n], [(1+m+n)/n],-d*x"n/c)/c~3/d"3/e/(1+
m)/n"2

3.36. f (em)m(a(—}c-im;w)n(A—}-Bm”) dz
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3.36.2 Mathematica [A] (verified)

Time = 0.70 (sec) , antiderivative size = 172, normalized size of antiderivative = 0.53

(ex)™ (a + bz™)® (A + Bz™)
3 dx
(c+dzm)
9 b(3bBc— Abd—2aBd) Hypergeometric2F1 (I,H'Tm s W — %) (bc—ad)(3bBc—2Abd—aBd) Hypergeometric2F1 (f
z(ex)™ | b*°B — ; + =

B+ m)

input ‘ Integrate[((e*x) “m*(a + b*x"n) 2x(A + B*x"n))/(c + d*x"n)~3,x] ‘

output | (x*(e*x) “m*(b"2*B - (b*(3*b*B*c - Axb*d - 2xa*B*d)*Hypergeometric2F1[1, (1
+m)/n, (1 +m + n)/n, -((d*x"n)/c)])/c + ((b*xc - a*d)*(3*xb*Bxc - 2*A*xbxd
- a*Bxd) *Hypergeometric2F1[2, (1 + m)/n, (1 + m + n)/n, -((d*x"n)/c)])/c”

2 - ((b*c - axd)~2*(Bxc - Axd)*Hypergeometric2F1[3, (1 + m)/n, (1 + m + n)

/n, -((d*x"n)/c)]1)/c"3))/(d"3*(1 + m))

3.36.3 Rubi [A] (verified)

Time = 0.68 (sec) , antiderivative size = 329, normalized size of antiderivative = 1.02,
number of steps used = 6, number of rules used = 6, Bumber of rules _ 194 Ryles used

integrand size
= {1064, 25, 1064, 25, 959, 888}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (ez)™ (a + ba™)* (A + Bm“)
(c + dzn)?

l 1064

f (ex)™ (bz"+a)(a(Bec(m+1)—Ad(m—2n+1))—b(Ad(m+1)— Bc(m+2n+1))m”)d
. (dzn+-c)? .

2cdn
(ex)™t1 (a + bz™)? (Bc — Ad)

2cden (c + dam)?

| 25

3.36. f (em)m(a(—}c-im‘;)n(A—}-Bm”) dz
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f (em)m(bz"+a)(a(Bc(m+1)—Ad(m—2n+1))—b(Ad(m+1)—Bc(m+2n+1))z")dx
(dzn+c)?
2cdn
(ex)™! (a + bz™)? (Bc — Ad)

2cden (c + dam)?
| 1064

_ f_(em)m(b(ad<m+1)fbc<m+n+1>>(Ad<m+1)ch<m+2nZi)Tzi’:+a<Bc(m+l>*Ad(m*%“))(bC<m+1>*“d(’”*"+ D) g _ (ex)™* (be—ad)(a(Be(m
cdn

2cdn
(ex)™t1 (a + bz™)? (Bc — Ad)

2cden (¢ + dam)?

| 25

f (em)m(b(ad(m+1)—bc(m+n+1))(Ad(m+1)—Bc(m+2n—si)rzj:rz+a(Bc(m+1)—Ad(m—2n+1))(bc(m+1)—ad(m—n+1)))dz B (em)m+1(bc—ad)(a(Bc(m+1)
cdn

2cdn
(ex)™ 1 (a 4 be™)? (Bc — Ad)

2cden (¢ + dzn)?
| 959

_ _ m m+1 _
(albe(m+1)—ad(m—n-+1))(Be(m+1)— Ad(m—2n+1))— beledtmtbelmint D)Ad(m 1)~ Belmb2ntl) ) f (O g blee) ™ (adlmil)be(m

cdn

2cdn
(ex)™ ! (a + bz™)? (Bc — Ad)

2cden (c + dam)?
| 888

(ea:)‘m"'1 Hypergeometric2F1 (l,mTH,% ,— %) (a(bc(m+1)7ad(m7n+1))(Bc(m+1)7Ad(m72n+1))7 bc(ad(m+1)—bc(m+n+1))(§Ad(m+1)_Bc(m+2n_{

ce(m+1)

cdn

(ex)™ 1 (a 4 be™)? (Bc — Ad)
2cden (¢ + dam)?

input Int[((e*x) m*(a + b*x™n) 2%(A + Bxx"n))/(c + d*x"n)~3,x]

N

™ (a+bx™)?2 "
3.36. [ (IR dg
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output

N

-1/2%((B*c - A*d)*(e*x)~(1 + m)*(a + b*x"n)~2)/(c*d*exn*(c + d*x™n)"2) + (
-(((b*c - a*d)*(e*x)~ (1 + m)*(a*x(B*xc*x(1 + m) - A*xd*(1 + m - 2*n)) - bx(A*d
*(1 + m) - Bxcx(1 + m + 2+%n))*x"n))/(cxd*xexn*x(c + d*x"n))) + ((bx(axdx(1 +
m) - bkxcx(1 + m + n))*(A*d*(1 + m) - Bkcx(1 + m + 2*n))*(e*x)"(1 + m))/(d
*ex(1 + m)) + ((ax(B*c*(1 + m) - Axd*(1 + m - 2*n))*(b*c*(1 + m) - axd*x(1

+m - n)) - (bxcx(axd*(1 + m) - bkc*(1 + m + n))*(A*xd*(1 + m) - Bkc*(1 + m
+ 2#n)))/d)*(exx) " (1 + m)*Hypergeometric2Fi[1, (1 + m)/n, (1 + m + n)/n,

-((d*x"n)/c)1)/(cxex(1 + m)))/(c*d*n))/(2*xcxd*n)

3.36.3.1 Defintions of rubi rules used

rule 25 L

Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int([Fx, x], x]

rule 888

rule 959

Int[((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a~p
*((c*xx)"(m + 1)/(c*x(m + 1)))+*Hypergeometric2Fi[-p, (m + 1)/n, (m + 1)/n + 1
, (-b)*(x"n/a)], x] /; FreeQ[{a, b, c, m, n, p}, x] & !'IGtQ[p, 0] && (ILt
Qlp, 01 Il GtQla, 01)

Int[((e_)*(x_)) " (m_.)*((a) + (b_.)*(x_)"(@_))"(p_.)*((c_) + (d_)*(x_)"(n
_)), x_Symbol] :> Simp[d*(e*x)~(m + 1)*((a + b*x"n)~(p + 1)/(b*e*x(m + n*x(p
+ 1) +1))), x] - Simp[(axd*(m + 1) - bxcx(m + nx(p + 1) + 1))/(bx(m + nx(p
+1) + 1)) Int[(exx)"m*(a + b*x"n)"p, x], x] /; FreeQ[{a, b, c, d, e, m,
n, p}, x] && NeQ[b*c - a*d, 0] && NeQ[m + nx(p + 1) + 1, 0]

rule 1064

Int [((g_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(m_))~(p_)*((c_) + (d_.)*(x_)"(n_
N7 (g_)*((e ) + (£_.)*(x_)"(n_)), x_Symbol] :> Simp[(-(bxe - a*f))*(gxx)~(
m + 1)*(a + bxx"n) " (p + 1)*((c + d*x"n)"q/(axb*xgnx(p + 1))), x] + Simp[1/(
axbxn*(p + 1)) Int[(g*x) "m*(a + b*x"n)~(p + 1)*(c + d*x"n)~(q - 1)*Simplc
*(bxexnx(p + 1) + (b*e - axf)*x(m + 1)) + d*(b*exn*(p + 1) + (bxe - a*f)*(m
+ nxq + 1))*x"n, x], x], x] /; FreeQ[{a, b, c, d, e, £, g, m, n}, x] && LtQ
[p, -1]1 && GtQLg, 0] && !'(EqQlg, 1] && SimplerQ[bxc - a*d, bkxe - a*f])

3.36. f (e:c)m(a(—}c-im;w)n(A—}-Bm”) dz
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3.36.4 Maple [F]

/ (ex)™ (a+bz™)? (A + Bm”)dx
(c+dzn)®

inputLint((e*x)‘m*(a+b*x“n)‘2*(A+B*x‘n)/(c+d*x“n)‘3,x)

output Lint ((e*x) “m* (a+b*x"n) ~2* (A+B*x"n) / (c+d*x"n) ~3,x)

3.36.5 Fricas [F]

/ (ex)™ (a + bz™)* (A + Bz") . / (Bz" + A)(bz" + a)*(ex)™ i
(¢ + dzn)? (dz™ + c)®

input Lintegrate ((e*x) “m* (a+b*x"n) “2* (A+B*x"n) / (c+d*x"n) "3,x, algorithm="fricas")

output‘ integral ((Bxb~2*x~(3*n) + A*a~2 + (2xB*a*b + A*b~2)*x~(2#n) + (B¥a™2 + 2xA
L*a*b)*x‘n)*(e*x)‘m/(d‘3*x‘(3*n) + 3kckd~2%x~ (2%n) + 3*kc2%d*x"n + c~3), x)

3.36.6 Sympy [F(-1)]

Timed out.

dz = Timed out

/ (ex)™ (a + bz™)? (A + Ba™)
(¢ + dan)?

input Lintegrate ((exx) **km* (a+bkx**n) *x*2% (A+B*x**n) / (c+d*x**n) **3,x)

output LTimed out

3.36. f (ez)m(a(—}c-im;w)n(A—}-Bm”) dz
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3.36.7 Maxima [F]

/ (ex)™ (a + bz™)* (A + Bx") / (Bz" + A)(bz" + a)?(ex)™ .
(c+ dxn) (da™ + c)3

input  integrate((e*x) “m* (a+b*x"n) ~2* (A+B*x"n)/(c+d*x"n) "3,x, algorithm="maxima")

output | (((m~2 + m*x(n + 2) + n + 1)*b"2*c”2*d*e™m - 2*x(m™2 - m*(n - 2) - n + 1)*ax
bkc*d"2*xe™m + (m™2 - m*(3*n - 2) + 2#%n"2 - 3*n + 1)*a”~2+%d"3*e"m)*A - ((m~2
+ m*(3*%n + 2) + 2*n"2 + 3*%n + 1)*b"2%c"3%e’m - 2*(m"2 + mk(n + 2) + n + 1
)*axb*c"2+¢d*e"m + (m"2 - m*(n - 2) - n + 1)*a”2xc*d"2+e"m)*B)*integrate(1/
2*%x"m/ (c”2*%d"4*n"2*%x"n + c~3*%d"3*n"2), x) + 1/2x(2*B*b~2*c"2*d"2%e “m*n"2*x
xe” (m*xlog(x) + 2*nxlog(x)) - (((m"2 + m*x(n + 2) + n + 1)*b"2%c"3*d*e™m - 2
*(m™2 - mx(n - 2) - n + 1)*axbxc™2*d"2%e”m + (m"2 - m*(3*%n - 2) - 3*n + 1)
*a"2*%ckd"3*%e"m)*A - ((m™2 + m*x(3*n + 2) + 2*%n"2 + 3%n + 1)*b~2%c"4*e™m - 2
*(m~2 + mk(n + 2) + n + 1)*a*b*c™3*d*e™m + (™2 - m¥(n - 2) - n + 1)*a~2%c
~2xd"2xe"m) #B) *x*x"m - (((m"2 + 2¥m*(n + 1) + 2*%n + 1)*b~2%c”2*%d"2%e"m - 2
*(m~2 + 2*m + 1)*axbxcxd"3*e"m + (m~2 - 2kmk(n - 1) - 2*n + 1)*a”2*d"4*e"m
d)*¥A - ((m™2 + 2km*(2%n + 1) + 4*n”~2 + 4%n + 1)*b~2%c”~3*d*e™m - 2*%(m~2 + 2%
m*(n + 1) + 2*%n + 1)*a*b*c™2*%d"2%e"m + (m~2 + 2*m + 1)*a”2*c*d"3*e"m)*B)*x
*e~ (m*log(x) + n*log(x)))/((m*n~2 + n~2)*c~2*d~5*x~(2*n) + 2*(m*n~2 + n~2)
*c"3%d"4*x"n + (m*n~2 + n~2)*c~4*d"3)

3.36.8 Giac [F]

/ (ex)™ (a + bz™)* (A + Bx“) / (Bz™ + A)(bz™ + a)*(ex)™ i
(¢ + dzn)® (dz™ + ¢)°

inputLintegrate((e*x)‘m*(a+b*x‘n)“2*(A+B*x“n)/(c+d*x‘n)“3,x, algorithm="giac") J

outputkintegrate((B*x‘n + A)*(b*x"n + a) " 2*x(e*x)"m/(d*x"n + c)~3, x)

~—

3.36. f (em)m(a(—}c-im‘;)n(A—}-Bm”) dz
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3.36.9 Mupad [F(-1)]

Timed out.

/ (ex)™ (a + bz™)* (A + Bx") / (ex)™ (A+ Bz") (a+bz")’ i
(c+dzn)’ (c+dzn)®

inputLint(((e*x)“m*(A + B*x"n)*(a + b*x"n)"2)/(c + d*x"n)"3,x)

outputtint(((e*x)‘m*(A + B*x"n)*(a + b*x"n)"2)/(c + d*x"n)"3, x)

3.36. f (ez)m(a(—}c-im;w)n(A—}-Bm”) dz
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3.37 f (ex)™(a+bx™)(A+Bz™) dx

(c+dam)?
3.37.1 Optimalresult . . .. .. ... .. .. ... .. 279
3.37.2 Mathematica [A] (verified) . . . . . . ... . .. Lo 2791
3.37.3 Rubi [A] (verified) . . . . .. ... .. 230
3.37.4 Maple [F] . . . . . o o 282
3.37.5 Fricas [F] . . . . o o o 282
3.37.6 Sympy [F(-1)] . . . o o 282
3.37.7 Maxima [F] . . . . ... 283
3.37.8 Giac [F] . . . . o 283
3.37.9 Mupad [F(1)] .« o v oot e PER]

3.37.1 Optimal result

Integrand size = 29, antiderivative size = 228

/ (ex)™ (a + bz™) (A + Bz™) dp — — (bc — ad)(ex)*™ (A + Bz™)

(c + dzn)? 2cden (c + dzn)?
(ad(Ad(1+m — 2n) — Be(1 +m —n)) — be(Ad(1 +m) — Be(1 +m +n)))(ex)+™
B 2c2d?en? (¢ + dzn)

(Ad(be(1 +m) — ad(1 +m —2n))(1 + m —n) + Be(1 +m)(ad(1 +m —n) — be(1 + m + n)))(ex)'
B 2c3d?e(1 + m)n?

output -1/2%(-a*d+b*c)*(e*x) ~(1+m)* (A+B*x"n)/c/d/e/n/ (c+d*x"n) ~2-1/2* (a*xd* (A*d* (1
+m-2%n) -B*c* (1+m-n) ) ~b*c* (A*xd* (1+m) -B*c* (1+m+n) ) ) * (exx) ~(1+m) /c~2/d"2/e/n"~
2/ (c+d*x"n) -1/2* (A*d* (b*c* (1+m) —a*d* (1+m-2+n) ) * (1+m-n) +B*c* (1+m) * (a*d* (1+m
-n)-bxc* (1+m+n) ) ) * (e*x) ~(1+m) *hypergeom([1, (1+m)/n], [(1+m+n)/n],-d*x"n/c)
/c~3/d"2/e/(1+m) /n"2

3.37.2 Mathematica [A] (verified)

Time = 0.43 (sec) , antiderivative size = 136, normalized size of antiderivative = 0.60

/ (ex)™ (a + bz™) (A + Bz™)
3 dz
(c+ dzn)
_ z(ex)™ (bBc? Hypergeometric2F1 (1, 1£m 1tmin —%) + ¢(—2bBc + Abd + aBd) Hypergeometric2F1
B Ad?*(1+m)

337, [ Ceimainn g,
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input ‘ Integrate[((e*x) “m*(a + b*x"n)*(A + B*x"n))/(c + d*x"n)"3,x] ‘

output‘f(x*(e*x)“m*(b*B*c“2*Hypergeometric2F1 [1, A +m)/n, (1 +m + n)/n, -((d*x~
‘n)/c)] + c*x(-2*%bxB*c + Axb*d + a*Bxd)*Hypergeometric2F1[2, (1 + m)/n, (1 +
‘ m + n)/n, -((d*x"n)/c)] + (bxc - a*d)*(B*c - Axd)*Hypergeometric2F1[3, (1
L +m)/n, (1 +m + n)/n, -((d*x"n)/c)]1))/(c™3*d"2*(1 + m))

|

3.37.3 Rubi [A] (verified)

Time = 0.44 (sec) , antiderivative size = 238, normalized size of antiderivative = 1.04,
— _ 4 humber of rules _

number of steps used = 4, number of rules used = 4, integrand size 0.138, Rules used

= {1064, 25, 957, 888}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (ex)™ (a + bz™) (A + Bz™) i

(c + dzn)®
| 1064
ex)™(A(bc(m~+1)—ad(m—2n+1))—B(ad(m—n+1)—bc(m+n+1))z™
[ leritdmimadnmmn O Sl Dbttt (b — ad) (A + Ba™)
2cdn 2cden (¢ + dz™)?

l 25

™ (A(be(m+1)—ad(m—2n+1))— B(ad(m—n+1)—be(m+n+1))z"
i (ex)™ (A(be(m+1)—ad(m n(dw)f)b+c)(2a (m—nt1)—be(mtnt1))z") 1. B (ez)™* (be — ad) (A + Bz™)
2cdn 2cden (¢ + dzn)?

| 957

_(Ad(m—n+1)(bc(m+1)—ad(m—2n+1))+Bc(m+1)(ad(m—n+1)—bc(m+n+1)))f é;fl)rcdm _ (ex)™*!(ad(Ad(m—2n+1)—Be(m—n+1)) -t
cdn cden(c+dz™)
2cdn
(ex)™*+1(bc — ad) (A + Bz™)
2cden (¢ + dz)?
| 888

(ex)™*! Hypergeometric2F1 (1, mT+1 , %’H'l ,— %) (Ad(m—n+1)(bc(m+1)—ad(m—2n+1))+Bc(m+1)(ad(m—n+1)—bc(m+n+1)))

(ex
c2de(m+1)n

2cdn
(ex)™*(bc — ad) (A + Bz™)

2cden (¢ + dam)?

337, [ Ceimainn g,
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input‘Int[((e*x)“m*(a + b*x"n)*(A + B*x"n))/(c + d*x"n)"3,x]

output | -1/2%((bxc - a*d)*(exx)~ (1 + m)*(A + B*x"n))/(c*d*exn*(c + d*x"n)~2) + (-(
((a*d*(Axd*(1 + m - 2*xn) - Bkc*(1 + m - n)) - bxckx(Axd*x(1 + m) - Bxckx(1 +
m + n)))*x(e*x)~(1 + m))/(cxd*e*n*(c + d*x"n))) - ((Axd*k(b*cx(1 + m) - axdx*
(1 +m-2*xn))*(1 + m - n) + Bxcx(1 + m)*(a*d*(1 + m - n) - bxcx(1 + m + n
)))*(e*x) (1 + m)*Hypergeometric2F1i[1, (1 + m)/n, (1 + m + n)/n, -((d*x"n)
/c)1)/(c”2*d*e*(1 + m)*n))/(2*c*d*n)

3.37.3.1 Defintions of rubi rules used

-

ruk325LInt[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

| —

rule 888 | Int [((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a~p
*((c*x)~(m + 1)/(c*(m + 1)))*Hypergeometric2F1[-p, (m + 1)/n, (m + 1)/n + 1
, (-b)*(x"n/a)], x] /; FreeQ[{a, b, ¢, m, n, p}, x] && !'IGtQlp, 0] && (ILt
Qlp, 01 Il GtQl[a, 01)

rule 957 Int[((e_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"(@_))"(p_.)*((c_) + (d_.)*(x_)"(n
_)), x_Symbol] :> Simp[(-(b*c - a*d))*(e*x)"(m + 1)*((a + bxx™n)~(p + 1)/(a
xbxe*snk(p + 1))), x] - Simp[(a*d*(m + 1) - bxc*(m + n*(p + 1) + 1))/ (axb*nx
(p + 1)) Int[(e*x) m*(a + bxx™n)~(p + 1), x], x] /; FreeQ[{a, b, c, d, e,
m, n}, x] && NeQ[bxc - a*d, 0] &% LtQ[p, -1] && (( !IntegerQ[p + 1/2] && N
eQlp, -5/41) || !RationalQ[m] || (IGtQ[n, 0] && ILtQ[p + 1/2, 0] && LeQ[-1
, m, (-n)*(p + 1)1))

rule 1064 Int[((g_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_)*((c_) + (d_.)*(x_)"(n_
M ~(q_.)*((e ) + (£_.)*(x_)"(n_)), x_Symbol] :> Simp[(-(b*e - a*f))x*(g*x)~(
m + 1)*(a + b*x"n)~(p + 1)*((c + d*x"n) ~q/(axb*gxn*(p + 1))), x] + Simp[1/(
axbxn*x(p + 1)) Int[(g*x) "m*(a + b*x"n)~(p + 1)*(c + d*x"n)~(q - 1)*Simplc
*(bke*xnx(p + 1) + (bxe - a*f)*(m + 1)) + dk(b*exn*(p + 1) + (bk*e - a*f)*(m
+ nxq + 1))*x"n, x], x], x] /; FreeQ[{a, b, c, d, e, f, g, m, n}, x] && LtQ
[p, -1] && GtQlq, 0] && !(EqQlq, 1] && SimplerQ[b*c - axd, bxe - a*f])

337, [ Ceimainn g,
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3.37.4 Maple [F]

/ (ex)™ (a+bzx™) (A + Bm")dx

(c+dzn)®

input Lint ((e*x) “m* (a+b*x~n) * (A+B*x~n) / (c+d*x"n) "3, x)

outputLint((e*x)‘m*(a+b*x“n)*(A+B*x‘n)/(c+d*x‘n)*3,x)

3.37.5 Fricas [F]

dz

/ (ex)™ (a + bz™) (A + Bz™) dp — / (Bz" + A)(bz™ + a)(ex)™
(c + dan)® (dz" + ¢)°

input tintegrate ((e*x) “m* (at+b*x"n) * (A+B*x"n) /(c+d*x"n) "3,x, algorithm="fricas")

output‘ integral ((B#b*x~(2*n) + A*a + (B*a + Axb)*x"n)*(e*x) m/(d"3*x~(3*n) + 3*cx*
|d72%x”(2%n) + 3%c"2+d*x"n + c"3), x)

3.37.6 Sympy [F(-1)]

Timed out.

/ (ex)™ (a + bz™) (A + Bz™)

3 dz = Timed out
(c+ dz™)

input Lintegrate ((exx) **xm* (a+b*x**n) * (A+B*x**n) / (c+d*x**n) **3,x)

output LTimed out

337, [ Ceimainn g,
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3.37.7 Maxima [F]

/ (ex)™ (a + bz™) (A + Bz™) dp — / (Bz"™ + A)(bx™ + a)(ex)™ i
(¢ + dzn)? (dz™ + c)®

input Lintegrate ((exx) “m* (a+b*x~n) * (A+B*x"n) /(c+d*x"n) "3,x, algorithm="maxima")

output | -(((m"2 - m*(n - 2) - n + 1)*bxckd*e™m - ("2 - m*(3*n - 2) + 2#%n"2 - 3#n
+ 1)*axd"2xe"m)*A - ((m™2 + m*(n + 2) + n + 1)*b*c™2%e™m - ("2 - m*x(n - 2
) - n + 1)*xa*xcxd*e"m)*B)*integrate(1/2*x"m/(c"2*%d"3*n"2*x"n + c~3*d"2*n"2)
, X) + 1/2x(((b*c™2*%d*e"m*(m — n + 1) - akcxd™2*%e"m*(m - 3*n + 1))*A - (b*
c"3*e"m*x(m + n + 1) - a*c”2*d*e"m*(m - n + 1))*B)*x*x™m - ((a*d"3*e"m*(m -
2xn + 1) - bxc*d"2*e"m*(m + 1))*A + (bxc™2kd*e"m*(m + 2*n + 1) - axc*d™2*
e"mx(m + 1))*B)*x*e” (m*¥log(x) + n*xlog(x)))/(c”2xd"4*n"2*x~(2*%n) + 2%c~3*d"
3*%n"2%x"n + c~4*d"2*n"2)

3.37.8 Giac [F]

dz

/ (ex)™ (a + bz™) (A + Bz™) dp — / (Bz™ + A)(bz™ + a)(ex)™
(c + dan)® (dz" + ¢)°

inputLintegrate((e*x)‘m*(a+b*x‘n)*(A+B*x‘n)/(c+d*x‘n)“3,x, algorithm="giac")

~—

.
output Lintegrate ((B*x™n + A)*(b*x™n + a)*(e*x) m/(d*x™n + c)~3, x)

-/

3.37.9 Mupad [F(-1)]

Timed out.

dr = dx

/ (ex)™ (a + bz™) (A + Bz™)

(ex)™ (A+ Ba") (a+ba")
(¢ + dzn)? /

(c+dan)®

input Lint (((exx)"m*(A + Bxx"n)*(a + b*x"n))/(c + d*x"n)"3,x)

—

output Lint (((e*x)"m*(A + B*x"n)*(a + b*x"n))/(c + d*x"n)"3, x)

337, [ Ceimainn g,
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3.38  [lelAdBd) g,
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3.38.1 Optimalresult . . .. ... .. .. . .. e 284
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3.38.3 Rubi [A] (verified) . . . . . .. .. .. 285
3.384 Maple [F] . . . . . o o 280
3.38.5 Fricas [F] . . . . . o o o 280
3.38.6 Sympy [F(-1)] . . .« o 287
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3.38.1 Optimal result

Integrand size = 22, antiderivative size = 112

/ (ex)™ (A + B3x ) i
(c+ dzm)
(Bc — Ad)(ex)t™
2cden (¢ + dzn)?
N (Bc(1 4+ m) — Ad(1 4+ m — 2n))(ex) ™™ Hypergeometric2F1 (2, 14m Itmin _ dz%)
2c3de(1 +m)n

‘ n))*(exx)~ (1+m) *hypergeom([2, (1+m)/n], [(1+m+n)/n],-d*x"n/c)/c~3/d/e/(1+m)

e hY
output | -1/2% (-Axd+B*c)*(exx) ™ (1+m)/c/d/e/n/ (c+d*x"n) “2+1/2% (Bxc (1+m) -A*d* (1+m-2% |
G |

3.38.2 Mathematica [A] (verified)

Time = 0.14 (sec) , antiderivative size = 83, normalized size of antiderivative = 0.74

/(ew (A+Bx )dz
(¢ + dzn)®
ex)™ (BcHypergeometric2F1 (2, 14m limin _di%) 4 (_ Bc 4+ Ad) Hypergeometric2F1 (3, 14m 1im:
cAd(1+m)

3.38. [ EET do
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input ‘ Integrate[((e*x) “m*(A + B*x"n))/(c + d*x"n)~3,x]

‘)] + (-(Bxc) + Axd)*Hypergeometric2F1[3, (1 + m)/n, (1 + m + n)/n, -((d*x"

output‘/(x*(e*x)"m*(B*c*Hypergeometric2F1 [2, A +m)/n, (1 +m+ n)/n, -((d*x"n)/c \‘
10)/€)1))/(c™3%d*(1 + m)) |

3.38.3 Rubi [A] (verified)

Time = 0.23 (sec) , antiderivative size = 112, normalized size of antiderivative = 1.00,
— _ o number of rules _

number of steps used = 2, number of rules used = 2, integrand size 0.091, Rules used

= {957, 888}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (ex)™ (A + Bz"™) iz

(c + dzn)®

| 957
(Be(m+1) — Ad(m —2n +1)) [ (dfﬁz)z dz B (ex)™+1(Bc — Ad)
2cdn 2cden (¢ + dam)?

| 888

(ex)™+1(Be(m + 1) — Ad(m — 2n + 1)) Hypergeometric2F1 (2, ™kl mintl _ drt)
2c3de(m + 1)n
(ex)™ 1 (Bc — Ad)
2cden (¢ + dzn)?

inputtlnt[((e*x)“m*(A + B*x~n))/(c + d*x~n)"3,x] J

output‘ -1/2%x((Bxc - A*d)*(e*x)~ (1 + m))/(cxd*e*n*x(c + d*x"n)~2) + ((B*c*(1 + m) - ‘

‘ Axd*(1 + m - 2xn))*(e*x) (1 + m)*Hypergeometric2F1[2, (1 + m)/n, (1 + m + ‘
‘ n)/n, -((d*x™n)/c)]1)/(2*c"3*d*ex(1 + m)*n) ‘

3.38. [ EET do
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3.38.3.1 Defintions of rubi rules used

rule 888 | Int [((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a”p
*((c*x)"(m + 1)/(cx(m + 1)))*Hypergeometric2F1[-p, (m + 1)/n, (m + 1)/n + 1
, (-b)*(x"n/a)], x] /; FreeQ[{a, b, ¢, m, n, p}, x] & !'IGtQlp, 0] && (ILt
Qlp, 0] |l GtQ[a, 01)

rule 957 Int[((e_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"(@_))"(p_.)*((c_) + (d_.)*(x_)"(n
_)), x_Symbol] :> Simp[(-(b*c - a*d))*(e*x)"(m + 1)*((a + b*xx™n)~(p + 1)/(a
*b*exn*(p + 1))), x] - Simp[(a*d*(m + 1) - bxc*(m + n*x(p + 1) + 1))/(axb*nx*
(p + 1)) Intl[(exx)"m*(a + b*x"n)~(p + 1), x]1, x] /; FreeQl{a, b, c, d, e,
m, n}, x] && NeQ[bxc - axd, 0] && LtQ[p, -1] && (( !IntegerQlp + 1/2] && N
eQlp, -5/41) || !RationalQ[m] || (IGtQ[n, 0] && ILtQ[p + 1/2, 0] && LeQ[-1
, m, (-n)*(p + 1)1))

3.38.4 Maple [F]

/ (ex)™ (A + an)dm
(c+dazn)®

input Lint ((e*x) “m* (A+B*x~n)/ (c+d*x~n) 3,x)

p
output Lint ((e*x) “m* (A+B*x"n) / (c+d*x"n) ~3,x)

~—

3.38.5 Fricas [F]

/ (ex)™ (A + Bz™) dp — / (Bz™ + A)(ex)™
(¢ + dam)? (dz" + ¢)°

inputLintegrate((e*x)‘m*(A+B*x‘n)/(c+d*x“n)‘3,x, algorithm="fricas")

B*x"n + A)*(exx) m/(d"3*x~(3*%n) + 3*xc*kd~2*x~(2*n) + 3*c~2xd*x"n

‘+ c~3), x)

3.38. [ EET do
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3.38.6 Sympy [F(-1)]

Timed out.

dz = Timed out

/ (ex)™ (A + Bzx")
(c + dan)?

§
input Lintegrate ((e*x) **km (A+Bkx**n) / (c+d*x**n) **3,X)

e—

output LTimed out

3.38.7 Maxima [F]

/ (ex)™ (A + Bz™) dp — / (Bz™ + A)(ex)™ i
(¢ + dzn)® (dz™ + ¢)°

inputLintegrate((e*x)‘m*(A+B*x“n)/(c+d*x“n)‘3,x, algorithm="maxima")

output -((m~2 - m*¥(n - 2) - n + 1)*Bkcxe™m - (m™2 - m*(3*%n - 2) + 2*n"2 - 3%n + 1
) *A*d*e"m)*integrate (1/2*x"m/(c"2*d~2*#n"2*%x"n + c~3*d*n~2), x) + 1/2*((B*c
“2%e"m¥(m - n + 1) - Axckdxe"m*x(m - 3*n + 1))*x*x"m - (A*d"2%e"m*(m - 2*n

+ 1) - B¥ckd*e"m*(m + 1))*x*e” (m*¥log(x) + nxlog(x)))/(c™2*d"3*n"2*x" (2*n)

+ 2%c73*d724n"2*%x"n + c~4*d*n"2)

3.38.8 Giac [F]

/ (ex)™ (A + Bz™) i — / (Bz"™ + A)(ex)™ i
(c + dan)® (dz" + ¢)°

p
inputkintegrate((e*x)‘m*(A+B*x‘n)/(c+d*x‘n)‘3,x, algorithm="giac")

—

-

output Lintegrate ((B*x"n + A)*(e*x)"m/(d*x"n + c)~3, x)

-/

3.38. [ EET do
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3.38.9 Mupad [F(-1)]

Timed out.

z)™ (A+ Bz")

ferussa,

(c+dzn)?

dz

input [int(((e*x)“m*(A + B¥x n))/(c + d*x°n)"3,x)

\ 4

output Lint(((e*x)“m*(A + B*x"n))/(c + d*x"n)"3, x)

3.38. [ EET do
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3.39 f ((ex)m(A—l—Bx”)3 dx

a+bx™)(c+dx™)
3.39.1 Optimalresult . . .. ... ... ... . .. . e 289
3.39.2 Mathematica [A] (verified) . . . . . . . ... .. Lo 2901
3.39.3 Rubi [A] (verified) . . . . . ... .. 290)
3.39.4 Maple [F] . . . . . . o 292
3.39.5 Fricas [F] . . . . . o o o o 292
3.39.6 Sympy [F(-2)] . . . . o 293
3.39.7 Maxima [F] . . .. . ... . 293
3.39.8 Giac [F] . . . . . o 294
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3.39.1 Optimal result

Integrand size = 31, antiderivative size = 366

(ex)™ (A + Bz") i — (Bc — Ad)(ex)t™
(a+bz") (c+dzn)® 2c(be — ad)en (c + dam)?
L (bc(Ad(1 +m — 4n) — Be(1 +m — 2n)) + ad(Bc(1 +m) — Ad(1 +m — 2n)))(ex)™™
2¢2(bc — ad)?en? (c + dz™)
b*(Ab — aB)(ex) "™ Hypergeometric2F1 (1, 1£m 1tmin _ bt )
* a(bc — ad)3e(1 + m)
(b%c*(Ad(1 + m — 3n) — Be(1+m —n))(1+m — 2n) — a®’d?*(Bc(1 +m) — Ad(1 +m — 2n))(1 +m -

output | 1/2* (—A*xd+Bxc) * (e*xx) ~ (1+m) /c/ (—a*xd+b*c) /e/n/ (c+d*x"n) ~2+1/2* (b*xc* (Axd* (1+m
—-4%n) -Bxc* (1+m-2*n) ) +a*xd* (Bxc* (1+m) —A*d* (1+m-2*n)) ) * (e*xx) ~ (1+m) /c~2/ (—axd+
b*c)~2/e/n"2/ (c+d*x"n)+b~2% (A*b-B*a) * (e*x) ~ (1+m) *hypergeom([1, (1+m)/n], [(
1+m+n)/n],-b*x"n/a)/a/(-a*d+b*c) “3/e/(1+m) -1/2% (b~ 2%c~2% (A*xd* (1+m-3*n) -B*c
* (1+m-n) ) * (1+m-2%n) —a~2%d~2* (Bxc* (1+m) ~A*d* (1+m-2%n) ) * (1+m-n) +2*axbxcxd* (B
*xc* (1+m) * (1+m-2%n) -A*d* (1+m~2+m* (2-4*n) -4*n+3*n~2) ) ) * (e*xx) ~ (1+m) *hypergeom
([1, (1+m)/n], [(1+m+n)/n],-d*x"n/c)/c"3/(-a*d+b*xc)~3/e/(1+m)/n"2

(ex)™(A+Bz™)
3.39. f W dCE
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3.39.2 Mathematica [A] (verified)

Time = 0.50 (sec) , antiderivative size = 201, normalized size of antiderivative = 0.55

(ex)™ (A+ Bz")
(a + bz") (c + dan)®
b?(Ab—aB) Hypergeometric2F1 (1 , HTm s MTM ,— M) b(Ab—aB)d Hypergeometric2F1 <1, HTm , M"TJF" ,— %) (Ab—al

sfea)” ( : =) _ c

(bc — ad)3(1 +

~—

input LIntegrate[((e*x)‘m*(A + B*x"n))/((a + b*x"n)*(c + d*x"n)~3),x]

output | (x* (exx) “m* ((b~2*(A*b - axB)*Hypergeometric2F1[1, (1 + m)/n, (1 + m + n)/n
, —((b*x"n)/a)])/a - (bx(Axb - a*B)x*d*Hypergeometric2F1[1, (1 + m)/n, (1 +
m + n)/n, -((d*x™n)/c)])/c - ((Axb - a*B)*d*(b*c - a*d)*Hypergeometric2F1
[2, 1@ +m)/n, (1 +m + n)/n, -((@*x"n)/c)])/c”2 + ((b*c - axd)~2*(Bxc - A
*d) *Hypergeometric2F1[3, (1 + m)/n, (1 + m + n)/n, -((d*x"n)/c)]1)/c3))/((
b*c - a*d)~3*(1 + m))

3.39.3 Rubi [A] (verified)
Time = 1.14 (sec) , antiderivative size = 404, normalized size of antiderivative = 1.10,
number of steps used = 5, number of rules used = 5, Bumber of rules _ 167 Ryles used

integrand size
= {1065, 25, 1065, 1067, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

(ex)™ (A + Bz™)
(a + bz™) (c + dzn)®

l 1065

__ (ex)™(b(Bc—Ad)(m—2n+1)z"+aBc(m+1)—aAd(m—2n+1)—2Abcn)
f (bz"+a)(dz™+c)? dz (6$)m+1 (BC — Ad)

2¢en(be — ad) 2cen(bc — ad) (¢ + dz™)?

| 25

(ex)™(b(Bc—Ad)(m—2n+1)z"+aBc(m+1)—aAd(m—2n+1)—2Abcn)
(ex)™t'(Be—Ad) J (be"+a) (da" o)’ dz

2cen(be — ad) (¢ + dzn)? 2cn(be — ad)
| 1065

(ex)™(A+Bz™)
3.39. f W dCE
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(ex)™*'(Bc— Ad)
2cen(be — ad) (¢ + da™)?

(ex)™ (b(bc(Ad(m—4n+1)—Bc(m—2n+1))+ad(Bc(m+1)—Ad(m—2n+1)))(m—n+1)z" +a(m+1)(bc(Ad(m—4n+1)— Be(m—2n+1))+ad(Bc(m+1)— Ad(m—2n+
f (bz™+a)(dz™+c)
cn(bc—ad)

2¢en(be — ad
| 1067

(ex)™*'(Bc— Ad)
2cen(be — ad) (¢ + dam)?

( (b2(Ad(m—3n+1)—Bc(m—n+1))(m—2n+1)c2+2abd (Bc(m+1)(m—2n+1)—Ad (m2+(2—4n)m+3n2—4n+1) ) c—a2d? (Bc(m+1)—Ad(m—2n+1))(m—n+1)) (

(bc—ad)(dz™+c)

cn(bec—ad)

2¢en(be — ad)
| 2009

(ex)™+1(Bc — Ad)
2cen(be — ad) (¢ + dam)?

(ea:)"”"'1 Hypergeometric2F1 (1, WTH s % ,— %) (7112112 (mfnJrl)(Bc(m+l)7Ad(m72n+1))+2abcd(Bc(erl)(m72n+1)7Ad(m2+m(274n)+3n2 —4n+
ce(m+1)(bc—ad)

en(be—ad)

-

input LInt [((exx)"m*(A + B*x"n))/((a + b*x"n)*(c + d*x"n)~3),x]

~—

output | ((Bxc - A*d)*(e*x)~(1 + m))/(2*xcx(b*c - a*d)*exn*(c + d*x"n)~2) - (-(((b*c
*(Axd*(1 + m - 4%n) - Bxcx(1 + m - 2%n)) + axd*(Bkc*(1 + m) - A*d*(1 + m -
2xn)))*(exx)~(1 + m))/(cx(bxc - a*xd)*e*nx(c + d*x"n))) + ((-2xb~2*(Axb -

axB)*c~2*n"2* (e*x) " (1 + m)*Hypergeometric2F1[1, (1 + m)/n, (1 + m + n)/n,

-((b*x"n)/a)])/(ax(bxc - a*xd)*ex(1 + m)) + ((b"2%c”™2*x(A*d*(1 + m - 3*n) -

B¥cx(1 + m - n))*(1 + m - 2*%n) - a"2*xd"2*(Bxc*(1 + m) - A*d*(1 + m - 2*n))
*(1 + m - n) + 2ka*xbxckd*(Bxckx(1 + m)*(1 + m - 2*%n) - A*d*(1 + m~2 + m*(2

- 4*n) - 4*n + 3*n"2)))*(e*x)” (1 + m)*Hypergeometric2Fi[1, (1 + m)/n, (1 +
m + n)/n, -((d*x"n)/c)])/(cx(bxc - a*d)*e*x(1 + m)))/(c*x(b*c - axd)*n))/(2
xc*(bxc — a*xd)*n)

(ex)™(A+Bz™)
3.39. f W dCL'
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3.39.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 1065 Int[((g_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_)*((c_ ) + (d_.)*(x_)"(n_
))~(q)*((e ) + (£_.)*(x_)"(n_)), x_Symbol] :> Simp[(-(bxe - a*f))*(g*x)~(m
+ Dx*(a + b*xx™n) " (p + D*((c + d*x™n)~(q + 1)/(axg*nx(bxc - axd)*(p + 1)))
, x] + Simp[1/(a*n*(b*c - a*d)*(p + 1)) Int[(g*x) "m*(a + b*x"n) (p + 1)*(
c + d*x"n) “q*Simp[c*(b*e - a*f)*x(m + 1) + e*n*k(b*c - a*xd)*(p + 1) + d*(b*e

- a*f)*(m + nx(p + q + 2) + V*x"n, x], x], x] /; FreeQ[{a, b, c, d, e, £,

g, m, n, qF, x] && LtQ[p, -1]

rule 1067 Int [(((g_.)*(x_)) " (m_.)*((a_) + (b_)*x_)"(_))"(p)*((e ) + (f_)*(x_)"(n
I/ (e) + (d_.)*(x_)"(n_)), x_Symbol] :> Int[ExpandIntegrandl[(g*x) m*(a
+ b*x"n) "p*((e + f*x"n)/(c + d*x"n)), x], x] /; FreeQ[{a, b, c, d, e, £, g,
m, n, p}, x]

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

3.39.4 Maple [F]

/ (ex)™ (A+ B z™)
(a+bz") (c+dzn)®

-

inputLint((e*x)‘m*(A+B*x‘n)/(a+b*x‘n)/(c+d*x‘n)“3,x)

-/

outputLint((e*x)‘m*(A+B*x‘n)/(a+b*x“n)/(c+d*x‘n)‘3,x)

-/

3.39.5 Fricas [F]

/ (ex)™ (A + Bz™) dp — / (Bz™ + A)(ex)™ i
(a + bz) (¢ + dzn)® (bz" + a)(dz" + ¢)°

inputtintegrate((e*x)‘m*(A+B*x‘n)/(a+b*x‘n)/(c+d*x‘n)“3,x, algorithm="fricas")

(ex)™(A+Bz™)
3.39. f W dCE
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output‘integral((B*x“n + A)*(e*x) "m/ (b*d~3*x~(4*n) + a*c™3 + (3*bxc*d™2 + axd™3)*
Lx“(S*n) + 3% (b*c”2*%d + a*c*d"2)*x~(2*n) + (b*c~3 + 3*%axc”2*d)*x"n), x)

3.39.6 Sympy [F(-2)]

Exception generated.

dzr = Exception raised: HeuristicGCDFailed

/ (ex)™ (A + Bzx™)
(a + bz) (c + dam)®

input

integrate ((e*x) **m* (A+B*x**n) / (atb*x**n) / (c+d*x**n) **3,x)

N

output

Exception raised: HeuristicGCDFailed >> no luck

N\

3.39.7 Maxima [F]

/ (ex)™ (A + Bz™) dp — / (Bz™ + A)(ex)™ I
(a + bz) (c + dzn)® (bz" + a)(dz" + c)°

e

inputLintegrate((e*x)‘m*(A+B*x‘n)/(a+b*x‘n)/(c+d*x‘n)“3,x, algorithm="maxima")

~—

output | (((m~2 - m*(5*n - 2) + 6*%n"2 - 5%n + 1)*b"2kc"2*d*e™m - 2*(m~2 — 2*m*(2*n
- 1) + 3*%n"2 - 4*n + 1)*axb*c*d"2*%e"m + (m"2 - m*(3*n - 2) + 2*%n"2 - 3%n +
1)*a~2%d"3*e"m)*A - ((m~2 - m*(3%n - 2) + 2%¥n"2 - 3*n + 1)*b~2*c"3%e"m -
2x(m~2 - 2km*x(n - 1) - 2*%n + 1)*a*b*c ™2kd*e™m + (m"2 - m*(n - 2) - n + 1)*
a”2xc*d"2%e"m) *B) *integrate (-1/2*%x"m/ (b~3%c~6*n"2 - 3*a*b~2*c”5xd*n"2 + 3%
a~2xb*c”4*d"2+%n"2 - a~3*%c"3*%d"3*n"2 + (b~ 3*c"5*xd*n"2 - 3*a*b~2*c”4*xd"2%n"2
+ 3%a~2%b*c”3*%d"3*%n"2 - a~3*%c"2*d"4*n"2)*x"n), x) + (B*axb"2xe"m - Axb~3*
e"m)*integrate (-x"m/(a*b”~3*c”3 - 3*a”"2xb"2%c”2*d + 3*a”3*b*c*xd"2 - a"4xd"3
+ (b~4%c”3 - 3*a*xb"3*kc”2xd + 3*a"2*xb"2*c*d"2 - a~3*b*d"3)*x"n), x) - 1/2%
(((axcxd™2*xe"m*(m - 3*n + 1) - b*c"2*d*e"m*(m - 5*%n + 1))*A - (a*xc™2*d*e"m
*(m - n + 1) - bxc™3xe"m*x(m - 3*n + 1))*B)*x*x"m + ((a*d"3%e"m*(m - 2*n +
1) - bxc*d"2*xe"m*(m — 4%n + 1))*A + (b*xc"2*d*e"m*(m — 2%n + 1) - akc*d 2*e
“mk(m + 1))#*B)*x*e” (m*log(x) + n*log(x)))/(b~2%c~6*n~2 - 2*axbxc~5*xd*n~2 +
a”2%c”4xd"2*n"2 + (b"2*%c"4*d"2+%n"2 - 2*axbxc”3*d"3*n"2 + a”~2*c"2*%d"4*n"2)
*x” (2*%n) + 2% (b~2%c~5*d*n"2 - 2*axb*c~4*d"2#n"2 + a~2%c~3*d~3*n"2)*x"n)

(ex)™(A+Bz™)
3.39. f W dCE
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3.39.8 Giac [F|

/ (ex)™ (A + Bz™) dp — / (Bz"™ + A)(ex)™ i
(a + bz) (c + dzn)® (bz™ + a)(dz™ + ¢)®

input Lintegrate ((exx) “mx (A+B*x"n) / (a+b*x"n) /(c+d*x"n) "3,x, algorithm="giac")

output Lintegrate ((B*x"n + A)*(e*xx) m/((b*x™n + a)*(d*x™n + c)~3), x)

3.39.9 Mupad [F(-1)]

Timed out.

(ex)™ (A + Bz™) g — / (ex)™(A+ Bz")
(a + bz) (¢ + dzn)® (a+bzn) (c+dzn)°

input tint(((e*x)"m*(A + B*x"n))/((a + b*x"n)*(c + d*x"n)~3),x)

output Lint(((e*x)"m*(A + B*x"n))/((a + b*x"n)*(c + d*x"n)"3), x)

(ex)™(A+Bz™)
3.39. f W dCE
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3.40 f : (ex)™(A+Bz™) . dx

a+bz™)? (c+dz)
3.40.1 Optimalresult . . .. ... . . . . .. ... . e 295
3.40.2 Mathematica [A] (verified) . . . . . . . .. .. .. Lo 2961
3.40.3 Rubi [A] (verified) . . . . . ... .. 296
3.40.4 Maple [F] . . . . . o 299
3.40.5 Fricas [F] . . . . . . o o 299
3.40.6 Sympy [F(-1)] . . . . o oo 299
3.40.7 Maxima [F] . . . . . ... .. 300
3.40.8 Giac [F] . . . . . . 300
3.40.9 Mupad [F(-1)] . . . . o oo

3.40.1 Optimal result

Integrand size = 31, antiderivative size = 482

(ex)™ (A + Bz")
/ (a + bzn)? (¢ + dzn)?
d(2Abc — 3aBc + aAd)(ex)'t™ (Ab — aB)(ex)*™
2ac(bc — ad)2en (¢ + dzm)? a(bc — ad)en (a + bz™) (¢ + dzn)?
d(a?d(Bc(1 +m) — Ad(1 +m — 2n)) — abc(Bc — Ad)(1 + m — 6n) — 24b%c%n) (ex)t™
B 2ac?(be — ad)3en? (c + dz™)
b?>(aB(be(l +m) — ad(1+m — 3n)) + Ab(ad(1 +m — 4n) — be(1 + m — n)))(ex)' ™™ Hypergeometric
+ a?(bc — ad)*e(1 + m)n
+d(b202(Ad(1 +m —4n) — Be(1 +m — 2n))(1 + m — 3n) — a?d*(Bc(1 +m) — Ad(1+m — 2n))(1 +7

output | 1/2*d* (Axa*xd+2*Axbxc-3*B*a*xc)* (exx) ~(1+m) /a/c/(-axd+b*c) ~2/e/n/ (c+d*x"n) "2
+(Axb-B*a) * (e*x) ~(1+m) /a/ (-a*d+b*xc) /e/n/ (a+b*x"n) / (c+d*x"n) ~2-1/2*d* (a~2*d
* (Bxcx (1+m) —A*d* (1+m-2*n) ) —a*b*c* (—A*d+B*c) * (1+m-6*n) —2*%A*b~2*c~2*n) * (e*x)
~(1+m)/a/c”~2/(-a*d+b*c) “3/e/n"2/ (c+d*x"n) +b~2* (a*B* (b*c* (1+m) ~a*d* (1+m-3*n
) ) +Axb* (a*d* (1+m-4*n) -b*c* (1+m-n) ) ) * (exx) ~ (1+m) *hypergeom([1, (1+m)/n],[(1
+m+n) /n] ,-b*x"n/a)/a"~2/(-a*d+b*xc) ~4/e/ (1+m) /n+1/2*d* (b~ 2xc~2* (Axd* (1+m-4*n
)-B*c* (1+m-2*n) ) * (1+m-3+*n) —a~2*d~2* (Bkxc* (1+m) —A*d* (1+m-2+n) ) * (1+m-n) +2*ax*b
*xc*d* (B¥c* (1+m) * (1+m-3*n) —A*d* (1+m~2+m* (2-5%n) -5*n+4*n"~2) ) ) * (exx) ~ (1+m) *hy
pergeom([1, (1+m)/n], [(1+m+n)/n],-d*x"n/c)/c~3/(-a*d+b*c)~4/e/(1+m)/n~2

(ex)™(A+Bz"™)
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3.40.2 Mathematica [A] (verified)

Time = 0.97 (sec) , antiderivative size = 271, normalized size of antiderivative = 0.56

(ex)™ (A + Bz™)
(a + bzn)? (¢ + dzn)?

( ) m ( b?(bBc—3Abd+2aBd) Hypergeometric2F1 <1 s HTm , I‘LmTJr" ,— % ) bd(bBc—3Abd+2aBd) Hypergeometric2F1 (1 s 1+Tm R HL"““
Ir\exr —
a c

~—

input LIntegrate[((e*x)‘m*(A + B*x™n))/((a + b*x"n) "2*(c + d*x"n)~3),x]

output | (x* (exx) “m* ((b~2*(b*B*c — 3*A*b*d + 2*xa*B*d)*Hypergeometric2F1[1, (1 + m)/
n, (1 +m + n)/n, -((b*x"n)/a)])/a - (b*d*(b*B*c - 3xA*b*d + 2xa*B+*d)*Hype
rgeometric2F1[1, (1 + m)/n, (1 + m + n)/n, -((d*x"n)/c)])/c + (b~2*(-(A*b)
+ axB)*(-(b*c) + a*d)*Hypergeometric2F1[2, (1 + m)/n, (1 + m + n)/n, -((b
*x°n)/a)]) /a2 - (d*(b*c - a*d)*(bxBxc - 2%Axb*d + a*Bxd)*Hypergeometric2F
1[2, 1 +m)/n, (1 +m + n)/n, -((d*x"n)/c)])/c”2 + (d*(bxc - a*xd) 2% (-(B*
c) + Axd)*Hypergeometric2F1[3, (1 + m)/n, (1 + m + n)/n, -((d*x™n)/c)])/c”
3))/((bxc - a*xd) 4*(1 + m))

3.40.3 Rubi [A] (verified)
Time = 1.63 (sec) , antiderivative size = 525, normalized size of antiderivative = 1.09,
number of steps used = 6, number of rules used = 6, number of rules _ 0.194, Rules used

integrand size
= {1065, 25, 1065, 1065, 1067, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (ex)™ (A + Bz™)
(a + bz")? (c + dam)?

l 1065

(ex)™*1(Ab — aB)

aen(bc — ad) (a + bz™) (¢ + dzn)? -
f _ (ex)™(=((Ab—aB)d(m—3n+1)z™)+aBc(m+1)—Abc(m—n+1)—aAdn) dz
(bz"+a)(dz"+c)®

an(bc — ad)

| 25

(ex)™(A+Bz"™)
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f (ez)™(—((Ab—aB)d(m—3n+1)z™)+aBc(m+1)—A(bc(m—n+1)+adn)) dx

(bz"+a)(dz+c)® (6I)m+1 (Ab — aB)
an(bc — ad) aen(bc — ad) (a + bz™) (c + dzn)?
| 1065
(ex)™ (n (ch(2bc+ad) (m+1)—A (2b2(mfn+1)c2+4abdnc+a2 d2(m72n+1))) 7bd(ZAbcf3ch+aAd)(m72n+l)nzn)
(bz™+a)(dz™+c)? do + d(ex)™t! (aAd—3aBc+2Abc
2cn(bc—ad) 2ce(bc—ad) (c+dzm)?

an(bc — ad)
(ex)™+1(Ab — aB)

aen(bc — ad) (a + ba™) (c + dzn)?

| 1065
(ex)™ (bd(m—n+1)n (d(Bc(m+1)—Ad(m—2n+1))a2 —bc(Bc—Ad) (m—6n+1)a—2Ab202n) ™ +n (ad(m+1) (d(Bc('m-}—l)—Ad(m—2n+1))a2 —bc(Bc—Ad)(m—6n-
S (bz™+a)(dz™+c)
cn(bc—ad)

(ex)™t1(Ab — aB)
aen(bc — ad) (a + ba™) (c + dzn)?

l 1067

I (2b2c2(aB(bc(m+1)—ad(m—3n+1))+Ab(ad(m—4n+1)—bc(m—n+1)))n2(ez)m + ad’n(b2(Ad(m—4n+1)—Bc(m—2n+1))(m—3n+1)c2+2abd(Bc(m+1)(m—3n—
(bc—ad)(bz™+a) (1

cn(bc—ad)

(ex)™*1(Ab — aB)
aen(be — ad) (a + bz") (¢ + dz)?

l 2009

adn(ez)m+1 Hypergeometric2F1 (1, mT_H' s % ,— %) (—(1,2d2 (m—n+1)(Bc(m+1)—Ad(m—2n+1))+2abcd(Bc(m+1)(m—3n+1)—Ad(m2+m(2—5n)+4n2 —
ce(m+1)(bc—ad)

(ex)™*1(Ab — aB)
aen(bc — ad) (a + bz") (¢ + dz)?

input | Int [((e*x) “m*(A + B*x"n))/((a + b*x"n) " 2*(c + d*x"n) 3),x]

(ex)™(A+Bz"™)
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output | ((Axb - a*B)*(exx)~(1 + m))/(ax(b*xc - a*d)*e*n*(a + b*x"n)*(c + d*x"n)~2)
+ ((d*(2*%Axb*xc - 3*axBkc + axA*d)*(exx)~(1 + m))/(2*c*(b*c - axd)*e*x(c + d
*x"n)"2) + (-((d*x(a"2*d*(B*c*(1 + m) - Axd*x(1 + m - 2%n)) - axb*xcx(Bxc - A
*d)*(1 + m — 6*%n) - 2*%A*b"2*c”2*n)*(exx) (1 + m))/(c*(b*c - axd)*ex(c + dx*
x"n))) + ((2%b"2*c"2*x(a*xBx(b*c*x(1 + m) - a*d*(1 + m - 3*n)) + Axbk(a*xd*(1
+ m - 4*n) - b*c*(1 + m - n)))*n"2*(e*x) (1 + m)*Hypergeometric2F1[1, (1 +
m)/n, (1 + m + n)/n, -((b*x"n)/a)])/(ax(b*c - axd)*ex(1l + m)) + (a*xd*n*(b
~2%xc” 2% (A*d*x(1 + m - 4%n) - Bxc*(1 + m - 2%n))*(1 + m - 3%n) - a~2*%d"2*(Bx
ck(1 +m) - Axd*(1 + m - 2*xn))*(1 + m - n) + 2%a*bkcxd*(Bxc*(1 + m)*(1 + m
- 3*%n) - Axd*(1 + m"2 + m*(2 - 5%n) - 5*%n + 4*n~2)))*(exx)” (1 + m)*Hyperg
eometric2F1[1, (1 + m)/n, (1 + m + n)/n, -((d*x"n)/c)])/(c*(b*xc - axd)*e*(
1 + m)))/(cx(b*c - a*d)#*n))/(2*cx(b*c - a*d)*n))/(ax(b*c - a*d)*n)

3.40.3.1 Defintions of rubi rules used

-

ruk325LInt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

~—

rule 1065 Int [((g_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"(m_)) " (p_)*((c_) + (d_.)*(x_)"(n_
))7(q)*((e ) + (£_.)*(x_)"(n_)), x_Symbol] :> Simp[(-(bxe - a*f))*(g*x)~(m
+ Dx(a + b*xx™n)"(p + 1)*((c + d*x"n)~(q + 1)/(a*g*n*(b*c - axd)*(p + 1)))
, x] + Simp[1/(a*n*(bxc - axd)*(p + 1))  Int[(g*x) m*(a + bxx"n)~(p + 1)*(
c + d*x"n) “g*Simp[c*(b*e - axf)*(m + 1) + exnx(b*xc - axd)*(p + 1) + dx(bxe
- axf)*x(m + nx(p + q + 2) + 1)*x"n, x], x], x] /; FreeQ[{a, b, ¢, d, e, f,
g, m, n, qt, x] && LtQ[p, -1l

rule 1067 Int [(((g_.)*(x_)) " (m_.)*((a_) + (b_)*(x_)"(m_))"(p)*((e ) + (f_)*(x_)"(n
I/ ((c) + (d_)*(x_)"(n_)), x_Symbol] :> Int[ExpandIntegrand[(g*x) m*(a
+ b*x"n) “p*((e + f*x"n)/(c + d*x"n)), x], x] /; FreeQ[{a, b, c, d, e, f, g,
m, n, p}, x]

-

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

(ex)™(A+Bz"™)
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3.40.4 Maple [F]

/ (ex)™ (A+ B z™) I
(a+bz") (c+dan)®

input Lint ((e*x) “m* (A+B*x~n) / (a+b*x~n) ~2/ (c+d*x"n) ~3,x)

output Lint ((e*xx) “m* (A+B*x"n) / (a+b*x"n) ~2/ (c+d*x"n) ~3,x)

3.40.5 Fricas [F]

(ex)™ (A + Bzx™) dp — / (Bz™ + A)(ex)™
(a + bz)? (c + da)? (bz™ + a)*(dz™ + ¢)®

p
input tintegrate ((e*x) “m* (A+B*x"n) / (a+b*x"n) "2/ (c+d*x"n) ~3,x, algorithm="fricas")

output‘ integral ((B*x"n + A)*(e*x) m/(b~2%d"3*x~(5%n) + a"2%c”3 + (3*¥b~2*c*d™2 + 2
\*a*b*d“s)*x‘(4*n) + (3*%b~2*c~2*%d + 6*a*bxckd™2 + a~2*%d"3)*x~(3*n) + (b"2*c
\‘3 + 6*a*b*c”2*xd + 3*a~2xcxd"2)*x”(2%n) + (2*axb*c”3 + 3*a~2kc”"2%d)*x"n),

Lx)

3.40.6 Sympy [F(-1)]
Timed out.

dz = Timed out

/ (ex)™ (A + Bzx™)
(a + bz")? (¢ + dam)?

input Lintegrate ((exx)**m* (A+B*xx**n) / (a+b*x**n) ¥*2/ (c+d*x**n) **3,x)

output LTimed out

(ex)™(A+Bz"™)
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3.40.7 Maxima [F]

/ (ex)™ (A + Bz™) dp — / (Bz™ + A)(ex)™
(a + bzn)? (¢ + dzn)® (bz™ + a)*(dz™ + ¢)®

e A
integrate((e*x) “m* (A+B*x"n)/(a+b*x"n) "2/ (c+d*x"n) "3,x, algorithm="maxima")

N J

input

output| (((m"2 - m*(7*n - 2) + 12*n~2 - 7*n + 1)*b~2%c~2+%d"2%e™m - 2*x(m~2 - m*(5*n
- 2) + 4xn"2 - 5xn + 1)*axbkcxd"3*%e™m + (m~2 - mkx(3*%n - 2) + 2#%n"2 - 3#n
+ 1)*a”2%d"4*e"m)*A - ((m"2 - m*x(5*%n - 2) + 6*n"2 - 5%n + 1)*b~2*%c"3*d*e"m
- 2x(m"2 - mk(3*n - 2) - 3*n + 1)*axb*xc”2*d"2%e"m + (mM™2 - m*(n - 2) - n
+ 1)*a”2%c*d"3*e"m) *B) *integrate (1/2*x"m/(b~4*c~7*n"2 - 4*a*b~3*c”6*d*n~2
+ 6*xa”2*%b"2*xc~5*%d"2*n"2 - 4*a”3*bxc~4*d"3*n"2 + a~4*c”3*d"4*n"2 + (b~4*c”6
*d*n~2 - 4*axb~3*kc”5kd"2*n"2 + 6%a~2%b"2%c"4*d"3*n"2 - 4*a~3*xb*c~3*d"4*n"2
+ a~4%c”2*d"5*n"2)*x"n), x) - ((b"4*c*e"m*(m - n + 1) - a*xb”3*d*e"m*x(m -
4xn + 1))*A + (a”2%b"2*d*e"m*(m - 3*n + 1) - a*xb~3*ckxe"m*(m + 1))*B)*integ
rate(x"m/ (a"2xb~4*xc~4*n — 4%a”~3*b~3*c”3*d*n + 6*a~4*b~2%c 2%d"2%n - 4*a~5*
bxcxd~3*n + a~6*%d"4*n + (a*xb~5xc~4*n - 4*a”2%b"4*c”3*d*n + 6xa~3xb"3*kc"2*d
~2xn - 4%a”~4xb~2*%c*d~3*n + a~5*b*d~4*n)*x"n), x) + 1/2%x(((a"3*c*d"3*e m*(m
- 3%n + 1) - a~2xb*c”2*xd"2*%e"mk(m - 7*n + 1) + 2*xb"3*c"4*e"m*n)*A - (a"3*
c™2xd"2*xe"m*x(m - n + 1) - a"2%bxc”3*d*e"m*x(m - 5*%n + 1) + 2¥axb"2xc"4*xe "m*
n)*B) *x*x™m + ((a"2%b*d"4*e"m*(m - 2*n + 1) - a*b”2*c*d"3*e"m*(m - 6*n + 1
) + 2*b"3*%c”2*%d"2%e"m*n)*A + (axb"2kc"2*d"2*%e"m*(m - 6*n + 1) — a"2*b*c*d”
3*xe"m*x(m + 1))*B)*x*e” (m*xlog(x) + 2*nxlog(x)) + ((a"3*d"4*e"m*(m - 2%n + 1
) - a*b”2*c”2*xd"2%e"m*(m - 7*n + 1) + 4*xb"3*c”3*d*e"m*n + 3*a”2xbkc*d " 3*e”
m*n)*A + (axb~2%c”3*kd*e"m*(m - 9*n + 1) - a”3*kcxd"3*e"mx(m + 1) - 3*a”2kbx*
c~2*%d"2*e m*n) *B) *x*e~ (m*xlog(x) + n*log(x)))/(a~2¥b~3*c~7*n"2 - 3*a~3x*b...

N\ J

3.40.8 Giac [F]

/ (ex)™ (A + Bz™) dp — / (Bz" + A)(ex)™
(a + bz)? (¢ + dam)® (bz" + a)?(dz™ + ¢)®

|

input Lintegrate ((e*x) “m* (A+B*x"n) / (a+b*x"n) "2/ (c+d*x"n) ~3,x, algorithm="giac")

-

output Lintegrate((B*x‘n + A)x(e*xx)"m/((b*x"n + a) " 2*%(d*x™n + c)~3), x)

~—

(ex)™(A+Bz"™)
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3.40.9 Mupad [F(-1)]

Timed out.

/ (ex)™ (A + Bz™) d — / (ex)™ (A+ Bz") i
(a + bz™)? (c + dan)? (a+bz") (c+ dan)?

-

input Lint(((e*x)“m*(A + B*x"n))/((a + b*xx"n) 2*(c + d*x~n)"3),x)

-/

output Lint (((exx)"m*x(A + B*x"n))/((a + b*x"n) 2*(c + d*x"n)"3), x)

(ex)™(A+Bz"™)
340 f W dx
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3.41 [(ex)™ (a + bz™)" (A + Bz") (c + dz™)? dx

3.41.1 Optimalresult . . . . . . . . . .. .. 3021
3.41.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL
3.41.3 Rubi [A] (verified) . . . . . . ... ..
3.41.4 Maple [F] . . . . . o 304
3415 Fricas [F] . . . . . o o
3.41.6 Sympy [F(-2)] . . . . o 3051
3.41.7 Maxima [F] . . . . . . ..
341.8 Giac [F] . . . . . o 306
3.41.9 Mupad [F(-1)] . . . . o o

3.41.1 Optimal result

Integrand size = 31, antiderivative size = 211

/ (e2)™ (a + bz")" (A + Ba") (c + dz™)* do

Alez)™H™ (a+bz™) (14 2°)7 (c+ dz™)? (14 <)~ AppellF1 (4™, —p, —g, Lmtn _bo% | do%)

= e(1+m)
| Bet(ed)™ (a+ba")” (1+ %7) " (e +da")" (1 + %) " AppellF1 (P, —p, —q, e, 0, —
I+m+n

output ‘ Ax(e*x)~ (1+m) * (a+b*x"n) “p* (c+d*x"n) “q*AppellF1((1+m) /n,-p,-q, (1+m+n) /n,-b*
‘ x"n/a,-d*x"n/c)/e/(1+m)/ ((1+b*x"n/a) “p)/ ((1+d*x"n/c) ~q) +B*x~ (1+n) * (e*x) “m*
‘ (a+b*x"n) “p* (c+d*x"n) “q*AppellF1((1+m+n)/n,-p,-q, (1+m+2*n) /n,-b*x"n/a,-d*x
“n/c)/ (1+m+n) / ((1+b*x"n/a) "p)/ ((1+d*x"n/c)"q)

3.41.2 Mathematica [A] (verified)

Time = 0.82 (sec) , antiderivative size = 162, normalized size of antiderivative = 0.77

/ (e2)™ (a + ba") (A + Ba") (c + da™)? do

z(ex)™ (a + bz™)? (1 + %)_p (c+ dz™)? (1 + %)_q (A(l + m + n) AppellF1 (”Tm, —p, —q, 1+mT+", —b—”é
1+m)(1+m+n)

341.  [(ex)™(a+ bz")" (A+ Bz™) (c+ dz™)? dx
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input ‘ Integrate[(e*x) “m*(a + b*x"n) “px(A + B*x"n)*(c + d*x"n) q,x] ‘

output‘((x*(e*x) “m*(a + b*x"n) "p*(c + d*x"n) "q*(A*(1 + m + n)*AppellF1[(1 + m)/n,
‘-p, -q, (1 +m + n)/n, -((b*x"n)/a), -((d*x"n)/c)] + B*(1 + m)*x"n*AppellF
\1[(1 +m+n)/n, -p, -q, (1 + m + 2*n)/n, -((b*x"n)/a), -((d*x"n)/c)]))/((
Li +m)*(1 + m + n)*(1 + (b*x"n)/a) p*(1 + (d*x"n)/c)"q)

|

3.41.3 Rubi [A] (verified)

Time = 0.43 (sec) , antiderivative size = 211, normalized size of antiderivative = 1.00,
number of steps used = 4, number of rules used = 4, Bumber of rules _ 5 199 Ryles used

integrand size
= {1068, 1013, 1013, 1012}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (ez)™ (A + Ba™) (a+ ba™)P (c + da™)! da
| 1068
A /(ew)m (b2™ + a)? (dz" + ¢)? dz + Bz~ (ex)™ / ™ (bz" + a)P (dz" + ¢)? dz
| 1013
Ada + ba™y? <b"f: 4 1) ’ / (ez)™ (bxan 4 1>p (da" + ) do +
Bz~ (ex)™ (a + bz™)? (bxa” + 1) N / g™t <ba;" + 1>P (dz" + ¢)? dz
| 1013
A(a + bx™)? (bma" + 1) - (c+ dz™)? (din + 1) h /(ew)m <bxan + 1>p (d:zn + l)qdm +

n -p n —q n p n q
R e O B C N C D

l 1012

A(ex)™*! (a + bz™)? (% +1) P (c+ dz™)? (% + 1)_q AppellF1 (mT“, —p, —q, 7’""':}“, — bz —%

)

e(m+1)

Bx"l(ex)™ (a + bz")? (% +1) P (c+ dz")? (% + 1)_q AppellF1 (7’”“7;“, —p, —q, 7m+i"+1, —%,

+

dx™

Cc

)

m+n+1

341.  [(ex)™(a+ bz")" (A+ Bz™) (c+ dz™)? dx
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input‘Int[(e*x)“m*(a + b*x"n) "p*(A + Bxx"n)*(c + d*x"n)"q,x] ‘

output | (A*(e*x)~(1 + m)*(a + b*x"n) p*(c + d*x"n) gq*AppellF1[(1 + m)/n, -p, -q, (
1 +m+ n)/n, -((b*xx"n)/a), -((d*x"n)/c)])/(ex(1 + m)*(1 + (b*x"n)/a) p*x(1
+ (d*x"n)/c)~q) + (Bxx~(1 + n)*(e*x) m*x(a + b*x"n) p*(c + d*x"n) “q*Appell
Fi[(1 +m + n)/n, -p, -q, (1 + m + 2*n)/n, -((b*x"n)/a), -((d*x"n)/c)]1)/((
1 +m+ n)*x(1 + (bxx"n)/a) p*x(1 + (d*x"n)/c)"q)

3.41.3.1 Defintions of rubi rules used

rule 1012 Int[((e_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"(@_))"(p_)*((c_) + (d_.)*(x_)"(n_
))~(q_), x_Symbol] :> Simpl[a~p*c~g*((exx)"(m + 1)/(ex(m + 1)))*AppellFi[(m

+ 1)/n, -p, =q, 1 + (m + 1)/n, (-b)*(x"n/a), (-d)*(x"n/c)], x] /; FreeQ[{a,
b, ¢, d, e, m, n, p, q}, x] && NeQ[b*xc - axd, 0] && NeQ[m, -1] && NeQ[m, n
- 1] &% (IntegerQ[p] || GtQ[a, 0]) && (IntegerQ[ql || GtQlc, 01)

rule 1013 Int [((e_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_)*((c_) + (d_.)*(x_)"(n_
))~(q_), x_Symbol] :> Simp[a~IntPart[p]*((a + b*x"n) FracPart([p]/(1 + b*(x~
n/a)) “FracPart[p]) Int[(e*x) m*(1 + b*(x"n/a)) p*(c + d*x"n)"q, x], x] /;
FreeQ[{a, b, ¢, d, e, m, n, p, q}, x] && NeQ[b*c - a*d, 0] && NeQ[m, -1] &
& NeQ[m, n - 1] && !(IntegerQlp]l || GtQ[a, 01)

rule 1068 Int[((g_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"(m_))"(p_)*((c_) + (d_.)*(x_)"(n_
))"(g)*((e ) + (£_.)*(x_)"(n_)), x_Symbol] :> Simple Int[(g*x) m*x(a + bx*
x"n)"px(c + d*x"n)"q, x], x] + Simp[f*((g*x) m/x"m) Int[x"(m + n)*(a + bx
x"n) “px(c + d*x"n)"q, x], x] /; FreeQ[{a, b, ¢, d, e, £, g, m, n, p, q}, x]

3.41.4 Maple [F]

/ (e2)™ (a +bz") (A+ Ba™) (c+ dz") do

~—

p
inputLint((e*x)‘m*(a+b*x“n)‘p*(A+B*x‘n)*(c+d*x“n)‘q,x)

~—

outputLint((e*x)‘m*(a+b*x“n)‘p*(A+B*x‘n)*(c+d*x“n)‘q,x)

341.  [(ex)™(a+ bz")" (A+ Bz™) (c+ dz™)? dx
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3.41.5 Fricas [F]

/(ex)m (a+ bz™)? (A+ Bz") (c+ dz™)? dz = / (Bz" + A)(bz™ + a)’(dz" + ¢)¥(ex)™ dx

inputLintegrate((e*x)‘m*(a+b*x‘n)“p*(A+B*x‘n)*(c+d*x‘n)“q,x, algorithm="fricas")

output Lintegral( (Bxx"n + A)*(b*x"n + a) p*x(d*x”n + c) g*(e*x)™m, x)

3.41.6 Sympy [F(-2)]

Exception generated.

/ (ex)™ (a + bz™)? (A + Bz") (c + dz™)? dz = Exception raised: HeuristicGCDFailed

input Lintegrate ((exx) *xm* (a+b*x**n) *x*px (A+B*x**n) * (c+d*x**n) **q,x)

-/

outputLException raised: HeuristicGCDFailed >> no luck

3.41.7 Maxima [F]

/(ex)m (a + bz™)? (A + Bz") (c + dz™)? dx = / (Bz" + A)(bx™ + a)*(dz" + ¢)¥(ex)™ dx

inputtintegrate((e*x)‘m*(a+b*x‘n)‘p*(A+B*x‘n)*(c+d*x‘n)‘q,x, algorithm="maxima")

output Lintegrate ((B*x"n + A)*x(b*x"n + a) px(d*x™n + c) g*(e*x) m, x)

341.  [(ex)™(a+ bz")" (A+ Bz™) (c+ dz™)? dx
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3.41.8 Giac [F]

/(ex)m (a+ bz™)? (A+ Bz") (c+ dz™)? dz = / (Bz" + A)(bz™ + a)’(dz" + ¢)¥(ex)™ dx

input Lintegrate ((e*x) “m* (a+b*x~n) “p* (A+B*x"n) * (c+d*x"n) °q,x, algorithm="giac")

output Lintegrate ((B*x"n + A)*(b*x™n + a) p*(d*x”n + c) g*(e*x)™m, x)

3.41.9 Mupad [F(-1)]

Timed out.

/(em)m (a+bx™)’ (A+ Bz") (c+dz™)? dzx = / (ex)" (A+Bz") (a+bz™)’ (c+dz™)"dz

input Lint ((e*x)"m*x (A + B*x"n)*(a + b*x"n) p*(c + d*x"n)"q,x)

output Lint ((exx)"m*x (A + B*x"n)*(a + b*x"n) px(c + d*x"n)"q, x)

341.  [(ex)™(a+ bz")" (A+ Bz™) (c+ dz™)? dx
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3.42 [(ex)™ (a + bz™)" (A + Bz") (c + dz™) dx

3.42.1 Optimalresult . . . . . . . . . .. 307
3.42.2 Mathematica [A] (verified) . . . . . . ... ... .. Lo oL
3.42.3 Rubi [A] (verified) . . . . . . ...
3424 Maple [F] . . o o oot BI0
3425 Fricas [F] . . . . . o o o B11]
3.42.6 Sympy [F(-1)] . . . . o 3111
3.42.7 Maxima [F] . . . . . . . . B1T1]
3428 Giac [F(-2)] . . . . o 312
3.42.9 Mupad [F(1)] « o v v e oo

3.42.1 Optimal result

Integrand size = 29, antiderivative size = 271

/ (e2)™ (a + bz")" (A + Ba") (c + da") dx

(aBd(1 +m +n) — b(Adn + Be(1 +m +n(2 + p))))(ex)+™ (a + bz™)" P
b’e(1+m+n+np)(l+m+n(2+p))
d(ex)"™*™ (a + bz™)'"*? (A + Bz")
be(1+m+n(2+p))
(Ab(1 +m +n + np)(ad(l +m) — be(1 + m +n(2 +p))) — a(1l +m)(aBd(1 +m + n) — b(Adn + B
B b2e(14+m)(1+m+n—+1

+

output | - (a*B*d* (1+m+n) -b* (Axd*n+B*c* (1+m+n* (2+p) )) ) * (e*x) ~ (1+m) * (a+b*x"n) ~(p+1) /b
~2/e/ (n*p+m+n+1) / (1+m+n* (2+p) )+d* (e*x) ~(1+m) * (a+b*x"n)~ (p+1) *(A+B*x"n) /b/e
/ (1+m+n* (2+p) ) — (A*b* (n*p+m+n+1) * (a*xd* (1+m) —b*c* (1+m+n* (2+p) ) ) —a* (1+m) * (a*B
*d* (1+m+n) -b* (A*d*n+B*c* (1+m+n* (2+p) ) ) ) ) * (exx) ~ (1+m) * (a+b*x"n) “p*hypergeom
([-p, (1+m)/n], [(1+m+n)/n],-b*x"n/a)/b~2/e/(1+m)/ (n*p+m+n+1)/(1+m+n*(2+p))
/((1+b*x"n/a) ~p)

342.  [(ex)™(a+ bz")" (A+ Bz™) (c+ dz™) dz
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3.42.2 Mathematica [A] (verified)

Time = 0.28 (sec) , antiderivative size = 164, normalized size of antiderivative = 0.61

/(ex)m (a+ bz™)? (A+ Bz") (c+ dz™) dx

bz™\ P [ AcHypergeometric2F1 (4m _p ldmtn _ bz"
= z(ez)™ (a + bz™)" <1+i) ( yperg (=& —p, 75 )
a 1+m

g (Bc + Ad) Hypergeometric2F1 (1mdn _p lmi2n _ bo%)
1+m+n

N Bda™ Hypergeometric2F1 (Hmt2n _p Itmidn bt ) ) )

1+m+2n

-

inputtIntegrate[(e*x)‘m*(a + b*x"n) "p*(A + Bxx"n)*(c + d*x"n),x]

A >

-

output | (x*(e*x) "m*(a + b*x"n) “p*((A*xcxHypergeometric2F1[(1 + m)/n, -p, (1 + m + n
)/n, -((b*x"n)/a)])/(1 + m) + x"n*x(((Bxc + Axd)*Hypergeometric2F1[(1 + m +
n)/n, -p, (1 + m + 2*n)/n, -((b*x"n)/a)])/(1 + m + n) + (Bxd*x n*Hypergeo
metric2F1[(1 + m + 2*n)/n, -p, (1 + m + 3*n)/n, -((b*x"n)/a)])/(1 + m + 2%
n))))/(1 + (b*x"n)/a)”p

3.42.3 Rubi [A] (verified)

Time = 0.55 (sec) , antiderivative size = 256, normalized size of antiderivative = 0.94,

number of steps used = 5, number of rules used = 5, number of rules _ 0.172, Rules used
integrand size

= {1066, 25, 959, 889, 888}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (e2)™ (A + Ba™) (c + da™) (a + ba™)P da

l 1066

| —(ex)™ (bz™ + a)? (A(ad(m + 1) — be(m + n(p + 2) + 1)) — (Abdn — aBd(m + n+ 1) + bBe(m +n(p+2) +
b(m+n(p+2)+1)
d(ex)™t1 (A + Bz™) (a + bz")P™!
be(m +n(p+2)+1)

342.  [(ex)™(a+ bz")" (A+ Bz™) (c+ dz™) dz



input

output
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l 25

d(ex)m-l-l (A + an) (a + bwn)p+1

be(m+n(p+2)+1)
J(ex)™ (bz™ + a)? ((aBd(m +n+ 1) — b(Adn + Be(m + n(p + 2) + 1)))z™ + A(ad(m + 1) — be(m + n(p + 2) +
b(m+n(p+2)+1)

J,959

d(ex)™ ! (A+ Bz") (a + bz")"*
be(m+n(p+2)+1)
(- elmtDlaBdbmtnt ) WAdnt Belmin @D D)) 1 g Ad(m + 1) — Abe(m + n(p+2) +1)) [ (ez)™ (ba™ + o) dz +

b(m+n(p+2)+1)

l 889

d(ex)™! (A+ Bz") (a + ba")"*
be(m+n(p+2)+1)
n "™ - a(m aBd(m+n —b(Adn+Bc(m+n 2)+1
(a-+bam)P (12" 4 1) 77 (- elmiDleBdlmint ) bAdnt Belminer ) 4 g Ad(m + 1) — Abe(m +n(p+2) +1)) |

b(m+n(p+2)+1)

l 888

d(ex)™t! (A + Bz™) (a + bz")P ™! B
be(m+n(p+2) +1)

(ex)™ 1 (a+bz™)P (%_’_1) -P Hypergeometric2F1 (mTH —p, m+:+1 — %) (_ a(m+1)(aBd(m+n;271’3;Z§id::11)36(m+n(p+2)+1))) +aAd(m+1)—2
e(m+1)
b(m+n(p+2)+1)
LInt[(e*x)‘m*(a + b*x"n) "px(A + Bxx"n)*(c + d*x"n),x] J

(d*(exx)~(1 + m)*(a + b*x™n) (1 + p)*(A + B*x"n))/(bxe*(1 + m + nx(2 + p))
) - (((a*B*d*(1 + m + n) - bx(A*d*n + B*c*(1 + m + nx(2 + p))))*(exx)~(1 +
m)*(a + b*x"n)~(1 + p))/(b*xex(1 + m + n + nxp)) + ((axAxd*x(1 + m) - Axb*c
*(1 +m + nx(2 + p)) - (a*x(1 + m)*(a*B*d*(1 + m + n) - bkx(A*d*n + Bxc*x(1 +
m + nx(2 + p)))))/(bx(1 + m + n + n*p)))*(e*x)~(1 + m)*(a + b*x"n) “pxHype
rgeometric2F1[(1 + m)/n, -p, (1 + m + n)/n, -((b*x"n)/a)])/(ex(1 + m)*(1 +

(b*x~n)/a)~p))/(bx(1 + m + nx(2 + p)))

342.  [(ex)™(a+ bz")" (A+ Bz™) (c+ dz™) dz
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3.42.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 888 | Int [((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a~p
*((c*x)~(m + 1)/(c*(m + 1)))*Hypergeometric2Fi[-p, (m + 1)/n, (m + 1)/n + 1
, (-b)*(x"n/a)], x] /; FreeQ[{a, b, ¢, m, n, p}, x] & !'IGtQ[p, 0] && (ILt
Qlp, 0] Il GtQ[a, 01)

rule 889 | Int [((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a"I
ntPart [p]*((a + b*x"n) FracPart[p]/(1 + bx(x"n/a)) FracPart[p]) Int[(c*x)
“m*x(1 + bx(x"n/a))7p, x], x] /; FreeQ[{a, b, ¢, m, n, p}, x] & !'IGtQ[p, O
1 && ' (ILtQlp, 0] || GtQ[a, O])

rule 959 Int[((e_.)*(x_))"(m_.)*((a_) + (b_.)*(x_ )" (@ ) (p_.)*((c_) + (d_)*(x_)"(n

_)), x_Symbol] :> Simp[d*(e*x)~(m + 1)*((a + b*x™n)"(p + 1)/(b*e*x(m + n*(p

+ 1) +1))), x] - Simp[(a*d*(m + 1) - bxcx(m + nx(p + 1) + 1))/(bx(m + nx(p
+ 1) + 1)) Int[(e*x) "m*(a + b*x™n)"p, x], x] /; FreeQ[{a, b, c, d, e, m,
n, p}, x] && NeQ[b*c - a*d, 0] && NeQ[m + nx(p + 1) + 1, 0]

rule 1066 | Int [((g_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(m_))"(p_.)*((c_) + (d_.)*(x_)"(n
)7 (q)*((e) + (£_)*(x_)"(n_)), x_Symbol] :> Simp[f*(g*x)~(m + 1)*(a +
b*x™n)~(p + 1)*((c + d*x"n)~q/(bxg*(m + nx(p + q + 1) + 1))), x] + Simp[1/(
b*¥(m + nx(p + q + 1) + 1)) Int[(g*x) m*(a + b*x"n) px(c + d*x"n)~(q - 1)*
Simp[c*x((b*e - a*xf)*(m + 1) + b*e*nx(p + q + 1)) + (d*(b*e - axf)*(m + 1) +
frnxq*(b*c - a*d) + bkexd*nx(p + q + 1))*x"n, x], x], x] /; FreeQ[{a, b, c
, d, e, f, g, m, n, p}, x] && GtQlq, 0] & !'(EqQlq, 1] && SimplerQ[e + f*x
“n, ¢ + d*x"n])

3.42.4 Maple [F]

/ (e2)™ (a+bz") (A+ Ba") (c + da™) dx

-

input | int ((e*x) “m* (a+b*x"n) “p* (A+B*x"n) * (c+d*x"n) ,x)

N

outputLint((e*x)“m*(a+b*x“n)‘p*(A+B*x“n)*(c+d*X“n),X)

342.  [(ex)™(a+ bz")" (A+ Bz™) (c+ dz™) dz
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3.42.5 Fricas [F]

/(ez)m (a+ bz™)? (A+ Bz") (c+ dz™) dx = / (Bz" + A)(dz™ + ¢)(bz" + a)’(ex)™ dz

inputLintegrate((e*x)‘m*(a+b*x‘n)“p*(A+B*x‘n)*(c+d*x“n),x, algorithm="fricas")

output Lintegral( (B*d*x~ (2*%n) + Axc + (Bkc + A*d)*x"n)*(b*x"n + a) p*(e*x)"m, x)

3.42.6 Sympy [F(-1)]
Timed out.

/(ex)m (a+bz")’ (A+ Bz") (c + dz"™) dz = Timed out

input Lintegrate ((exx) **xm* (a+b*x**n) **p* (A+B*x**n) * (c+d*x**n) ,x)

output tTimed out

3.42.7 Maxima [F]

/(em)m (a+bz™)? (A + Bzx™) (c + dz™) dx = / (Bz" + A)(dz™ + ¢)(bz™ + a)’ (ex)™ dx

input Lintegrate ((exx) “m* (a+b*x~n) “p* (A+B*x"n) * (c+d*x"n) ,x, algorithm="maxima")

output Lintegrate ((B*x"n + A)*(d*x™n + c)*(b*x"n + a) px(e*x) m, x)

342.  [(ex)™(a+ bz")" (A+ Bz™) (c+ dz™) dz
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3.42.8 Giac [F(-2)]

Exception generated.

/ (ex)™ (a + bz™)? (A + Bz™) (c + dz™) dx = Exception raised: TypeError

input Lintegrate ((e*x) “m* (a+b*x™n) "p* (A+B*x"n) * (c+d*x"n) ,x, algorithm="giac")

output ‘ Exception raised: TypeError >> an error occurred running a Giac command:IN
‘ PUT:sage2:=int (sage0,sageVARx) : ;OUTPUT :Unable to divide, perhaps due to ro
‘ undlng error%%%{_la [130,4,3:(), 1 ,3’3: 1: 130301 %%%}+%%%{_3, [1so’4’310s 1,2’3: 1
s 1 I’ O 3 o] %%

3.42.9 Mupad [F(-1)]

Timed out.

/ (e2)™ (@ + ba™)" (A + Bz") (c + da™) dz = / (e2)™ (A+ B1z") (a+ba") (c+dz") da

p
input Lint((e*x) “m*(A + B*x"n)*(a + b*x"n) p*(c + d*x"n),x)

—J/

output Lint ((exx)"m*x(A + B*xx"n)*(a + b*x"n) px(c + d*x"n), x)

-/

342.  [(ex)™(a+ bz")" (A+ Bz™) (c+ dz™) dz
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3.43 f (ex)™(a+bz™)P(A+Bz") dz

c+dz™
3.43.1 Optimalresult . . .. ... ... ... .. .
3.43.2 Mathematica [A] (verified) . . . . . . . . ... .. Lo 313
3.43.3 Rubi [A] (verified) . . . . .. ... .. B14
3434 Maple [F] . . . . . . o 315
3435 Fricas [F] . . . . . . o
3.43.6 Sympy [F(-2)] . . . .
3.43.7 Maxima [F] . . . . . . . .. 316l
343.8 Giac [F] . . . . . . 316
3.43.9 Mupad [F(-1)] . . . . oo

3.43.1 Optimal result

Integrand size = 31, antiderivative size = 164

/ (ex)™ (a + bz™)? (A + Bz") I

c+ dz"
(e = Ad)(ea)! ™ (a+ b (1+ %) 7 AppellF (35, —p, 1, Hte, b, s
- cde(1+m)
+ B(ez)™*™ (a + bz™)” (1 + )" Hypergeometric2F1 (1™, —p, Ltmin _boo)
de(1+m)

output ‘ - (-Axd+B*c) * (exx) ~ (1+m) * (a+b*x"n) “p*AppellF1((1+m)/n,-p,1, (1+m+n)/n,-b*x"n ‘
\ /a,-d*x"n/c)/c/d/e/(1+m)/ ((1+b*x"n/a) “p)+B* (e*x) ~ (1+m) * (a+b*x~n) “pxhyperge \
‘om([-p, (1+m)/nl, [(1+m+n)/n],-b*x"n/a)/d/e/(1+m)/((1+b*x"n/a)"p) |

3.43.2 Mathematica [A] (verified)

Time = 0.64 (sec) , antiderivative size = 138, normalized size of antiderivative = 0.84

c+dx™
(ex)™ (a+bz")" (1+ %) " (A(1 + m +n) AppellF1 (L, —p, 1, Limdn | _bet _d2%) 4 B(1 4 m)z".

a ?

c(1+m)(1+m+n)

/ (ex)™ (a + bz™)? (A + Bz™) s

inputLIntegrate[((e*x)“m*(a + b*x"n) “p*(A + B*x"n))/(c + d*x"n),x] J

3.43. f (em)m(a—f-cb—ia_c’;;’;(A—{—Bz") dx
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output‘ (x*(exx) "m*(a + b*x"n) "px(A*(1 + m + n)*AppellF1[(1 + m)/n, -p, 1, (1 + m

‘+ n)/n, -((b*x"n)/a), -((d*x"n)/c)] + B*(1 + m)*x " n*AppellF1[(1 + m + n)/n
», p, 1, (1 + m + 2%n)/n, -((b*x"n)/a), -((d*x"n)/c)]1))/(cx(1 + m)*(1 + m
+ n)*(1 + (b*x"n)/a)"p)

3.43.3 Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 164, normalized size of antiderivative = 1.00,
number of steps used = 2, number of rules used = 2, Lumber of rules _ ( 65 Ryles used

integrand size
= {1067, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ (ex)™ (A + Bz™) (a + bz™)? i

c+dz"

| 1067

/ (ex)™(Ad — Bc) (a + bz™)? N B(ex)™ (a + bz™)P i
d(c+ dzm) d
| 2009
B(ex)™! (a + bz™)P (2" + 1) ” Hypergeometric2F1 (™tl —p mintl _be) -
de(m + 1)
(ex)™(Be — Ad) (a + bz (¥ +1) P AppellF1 (mtl, _p 1, mntl _be" _do")
cde(m + 1)

input LInt [((exx)"mx(a + b*x"n) p*(A + Bxx"n))/(c + d*x"n),x]

output‘—(((B*c - Axd)*(exx)~(1 + m)*(a + b*x"n) pxAppellF1[(1 + m)/n, -p, 1, (1 +
\ m + n)/n, -((b*x"n)/a), -((d*x"n)/c)])/(cxd*ex(1 + m)*(1 + (b*x"n)/a)”p))
‘ + (Bx(e*x)~(1 + m)*(a + b*x"n) “pxHypergeometric2F1[(1 + m)/n, -p, (1 + m
+1)/n, -((b*x"n)/a)])/(d*ex(1 + m)*(1 + (b*x"n)/a)"p)

3.43. f (em)m(a—f-cb—ia_c’;;’;(A—{—Bz") dx
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3.43.3.1 Defintions of rubi rules used

rule 1067‘Int[(((g_.)*(x_))"(m_.)*((a_) + (b_)*(x_)"(m )" (p)*((e ) + (£_)*(x_)"(n
‘_)))/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Int[ExpandIntegrand[(g+*x) “m*(a
‘+ b*x"n) “p*((e + f*x"n)/(c + d*x"n)), x], x] /; FreeQ[{a, b, c, d, e, £, g,
‘ m, n, p}, x]

-

ruk32009tlnt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

e—

3.43.4 Maple [F]

dz

/ (ex)™ (a+bz™)* (A+ Bz™)
c+dz™

inputLint((e*x)“m*(a+b*x“n)“p*(A+B*x‘n)/(c+d*x“n),x)

output Lint ((exx) “m* (a+b*x™n) “p* (A+B*x"n) / (c+d*x"n) ,x)

3.43.5 Fricas [F]

/ (ex)™ (a + bz™)? (A + Bz™) / (Bz"™ + A)(bz™ + a)*(ex)™
dr = dz
c+dz" dz™ +c

inputLintegrate((e*x)‘m*(a+b*x‘n)“p*(A+B*x‘n)/(c+d*x‘n),x, algorithm="fricas")

p
outputtintegral((B*x‘n + A)*(b*x"n + a) p*(e*x)"m/(d*x"n + c), x)

e—

3.43.6 Sympy [F(-2)]

Exception generated.

m n\P n
/ (e2)™ (@ + b2")" (A + Ba") dx = Exception raised: HeuristicGCDFailed

¢+ dx™

3.43. f (ez)m(a—f-cbi’;;’;(A—{—Bz") dx
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inputLintegrate((e*x)**m*(a+b*x**n)**p*(A+B*x**n)/(c+d*x**n),x)

outputLException raised: HeuristicGCDFailed >> no luck

3.43.7 Maxima [F]

dz

/ (ex)™ (a + bz™)? (A + Bz") i — / (Bz"™ + A)(bz™ + a)*(ex)™
c+dx" dz™ +c

inputLintegrate((e*x)‘m*(a+b*x“n)“p*(A+B*x”n)/(c+d*x“n),x, algorithm="maxima"

outputtintegrate((B*x“n + A)*(b*x"n + a) “p*(e*x)"m/(d*x"n + c), x)

3.43.8 Giac [F]

dz

/ (ex)™ (a + bz™)? (A + Bz™) dp — / (Bz"™ + A)(bz™ + a)*(ex)™
¢4+ dxn dz™ +c

inputtintegrate((e*x)‘m*(a+b*x‘n)“p*(A+B*x‘n)/(c+d*x‘n),x, algorithm="giac")

outputtintegrate((B*x‘n + A)*(b*x"n + a)“p*(e*x) m/(d*x"n + c), x)

3.43.9 Mupad [F(-1)]

Timed out.

dz

/ (ex)™ (a + bx™)" (A + Bz™) g — / (ex)™ (A+ Bz") (a+bz™)’
c + dzn ct+dan

input Lint (((exx)"m*(A + Bxx"n)*(a + b*x"n) p)/(c + d*x"n),x)

output ‘ int (((e*x) "m* (A + B*x"n)*(a + b*x"n)"p)/(c + d*x"n), x)

3.43. f (ez)m(a—f-cbi’;;’;(A—{—Bz") dx
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3.44 f (ex)™(a+bz™)P(A+Bz") dz

(c+dzm)?
3.44.1 Optimalresult . . . . . . . . . . . . e B17
3.44.2 Mathematica [A] (verified) . . . . . . . ... .. Lo 318}
3.44.3 Rubi [A] (verified) . . . . . . . .. .. BI8
3444 Maple [F] . . . . . . o 320
3.44.5 Fricas [F] . . . . . o o o 320
3.44.6 Sympy [F(-2)] . . . . e 320
3.44.7 Maxima [F] . . . . . . . B21]
344.8 Giac [F] . . . . . B21]
3.44.9 Mupad [F(-1)] . . . . . o B21]

3.44.1 Optimal result

Integrand size = 31, antiderivative size = 304

/ (ex)™ (a + bz™)? (A + Bz™) dp — (Bc — Ad)(ex)'*™ (a + bz™)"?
(c + dan)? c(bc — ad)en (c + dz™)
(ad(Bc(1+m) — Ad(1 +m —n)) + bc(Ad(1 + m — n(1 — p)) — Be(1l +m + np)))(ex)™ (a + bz™)"
B 2d(bc — ad)e(1 + m)n
b(Bc — Ad)(1+m + np)(ez)*™ (a + bz")? (1 + ¥2°) 7P Hypergeometric2F1 (4™ —p, ltmin _be)
cd(bc — ad)e(1 + m)n

output | (-A*d+B*c)*(exx)~(1+m) * (a+b*x"n) " (p+1) /c/ (-a*d+b*c) /e/n/ (c+d*x"n) - (axd* (B*
c* (1+m) —A*xd* (1+m-n) ) +b*c* (A*d* (1+m—n* (1-p) ) -Bkc* (n*p+m+1) ) ) * (exx) ~ (1+m) * (a
+b*x"n) “p*AppellF1((1+m)/n,-p,1, (1+m+n) /n,-b*x"n/a,-d*x"n/c)/c~2/d/(-axd+b
xc)/e/(1+m) /n/ ((1+b*x"n/a) “p) -b* (~A*d+B*c) * (n*xp+m+1) * (e*x) ~ (1+m) * (a+b*x"n)
“p*hypergeom([-p, (1+m)/n], [(1+m+n)/n],-b*x"n/a)/c/d/(-a*d+b*c)/e/(1+m)/n/
((1+b*x"n/a) "p)

aa, [ Tler e g,
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3.44.2 Mathematica [A] (verified)

Time = 0.77 (sec) , antiderivative size = 138, normalized size of antiderivative = 0.45

/ (ex)™ (a + bz™)? (A + Bz™)
5 dz
(c+dzn)
z(ex)™ (a + bz™)P (1 + 2°) 7P (A(1 + m +n) AppellF1 (2, —p 2, Limtn | bo% ' do) 4 B(] 4 m)z".

A(l+m)(1+m+n)

input LIntegrate [((e*x)"m*x(a + b*x"n) p*(A + B*x"n))/(c + d*x"n) " 2,x] J

output‘ (x*(e*xx) “m*(a + b*x"n) “p*(A*x(1 + m + n)*AppellF1[(1 + m)/n, -p, 2, (1 + m ‘
‘+ n)/n, -((b*xx"n)/a), -((d*x"n)/c)] + B*(1 + m)*x"n*AppellF1[(1 + m + n)/n ‘
» P 2, (1 +m + 2%n)/n, -((b*x"n)/a), -((d*x"n)/c)1))/(c”2*(1 + m)*(1 + \
‘m + n)*(1 + (b*x"n)/a)"p) |

3.44.3 Rubi [A] (verified)

Time = 0.63 (sec) , antiderivative size = 289, normalized size of antiderivative = 0.95,
number of steps used = 4, number of rules used = 4, number of rules _ 0.129, Rules used

integrand size
= {1065, 25, 1067, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (ez)™ (A+ Bz™) (a+ba™)"
(c + dzn)?

l 1065

f __ (ex)™(bx™+a)P (b(Bc—Ad)(mA4np+1)z™ +a(Bc(m+1)—Ad(m—n+1))— Abcn) dr
dx"+c +
en(be — ad)
(ex)™ 1 (Be — Ad) (a + bz™)PT!
cen(bc — ad) (¢ + dz™)

| 25

(ex)m+1(Bc — Ad) (a + bx”)p'H

cen(bc — ad) (¢ + dz™)
f (ex)™(bz"+a)P (b(Bc—Ad)(m+np+1)z™+aBc(m+1)—aAd(m—n+1)—Abcn) dx
dx™+-c

en(be — ad)
| 1067

aa, [ Tler e g,
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(ex)m+1(Bc — Ad) (a + bx”)p'H
cen(bc — ad) (C + da,‘")

b(Bc—Ad)(m~+np+1)(bz™+a)? (ex)™ d(aBc(m+1)—aAd(m—n+1)—Abcn)—be(Bc—Ad) (m~+np+1)) (bx™ +a)? (ex)™
J‘( ( )( pd )( )P (ex) 4_( (aBe(m+1) ( ) (K;xnic) ) (mA+np+1))( )P (ex) > dx

en(be — ad)
| 2009
(ex)™t1(Bc — Ad) (a + bz™)PH! B
cen(bc — ad) (¢ + dz™)

(ex)™*1 (a+bx™)P (%+1) _p(d(—aAd(m—n+1)+ch(m+1)—Abcn)—bc(m+np+1)(Bc—Ad)) AppellF1 (mTH ,—p,l,%,—%,—%)
cde(m+1) +

en(be — ad)

-

inputLInt[((e*x)‘m*(a + b*x"n) "p*(A + Bxx"n))/(c + d*x"n)~2,x] J

output ((Bxc - A*d)*(e*x)~(1 + m)*(a + b*x™n)~(1 + p))/(c*(bxc - akd)*exnx(c + d*
x™n)) - (((d*(a*Bxc*x(1 + m) - a*A*d*(1 + m - n) - Axbkc*n) - b¥cx(Bxc - Ax
d)*(1 + m + n*p))*(e*x) (1 + m)*(a + bxx"n) “pxAppellF1[(1 + m)/n, -p, 1, (
1 +m+n)/n, -((bxx"n)/a), -((d*x"n)/c)])/(c*d*e*x(1 + m)*(1 + (b*x"n)/a)”
p) + (b*(B*c - A*d)*(1 + m + n*p)*(e*x)~(1 + m)*(a + b*x"n) pxHypergeometr
ic2F1[(1 + m)/n, -p, (1 + m + n)/n, -((b*x"n)/a)])/(d*ex(1 + m)*(1 + (b*x~
n)/a)"p))/(c*(b*c - axd)*n)

3.44.3.1 Defintions of rubi rules used

ruk325tlnt[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], xI] J

rule 1065 Int [((g_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(0_)) " (p_)*((c_) + (d_.)*(x_)"(n_
D)~ (q)*((e ) + (f_.)*(x_)"(n_)), x_Symbol]l :> Simp[(-(b*e - a*f))*(g*x) " (m
+ D*x(a + b*xx™n)"(p + 1)*((c + d*x"n)~(q + 1)/(a*g*n*(b*c - axd)*(p + 1)))
, x] + Simp[1/(a*n*(bxc - axd)*(p + 1))  Int[(g*x) m*(a + bxx"n)~(p + 1)*(
c + d*x"n) “g*Simp[c*(b*e - axf)*(m + 1) + exnx(b*xc - axd)*(p + 1) + d*x(bxe

- axf)*(m + nx(p + q + 2) + 1)*x"n, x], x], x] /; FreeQ[{a, b, c, d, e, f,

g, m, n, qt, x] && LtQ[p, -1l

rule 1067 Int [(((g_.)*(x_)) " (m_.)*((a_) + (b_)*x_)"(_))"(p)*((e ) + (f_)*(x_)"(n
I/ (e) + (d_)*(x_)"(n_)), x_Symbol] :> Int[ExpandIntegrandl[(g*x) “m*(a
+ b*x"n) "p*((e + f*x"n)/(c + d*x"n)), x], x] /; FreeQ[{a, b, c, 4, e, f, g,
m, n, p}, xJ

aa, [ Tler e g,
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rukaZOOQLInt[u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

3.44.4 Maple [F]

/ (ex)™ (a+bz™)* (A+ Bz") s

(c+dzn)’

inputLint((e*x)‘m*(a+b*x‘n)‘p*(A+B*X‘n)/(c+d*x“n)‘2,x)

output Lint ((e*x) “m* (a+b*x™n) “p* (A+B*x"n) / (c+d*x"n)~2,x)

3.44.5 Fricas [F]

dz

/ (ex)™ (a + bz™)? (A + Bz™) dp — / (Bz™ + A)(bz™ + a)’(ex)™
(c + dan)? (dz" + c)?

inputtintegrate((e*x)‘m*(a+b*x‘n)‘p*(A+B*x‘n)/(c+d*x‘n)‘2,x, algorithm="fricas")

output‘integral((B*x‘n + M) *(b*x"n + a) “p*(e*x) "m/(d"2*x~(2*%n) + 2*cxd*x"n + c~2)

» X)

3.44.6 Sympy [F(-2)]

Exception generated.

m n\P n
/ (e2)™ (@ + b2")" (A + Ba") dx = Exception raised: HeuristicGCDFailed

(c + dzn)?

input Lintegrate ((ex*x) #xm* (a+b*x**n) **p* (A+B*x**n) / (c+d*x**n) **2,x)

output LException raised: HeuristicGCDFailed >> mno luck

aa, [ Tler e g,
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3.44.7 Maxima [F]

dz

/ (ex)™ (a + bz™)? (A + Bz") i — / (Bz"™ + A)(bz™ + a)"(ex)™
(¢ + dzn)? (dz™ + c)®

inputLintegrate((e*x)‘m*(a+b*x‘n)‘p*(A+B*x‘n)/(C+d*x‘n)‘2,x, algorithm="maxima")

output Lintegrate ((B*x™n + A)*(b*x"n + a) “px(e*x) m/(d*x™n + c)~2, x)

3.44.8 Giac [F]

/ (ex)™ (a + bz™)? (A + Bz") dp — / (Bz"™ + A)(bz™ + a)*(ex)™

5 5 dz
(c+dzm) (dz™ +¢)

input Lintegrate ((e*x) “m* (a+b*x"n) “p* (A+B*x"n) / (c+d*x"n) “2,x, algorithm="giac")

outputtintegrate((B*x‘n + A)*(b*x™n + a) px(e*x) m/(d*x™n + ¢)72, x)

3.44.9 Mupad [F(-1)]

Timed out.

dz

/ (ex)™ (a + bz™)” (A + Bz™) dp — / (ex)™(A+ Bz") (a+bz™)’
(c + dzn)? (c+dan)’

inputtint(((e*x)’“m*(A + Bxx"n)*(a + b*xx™n)"p)/(c + d*x"n)"2,x)

outputtint(((e*x)“m*(A + B¥x"n)*(a + b*x"n)"p)/(c + d*x"n)~2, x)

aa, [ Tler e g,
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(—a-l—b:cn/2> It <a-|—b:v"/2> i (c+dz™) do

3.45 [

2
3.45.1 Optimalresult . . . . . . .. . ... ..
3.45.2 Mathematica [A] (verified) . . . . . . . . ... ... Lo oL
3.45.3 Rubi [A] (verified) . . . . . . . . . . ..
3.454 Maple [F] . . . . . . . 325
3.45.5 Fricas [F] . . . . . . o o
3.45.6 Sympy [F(-1)] . . . . o
3.45.7 Maxima [F] . . . . . . .. 326
345.8 Giac [F] . . . . . . 320
3.45.9 Mupad [F(-1)] . . . . o

3.45.1 Optimal result

Integrand size = 47, antiderivative size = 139

/ (ca+8a"?) " (a b)) M (e dan) (G + ) (—a+ b)) (atba)

T2 T

1 1 n -1/n n
d(—a + bx"/z) " (a + bx"/2) " (1 — biﬁ ) Hypergeometric2F1 (—l, —1 _lon bz )

n
b2z

output \ (c/a~2+d/b~2) * (~a+b*x~ (1/2*%n) )~ (1/n) * (a+b*x~ (1/2%n)) ~ (1/n) /x-d* (-a+b*x" (1/ \
| 2%n)) "~ (1/n)* (a+b*x~(1/2%n)) "~ (1/n) *hypergeom([-1/n, -1/n], [(~1+n)/n],b~2%x" |
'n/a~2)/b~2/x/((1-b~2%x"n/a"2)~(1/n)) |

3.45.2 Mathematica [A] (verified)

Time = 0.41 (sec) , antiderivative size = 124, normalized size of antiderivative = 0.89

(—a+ bm”/2)% (a+ bm"/2)% <1 - bf;g")_l/n <c(—1 |
dr =

/ (—a+ bm“/2)_1+% (a + bz"/?) i (c+ dz™)

x2

input ‘(Integrate[((-a + bxx~(n/2))7 (-1 + n~(-1))*(a + b*xx"(n/2))" (-1 + n~(-1))*(c
‘ + d*x"n))/x"2,x]

~

3.45. f (—a+bx“/2)_l+% (a+bx"/2)_1+%(c+dz") dr

x2
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OUtPHt‘ ((-a + b*x~(n/2)) 0" (-D*(a + b*x"(n/2)) "0~ (-1)*(ck(-1 + n)*(1 - (b"2%x"n) \
‘/a"2)"n"(-1) - d*x"n*Hypergeometric2F1[(-1 + n)/n, (-1 + n)/n, 2 - n~(-1), ‘
‘ (b~2*x"n)/a"2]))/(a"2*(-1 + n)*x*(1 - (b"2%x"n)/a"2)"n"(-1)) ‘

3.45.3 Rubi [A] (verified)

Time = 0.39 (sec) , antiderivative size = 150, normalized size of antiderivative = 1.08,

number of steps used = 5, number of rules used = 4, number of rules _ 0.085, Rules used
integrand size

= {2038, 954, 882, 74}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

(bz™/? — a) nl (a + bz™/?) nl (c+dz™)
/ 2 d.’L'
x
l 2038
= 1 2,0 _ 2 %_1 n
(bxn/2 _ a) n (a+b$n/2> n (men . az)—l/n/ (b T a )mz (d.’L' +C)dq;
l 954

(bx"/2 _ a>71t (a + bxn/2>rlz (b2mn _ a2)—1/n

1 1
n/2 _ \n n/2\ ™ (12, n 2\~ a?—pZon 11 {
(b:c a) (a + bz ) (b°z"™ — a®) - +
| 7
1
1 1 ar a2)_1/" (5 + &) (b2 — aQ)% d(b*z™ — a*) ~ Hypergeometric2F1 <1,

(b:cn/2 — a) (a + bac"/2>

z b2z

iIlpll'ﬂ‘/lnt[((-a + bxx~(n/2))"(-1 + n~(-1))*(a + b*x~(n/2))" (-1 + n~(-1))*(c + d*x ‘
‘“n))/x‘2,x] ‘

345. [ (catba™/2) "R (artba/?) A (orda)

2
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output‘((—a + bxx"(n/2)) " n~(-1)*(a + b*x~(n/2)) " n"(-1)*(((c/a"2 + d/b"2)*(-a"2 +
‘b“2*x”n)“n“(-1))/x - (d*(-a~2 + b"2*x"n) "n~(-1)*Hypergeometric2F1[1, -n~(-
1), -({ - n)/n), -((b"2%x"n)/(a”2 - b~2%x"n))])/(b"2%x)))/(-a"2 + b 2%x"n
70" (-1)

3.45.3.1 Defintions of rubi rules used

ruka74(Int[((b_.)*(x_))‘(m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[c n*((b*x
‘)“(m + 1)/(bx(m + 1)))*Hypergeometric2Fi[-n, m + 1, m + 2, (-d)*(x/c)], x]
‘/; FreeQ[{b, c, d, m, n}, x] & !IntegerQ[m] && (IntegerQ[n] || (GtQ[c, 0]
L && !(EqQn, -2°(-1)] && EqQlc~2 - d~2, 0] && GtQ[-d/(bxc), 01)))

| —

rule 882 | Int[(x_)~(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a~Simplify[
(m + 1)/n + pl*x~m*(a + b*x"n) px((x"n/(a + b*x"n)) p/(n*x"Simplify[m + n*xp
1)) Subst[Int[x"((m + 1)/n - 1)/(1 - b*x)~(Simplify[(m + 1)/n + p] + 1),
x], x, x"'n/(a + b*xx"n)], x] /; FreeQ[{a, b, m, n, p}, x] && IntegerQ[Simpli
fy[(m + 1)/n + p]l]

rule 954 Int[((e_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"(@_))"(p_.)*((c_) + (d_)*(x_)"(n
_)), x_Symbol] :> Simp[(b*c - a*d)*(exx)"(m + 1)*((a + b*x"n)~(p + 1)/(a*b*
ex(m + 1))), x] + Simp[d/b  Int[(e*x) m*x(a + b*x™n)~(p + 1), x], x] /; Fre
eQ[{a, b, ¢, d, e, m, n, p}, x] && NeQ[b*c - a*d, 0] && EqQ[m + nx(p + 1) +
1, 0] && NeQ[m, -1]

rule 2038 | Int[(u_.)*((c_) + (d_.)*(x_)"(n_.))"(q_.)*((a1_) + (b1_.)*(x_)"(non2_.))"(p
_)*x((a2) + (2_.)*(x_)"(non2_.))"(p_), x_Symbol] :> Simp[(al + bl*x~(n/2))
“FracPart [pl*((a2 + b2*x~(n/2)) FracPart[pl/(al*a2 + blxb2*x"n) FracPart [p]
) Int[u*x(al*a2 + bl#b2*x"n) “p*(c + d*x"n)~q, x], x] /; FreeQ[{al, bl, a2,
b2, c, d, n, p, g9}, x] && EqQ[non2, n/2] && EqQ[a2*bl + alxb2, 0] && !(Eq
Qn, 2] && IGtQLq, 01)

345. [ (catba™/2) "R (artba/?) A (orda)

x2
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3.45.4 Maple [F]

dzx

/ (—a—i—bz%)_H% (a—l—bx%)_H% (c+dz™)
72

inputLint((—a+b*x“(1/2*n))“(—1+1/n)*(a+b*x‘(1/2*n))‘(—1+1/n)*(c+d*x“n)/x‘2,x)

OutPUtLint((-a+b*x‘(1/2*n))‘(-1+1/n)*(a+b*x‘(1/2*n))‘(—1+1/n)*(C+d*x‘n)/x‘2,x)

3.45.5 Fricas [F]

1 1 n 1, %_1 1, n
/ (—a+ bx"/2)—1+; (a+ bxn/z)—1+; (c+ dz™) p / (dz™ +¢) (bﬁ + a> (bm - a)
xTr =

xr2

input | integrate ((-a+b*x~(1/2%n)) " (-1+1/n)*(a+b*x~(1/2*%n)) " (-1+1/n)*(c+d*x"n) /x~2
,X, algorithm="fricas")

output integral((d*x"n + c)/((b*x~(1/2*n) + a)~((n - 1)/n)*(b*x~(1/2*n) - a)~((n
- 1)/n)*x72), x)

3.45.6 Sympy [F(-1)]

Timed out.

dz = Timed out

/ (—a+ bx”/Q)_H% (a+ bx”/z)_pr% (c+ dz™)
2

input \ integrate ((-a+b*x**(1/2*n) ) ** (-1+1/n)* (a+b*x** (1/2*n) ) ** (-1+1/n) * (c+d*x**n
)/x*%2,%)

outputtTimed out

345. [ (catba™/2) "R (artba/?) A (orda)

x2
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3.45.7 Maxima [F]

1 %_1 1
/ (—a+ bx"/z)_H% (a + bz"/?) i (c+ dz") p / (dz" +¢) (bﬁ" + a> (bwin - a)
xTr =

xr2

integrate((-a+b*x~(1/2%n))~ (-1+1/n) *(a+b*x~(1/2*n)) ~(-1+1/n) * (c+d*x"n) /x~2
,X, algorithm="maxima")

integrate((d*x™n + c)*(b*x~(1/2*n) + a)~(1/n - 1)*(b*x~(1/2*%n) - a)~(1/n -
1/x72, x)

3.45.8 Giac [F]

1 n_l 1
/ (—a + bz"/2)_1+% (a + bxn/2)_1+% (c+ dz™) p / (dx™ + ¢) (baﬁ" + a> (bm” — a)
x

xr2

integrate((-a+b*x~(1/2*n) )~ (-1+1/n)* (a+b*x~ (1/2*n)) " (-1+1/n) * (c+d*x"n) /x"2
,X, algorithm="giac")

integrate((d*x™n + c)*(b*x~(1/2*%n) + a)~(1/n - 1)*(b*x~(1/2*n) - a)~(1/n -
1)/x72, x)

3.45.9 Mupad [F(-1)]

Timed out.

1 1_
n n

dz

/ (—a+bz"2) "7 (a+ bz"/2) it (c+ dz™) p / (a+bz™/2)" " (bz™/? — a) el (c+dz™)

2 2

int(((a + b*x~(n/2))"(1/n - 1)*(b*x"(n/2) - a)~(1/n - 1)*(c + d*x"n))/x"2,
x)

int(((a + b*x"(n/2))"(1/n - D*x(b*x"(n/2) - a)~(1/n - 1)*(c + d*x"n))/x"2,
x)

345. [ (catba™/2) "R (artba/?) A (orda)

x2
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—a+ba™/2) "
3.46 [ e+t

3.46.1 Optimal result
3.46.2 Mathematica [A] (verified)
3.46.3 Rubi [A] (verified)
3.46.4 Maple [F]
3.46.5 Fricas [F]
3.46.6 Sympy [F(-1)]
3.46.7 Maxima [F]

3.46.8 Giac [F]
3.46.9 Mupad [F(-1)]

3.46.1 Optimal result

Integrand size = 55, antiderivative size = 139

dr = -2

227
027
028
2901
3301
3301

/ (—a+ bz"?) o (a + bz™?) = (c+ dz™) (5+2)(-a+ bx"/Q)% (a+ bx"/Q)%

2 T

n?

1 1 2\ —1/n
d(—a+ bz"?)" (a+ bz™/?)" (1 — ¥ ) Hypergeometric2F1 (—l 1 _Lmn

b2z™ )

b’z

output ‘ (c/a~2+d/b"2) *(—a+b*xx~(1/2%n) ) ~(1/n) *(a+b*x~ (1/2*n) ) ~(1/n) /x-d* (-a+b*x~ (1/
‘ 2*n) )~ (1/n)* (a+b*x~(1/2#n) )~ (1/n) *hypergeom([-1/n, -1/n], [(-1+n)/n],b"2*x"~

‘n/a“2)/b“2/x/((1—b“2*x“n/a‘2)“(1/u))

3.46.2 Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 124, normalized size of antiderivative = 0.89

Ln (—a+ ba:”/2)% (a+ bx”/z)% (1

>_Un(d—1+nJ

(—a+ bz"?) o (a+bz%) ™ (c+dz")
/ p dx =

(

input‘ Integrate[((-a + b*x~(n/2))~((1 - n)/n)*(a + b*x"(n/2))"((1 - n)/n)*(c + d

}*x*n))/x*z,x]

3.46. f (—a+bz™/?) = (a+bz™/?) = (ct+dz™) d

2

i
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OUtPHt‘ ((-a + b*x~(n/2)) 0" (-D*(a + b*x"(n/2)) "0~ (-1)*(ck(-1 + n)*(1 - (b"2%x"n)
‘/a"2)"n"(-1) - d*x"n*Hypergeometric2F1[(-1 + n)/n, (-1 + n)/n, 2 - n~(-1), ‘
‘ (b~2*x"n)/a"2]))/(a"2*(-1 + n)*x*(1 - (b"2%x"n)/a"2)"n"(-1))

3.46.3 Rubi [A] (verified)

Time = 0.41 (sec) , antiderivative size = 159, normalized size of antiderivative = 1.14,

number of steps used = 5, number of rules used = 4, number of rules _ 0.073, Rules used
integrand size

= {2038, 954, 882, 74}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ (bz™/2 — a)l_Tn (a+ bx"/Z)l_Tn (c+ dz™)

-2 dz
l 2038
14 1 _1on [ (22" — a?) nt (dz™ + ¢)
(bw"/ 2 _ a) (a + bz™ 2) (bzw" — a2) n / . dz
l 954
1
1_ 1_ IR N Gt ) L < 4 4 (p22" — g2 5
(bxn/Q —a)" ! (a+bw”/2>" ! (22" — a?) = J bx; z n (2 +52) (x " —a?)
l 882

n 1 2.m _ 2\ :
() (o ) gty () )t e ) g
b2z

input‘/lnt[((-a + bxx~(n/2))"((1 - n)/n)*(a + bxx~(n/2))"((1 - n)/n)*(c + d*x"n))
‘/x“2,x]

1—-n

n (c+dz™) d

1_
f (—a+bx“/2) = (a+bx"/2)

2 Z

3.46.
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output‘((—a + bxx"(n/2))" (-1 + n~(-1))*(a + b*x"(n/2)) (-1 + n~(-1))*(((c/a"2 + d
‘/b“2)*(-a“2 + b™2*%x"n)"n"(-1))/x - (d*(-a~2 + b~2*x"n) "n"~(-1)*Hypergeometr
\ic2F1 [1, -n~(-1), -((1 - n)/n), -((b"2*x"n)/(a"2 - b™2*x™n))])/(b"2*x)))/(
-a™2 + b™2%x"n)~((1 - n)/n)

3.46.3.1 Defintions of rubi rules used

ruka74(Int[((b_.)*(x_))‘(m_)*((c_) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[c n*((b*x
‘)“(m + 1)/(bx(m + 1)))*Hypergeometric2Fi[-n, m + 1, m + 2, (-d)*(x/c)], x]
‘/; FreeQ[{b, c, d, m, n}, x] & !IntegerQ[m] && (IntegerQ[n] || (GtQ[c, 0]
L && !(EqQn, -2°(-1)] && EqQlc~2 - d~2, 0] && GtQ[-d/(bxc), 01)))

| —

rule 882 | Int[(x_)~(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a~Simplify[
(m + 1)/n + pl*x~m*(a + b*x"n) px((x"n/(a + b*x"n)) p/(n*x"Simplify[m + n*xp
1))  Subst[Int[x"((m + 1)/n - 1)/(1 - b*x)~(Simplify[(m + 1)/n + p] + 1),
x], x, x"'n/(a + b*xx"n)], x] /; FreeQ[{a, b, m, n, p}, x] && IntegerQ[Simpli
fy[(m + 1)/n + p]l]

rule 954 Int[((e_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"(@_))"(p_.)*((c_) + (d_)*(x_)"(n
_)), x_Symbol] :> Simp[(b*c - a*d)*(exx)"(m + 1)*((a + b*x"n)~(p + 1)/(a*b*
ex(m + 1))), x] + Simp[d/b  Int[(e*x) m*x(a + b*x™n)~(p + 1), x], x] /; Fre
eQ[{a, b, ¢, d, e, m, n, p}, x] && NeQ[b*c - a*d, 0] && EqQ[m + nx(p + 1) +
1, 0] && NeQ[m, -1]

rule 2038 | Int[(u_.)*((c_) + (d_.)*(x_)"(n_.))"(q_.)*((a1_) + (b1_.)*(x_)"(non2_.))"(p
_)*x((a2) + (2_.)*(x_)"(non2_.))"(p_), x_Symbol] :> Simp[(al + bl*x~(n/2))
“FracPart [pl*((a2 + b2*x~(n/2)) FracPart[pl/(al*a2 + blxb2*x"n) FracPart [p]
) Int[u*x(al*a2 + bl#b2*x"n) “p*(c + d*x"n)~q, x], x] /; FreeQ[{al, bl, a2,
b2, c, d, n, p, g9}, x] && EqQ[non2, n/2] && EqQ[a2*bl + alxb2, 0] && !(Eq
Qn, 2] && IGtQLq, 01)

3.46. | (catben/2) 7" (atban/2) " (erdam) d

2

i
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3.46.4 Maple [F]

dz

/ (—a+ bx%)l_Tn (a+ bx%)l_Tn (c+dz™)
72

inputLint((-a+b*x“(1/2*n))“((1-n)/n)*(a+b*x“(1/2*n))“((1-n)/n)*(c+d*x“n)/x“2,x)

outputLint((—a+b*x“(1/2*n))“((1-n)/n)*(a+b*x‘(1/2*n))‘((1—n)/n)*(c+d*x“n)/x‘2,x)

3.46.5 Fricas [F]

1-n
n

x? n—1 n—1
1 n 1 n
bw2"+a> (bxzn—a> x2

/ (—a+bz"?) ™ (a+ bz"/?) W (c+ dz™) p / dz™ + ¢
xTr =

dz

input  integrate((-a+b*x~(1/2%n))~((1-n)/n)*(a+b*x~(1/2*n))~ ((1-n)/n)*(c+d*x"n) /x
~2,x, algorithm="fricas")

output | integral((d*x"n + c)/((b*x~(1/2*n) + a)~((n - 1)/n)*(b*x~(1/2*%n) - a)~((n
- 1)/n)*x72), x)

3.46.6 Sympy [F(-1)]
Timed out.
/ (—a+ bz"?) = (a + bz™?) = (c+dz™)
72

dz = Timed out

input \ integrate ((-a+b*x**(1/2%n) ) **((1-n)/n)* (a+b*x**(1/2*n) ) **((1-n) /n) * (c+d*x*
‘ *n) /X*%2,X)

output LTimed out

-/

3.46. f (—a+bz™/?) = (a+bz™/?) = (ct+dz™) d

2

i
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3.46.7 Maxima [F]

1-n 1—
n n

_ n/2 n/2 = n n
/( a+bz"?) " (a+bz"/?) (c+d$)dz_/< dz" + ¢ I

bra™ + a) " (bx%" — a)Tx2

$2 n—1 n—1

input | integrate ((-a+b*x~(1/2*n) )~ ((1-n) /n)* (a+b*x~(1/2*n)) " ((1-n) /n) * (c+d*x"n) /x
~2,x, algorithm="maxima")

output  integrate((d*x™n + c)/((b*x~(1/2*n) + a)~((n - 1)/n)*(b*x~(1/2*%n) - a)~((n
- 1)/n)*x"2), x)

3.46.8 Giac [F]

_ b n/2 1_Tn b n/2 1_Tn dz™ n
/(a+x ) (a;—zw ) (c+x)dx: nd;.?—i-c @
(M%"+a)n Gm%”—a)n:ﬁ
input integrate((-a+b*x~(1/2%n))~((1-n)/n)*(a+b*x~(1/2*n))~ ((1-n)/n)*(c+d*x"n) /x
~2,x, algorithm="giac")
output  integrate((d*x™n + c)/((b*xx~(1/2*n) + a)~((n - 1)/n)*(bxx~(1/2*n) - a)~((n
- 1)/n)*x"2), x)
3.46.9 Mupad [F(-1)]
Timed out.
_ bx™/2 o bx"/? = dz™ n
JEE e T e P S S
X T2 (CL + bxn/2)T (bxn/Z _ G)T

input int((c + d*x"n)/(x"2*(a + b*xx~(n/2))"((n - 1)/n)*(b*x~(n/2) - a)~((n - 1)/
n)),x)

output | int((c + d*x"n)/(x"2*(a + b*x~(n/2))"((n - 1)/n)*(b*x~(n/2) - a)~((n - 1)/
n)), x)

346, [ e ettt W ern)
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4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.1.1 Mathematica and Rubi grading function

e ™

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)
(* Small rewrite of logic in main function to make it*)
(* match Maple's logic. No change in functionality otherwis

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

(* ::Text:: *)
(*If result and optimal are mathematical expressions, *)
(* GradeAntiderivative[result,optimal] returns*)

332
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(*» "F" if the result fails to integrate an expression that*)

(* is integrablex)

(*» "C" if result involves higher level functions than necessary*)
(* "B" if result is more than twice the size of the optimalx*)

(* antiderivative*)

(* "A" if result can be considered optimal*)

GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount
expnResult = ExpnType[result];

expnOptimal = ExpnType[optimall;
leafCountResult = LeafCount[result];

leafCountOptimal = LeafCount [optimall];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimal];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez+*)
If [Not[FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A"," "}
» (*ELSE*)
finalresult={"B","Both result and optimal contain complex but
]
, (*ELSE*)
finalresult={"C","Result contains complex when optimal does not."
]
» (*ELSE*) (*result does not contains complezx*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A"," "}
, (*ELSE*)

Result,leafC

leaf count

finalresult={"B","Leaf count is larger than twice the leaf count of optimal. $

]
]
, (*ELSE*) (*exzpnResult>ezpnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "<

3

finalresult={"F","Contains unresolved integral."}
1;

finalresult

4.1. Listing of Grading functions
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(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*¥1 = rational function*)

(*2 = algebraic function*)

(*3 = elementary function*)

(*4 = special function*)

(*5 = hyperpergeometric function*)

(%6 = appell function*)

(¥7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType, expn]],
If [Head [expn]===Power,
If [IntegerQ[expn[[2]]],
ExpnType [expn[[1]11],
If [Head[expn[[2]]]===Rational,
If [IntegerQlexpn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn([[1]1]],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType[expn[[2]]1],3]11],
If [Head[expn]l===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType [expn[[1]1]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]l],4]1],
If [HypergeometricFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType,Apply [List,expn]],6]],
If [Head [expn]===RootSum,
Apply [Max,Append [Map [ExpnType,Apply[List,expn]],71],
1f [Head [expn]===Integrate || Head[expn]===Int,
Apply [Max,Append [Map [ExpnType,Apply [List,expn]],8]],
91111111111

4.1. Listing of Grading functions
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ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot ,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ[{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
Member(Q [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]

4.1.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

4.1. Listing of Grading functions




CHAPTER 4. APPENDIX 336

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

#

see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)

local leaf_count_result,

leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu
fi;

leaf_count_optimal := leafcount(optimal);

ExpnType_result ExpnType (result) ;

ExpnType_optimal := ExpnType(optimal);

if debug then
print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",ExpnType
fi;

# If result and optimal are mathematical expressions,

#
#
#
#
#
#
#

GradeAntiderivative[result,optimal] returns

IIFII

"CII
"BII

"AII

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check

#for "F" before calling this. But no harm of keeping it here.

#just in case.

if not type(result,freeof('int')) then

fi;

return "F","Result contains unresolved integral";

rsion issues

_optimal);

4.1. Listing of Grading functions
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if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s non g

else

return "B",cat("Both result and optimal contain complex but leaf count of

convert(leaf_count_result,string)," vs. $2 (",

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf_

end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;
else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then

print("result do not contain complex, this assumes optimal do not as well"

fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2%leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the lea
convert (leaf_count_result,string),"$ vs. $2(",
convert (leaf_count_optimal,string),")=",conver
fi;

f count of o

t (2xleaf_cou

fi;

4.1. Listing of Grading functions
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else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C",cat("Result contains higher order function than in optimal. Or
convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

algebraic function

= elementary function

= special function
hyperpergeometric function
= appell function

= rootsum function

= integrate function

H OH H H H H HE HE H KR
© 00 N O O W N
]

= unknown function

ExpnType := proc(expn)
if type(expn,'atomic') then
1
elif type(expn,'list') then
apply (max,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if

4.1. Listing of Grading functions
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elif type(expn,' ~"') then
if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn),'rational') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType(op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6, apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8, apply(max,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction] := proc(func)
member (func, [
erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
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GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,EllipticPi])
end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u),op(2..nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:

4.1.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added "RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x*
def leaf count(expr):
#sympy do not have leaf count function. This is approrimation

return round(1.7«count_ ops(expr))

def is_sqrt(expr):
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if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erfi,
fresnels,fresnelc,Fi,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

def is _hypergeometric_ function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is atom(expn):
try:

if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):

return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
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return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1l
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(ezpn,’ ')
if isinstance(expn.args[l],Integer): #type(op(2,expn), integer’)
return expnType(expn.args[0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz(3,ExpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or type(ezpn,’
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is hypergeometric_ function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apply[L
return max(7,m1)
elif str(expn).find("Integral") != —1:
ml = max(map(expnType, 1ist(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
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def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_optimal = leaf count(optimal)

#print("leaf _count_result=",leaf _count_result)
#print("leaf _count optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"
grade_ annotation =""
else:
if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex

if leaf count_result <= 2x«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larg

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =
else:

grade = "B"

nn

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(le

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+st

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)
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‘ return grade, grade_ annotation ‘

4.1.4 SageMath grading function

s ™

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp integral e’ and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log_integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_vararg

debug=False;

def tree_size(expr):
r nnn
Return the tree size of this expression.

nnn

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
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return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos’,'tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth','arcsech','arccsch’,'sgn’,
'arctan2','floor’,'abs'
]
if debug:
if m:
print ("func ", func , " is elementary_ function")
else:
print ("func ", func , " is NOT elementary_function")

return m

def is_special_function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'Ei','Li",'Si'",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic__pi','exp__integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special _function")

return m
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def is _hypergeometric_ function(func):
return func.name() in ['hypergeometric','hypergeometric_ M','hypergeometric_ U']

def is_appell_function(func):
return func.name() in ['hypergeometric'| #[appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equivalent—to—atomic—
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
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return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args[1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(expn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m2 = expnType(expn.operands()[1:]) #expnType(list(expn.args(1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,ml1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):
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if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_ antiderivative, result=",result)
print("Enter grade_ antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

leaf count_result = tree_size(result) #leaf count(result)
leaf count_optimal = tree_size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count optimal=",leaf count

expnType_result = expnType(result)

expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_|

if expnType_result <= expnType_ optimal:
if result.has(I):

if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =" "
else:

grade = "B"

_optimal)

‘optimal)

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larger t

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade_ annotation ="
else:

grade = "B"

n

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(leaf

else:
grade = "C"
grade_annotation ="Result contains higher order function than in optimal. Order "+str(e

xpnType_ rest

print("Before returning. grade=",grade, " grade_ annotation=",grade_ annotation)
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return grade, grade_ annotation
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	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)

	 (e x)^m (A+B x^n) (c+d x^n)^3  a+b x^n  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [C] (verification not implemented)
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (e x)^m (A+B x^n) (c+d x^n)^3  (a+b x^n)^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (e x)^m (a+b x^n)^4 (A+B x^n)  c+d x^n  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [C] (verification not implemented)
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (e x)^m (a+b x^n)^3 (A+B x^n)  c+d x^n  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [C] (verification not implemented)
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (e x)^m (a+b x^n)^2 (A+B x^n)  c+d x^n  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [C] (verification not implemented)
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (e x)^m (a+b x^n) (A+B x^n)  c+d x^n  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [C] (verification not implemented)
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (e x)^m (A+B x^n)  c+d x^n  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [C] (verification not implemented)
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (e x)^m (A+B x^n)  (a+b x^n) (c+d x^n)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F(-2)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (e x)^m (A+B x^n)  (a+b x^n)^2 (c+d x^n)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F(-2)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (e x)^m (A+B x^n)  (a+b x^n)^3 (c+d x^n)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F(-2)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (e x)^m (a+b x^n)^3 (A+B x^n)  (c+d x^n)^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (e x)^m (a+b x^n)^2 (A+B x^n)  (c+d x^n)^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (e x)^m (a+b x^n) (A+B x^n)  (c+d x^n)^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [C] (verification not implemented)
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (e x)^m (A+B x^n)  (c+d x^n)^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [C] (verification not implemented)
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (e x)^m (A+B x^n)  (a+b x^n) (c+d x^n)^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F(-2)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (e x)^m (A+B x^n)  (a+b x^n)^2 (c+d x^n)^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F(-2)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (e x)^m (A+B x^n)  (a+b x^n)^3 (c+d x^n)^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (e x)^m (a+b x^n)^2 (A+B x^n)  (c+d x^n)^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (e x)^m (a+b x^n) (A+B x^n)  (c+d x^n)^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (e x)^m (A+B x^n)  (c+d x^n)^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (e x)^m (A+B x^n)  (a+b x^n) (c+d x^n)^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F(-2)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (e x)^m (A+B x^n)  (a+b x^n)^2 (c+d x^n)^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (e x)^m (a+b x^n)^p (A+B x^n) (c+d x^n)^q  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F(-2)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (e x)^m (a+b x^n)^p (A+B x^n) (c+d x^n)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F(-2)] 
	Mupad [F(-1)] 

	 (e x)^m (a+b x^n)^p (A+B x^n)  c+d x^n  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F(-2)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (e x)^m (a+b x^n)^p (A+B x^n)  (c+d x^n)^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F(-2)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (-a+b x^n/2)^-1+1  n (a+b x^n/2)^-1+1  n (c+d x^n)  x^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (-a+b x^n/2)^1-n  n (a+b x^n/2)^1-n  n (c+d x^n)  x^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
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